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Notations and Assumptions

Notations

Sample size. For eacht =1,...,T, n; is the number of subjects in Stage ¢t. The cumulative
sample size up to Stage t is denoted by Ny, = 22:1 ng. We set N = Np for notational
simplicity.

X, denotes subject i’s covariate information. We partition the covariate sample space X" into
m pre-specified non-overlapping subgroups, denoted as {S; };”:1 We use 1(x,,es;) to indicate
whether X;; belongs to subgroup j. Furthermore, we denote the number of subjects enrolled
in subgroup j at Stage t as ny; = > ity L(x,es;)- The cumulative sample size for group j up
to Stage t is Nyj = 2221 nsj. Finally, N; = Np; is the total number of subjects enrolled in
subgroup j.

Treatment and potential outcomes. In Stage t, D;; € {0,1} denotes the treatment
assignment status for subject ¢, and ¢ = 1,...,n;. The observed outcome is denoted by
Yi: € R. We define Yj;(d) as the potential outcome we would have observed if subject 4
receives treatment d at Stage t, for d € {0,1}.

Conditional moments. We define the conditional moments and variances of the potential

outcomes as

tjc(d) = E[Yi(d)°| X € Sj], forec>0and d=0,1,
aj(d)* = pja(d) — pjn(d)® = V[Yie(d)| X € Sj],  for d=0,1.

Filtration. We let H be the trivial sigma-algebra, and for t = 1,2,...,T, H; is the sigma-
algebra formed by (Xi37 Dis, )/is)lgigns,lgsgt'

Actual treatment allocation. The phrase “actual treatment allocation” will refer to the

empirical treatment assignment frequencies. To be specific,

t s
o _ 2 2t bixiesy Dis
tj — t s ’
25:1 Z?:l ]l(XiSESj)

We also adopt the notation

~

€j = erj

for the RAR design, to emphasize that the above is the actual treatment probability in group

J at the end of the experiment. The vector collecting all €; will be denoted by e:

~

é\:(é\l, ey em):(é\Tl, ey ng)



e Actual enrichment proportion. Similarly, for adaptive enrichment designs, we define

“actual enrichment proportion” as

t
by = D1 2ith Lix,.es)) _ 22:1 Tsj
J = t - t ’
Es:l N 2521 s

and
Pj = pr;
is the actual enrichment proportion at the end of the experiment. The vector p collects all
Dj:
p= D1, ---s Pm) = P11, .-, Prm)-
e Optimized treatment allocation. We use the phrases “optimized treatment allocation”

and “optimized subgroup enrichment proportion” to refer to the allocation rule obtained by

solving the optimization problems in Sections 4.1 and 5.1 at Stage ¢, which are denoted by

& = (@1, - G,

€15 -5 Cym (/\k Dy, )

and  p; = (Dyys -5 Dim)-

For example, in the RAR design, treatment is assigned based on the above allocation rule as
P(th = 1‘th S Sj,?‘tt_l) - /6?]

e Oracle treatment allocation and oracle enrichment proportion. Finally, we define

the “oracle treatment allocation” and “oracle enrichment proportion” as
e =(e], ..., e), and p=(p], ..., p).
e Population treatment effects. We define the population subgroup treatment effect as 7;:

Tj = E[Yz (D‘Xit S SJ] — E[Y{t(O”Xit S Sj], forj=1,2,...,m.

e Stage t treatment effect estimator. The subgroup treatment effect estimator at Stage ¢
is denoted by 7y, fort =1,...,T, j =1,...,m:
t s t s

th = -

S 2 Uix,es;)Dis >y 2oy Uix,es;) (1 — Dis)

o Final-stage treatment effect estimator. For notational simplicity, we drop the subscript

T in 7rj, which is the estimated subgroup treatment effect at the end of the experiment. In



other words:

T T
= = Zt:l Z;il ]]‘(Xitesj)DitY;t thl Z?il ]]'(Xitesj)(]‘ - Dlt)}/l
g = Ty = T - T
doim1 it Lixyes;)Dit Doim1 ity Lixyes;) (1 — Dir)

In the main manuscript, to distinguish between the two different designs, we denote the final-

stage estimator for RAR design as ?JRAR and the final estimator for adaptive enrichment design
~AE
as Ti-.

J

e Best subgroup index. j* indicates the subgroup with the largest estimated treatment effect:

ok ~RAR
j* = argmaxT,
1<j<m
under the RAR design, or
j* = argmax ?]»AE
1<j<m

under the adaptive enrichment design.

o Asymptotic variances. As the asymptotic variance of the estimated subgroup treatment

effects depend on the treatment probability (or the enrichment proportion), we define

o;(1)* | 0(0)?
pje " pi(l—e)’

Vj(e) =

for the RAR design. Similarly, let

for the enrichment design.

e Variance estimator. Their estimates are

S o, (1)? | 55002 o oi(1)?  74(0)
A\ = —= — , A\ = — -,
1 (©) prje * pri(1—e) () pet; " p(1 —&;)

respectively.

A.2 List of assumptions

Assumption 1 (Finite moments).
The potential outcomes Yi;(d) have bounded fourth moments: E[|Y(d)|*] < ¢ < oo ford =0,1 and

some constant c.

Assumption 2 (Subgroup treatment effects).
There are total m > 2 subgroups, and the subgroup treatment effects can be monotonically ordered

as T >T2> ... > Ty



Assumption 3 (Subgroup proportions and treatment assignment probabilities).

(i) For the response-adaptive randomization (RAR) design, the subgroup proportions pi,. .., Ppm are
bounded away from 0 by a positive constant, that is, there exists a constant § € (0,1) such that
pj > 0 for all j. (ii) For the adaptive enrichment (AE) design, The subgroup treatment assignment
probabilities ey, . . ., ey are bounded away from 0 and 1, that is, there exists a constant 6 € (0,1/2)
such that 6 <e; <1—96 forallj=1,2,...,m.

Assumption 4 (Asymptotic regime).
(i) A fully adaptive design corresponds to T — oo and ny =1 (or a fixved constant). (i) A multi-
stage design corresponds to N — oo, and T is fized.

B Proofs of Results in Section 5

B.1 Proof of Remark 1 in Section 5.1

Proof. First, we want to show the following equalities hold:

(i) For the adaptive enrichment design:

G(S1,S5,p) = G(S1,8k,p), for j,k=2,...,m, j#k. (1)
(ii) For the RAR design:

G(S1,Sj,e) = G(S1, Sk, €), for j,k=2,...,m, j#k.

In what follows, we provide the proof under the RAR design. The proof of the adaptive
enrichment design follows the similar procedures. From Section H.2.1, we obtain the rate function
. DN (15—71)2 - I .
under the RAR design as G(S1,S;;e) = Wm. And the original optimization problem is

max min G(S1,S;;e),

e 2<j<m
m
s.t. Zplel <ea,
=1
c<e<l—cy, l=1,....,m.

The original optimization problem can be expressed via the epigraph representation:

max z,
e

st. G(S1,S855e) >z, j=2,...,m,

m
szez <c, 0<e <1,
=1

c<e<l—col=1,...,m, c>0.



The Lagrangian associated with the above problem is

Lie, A v,0,8,2) = 2+ Y _N(G(S1,855) —2) +v(c1 = > _mer) + Y u(
j=2 =1

=1

m
e — 62) + Zﬁl(l —Co — 61).
=1
From the KKT conditions:

)\j (G(Sl,Sj; e) — Z) = 0,
)\k(G(Sl,Sj; e) — Z) = 0,
when A\; #0, A\, #0, j #k,

G(Sl,Sj;e)*ZZO, j:2,...,m.

Similarly,

G(S1,8k;e) —2=0, k#j,k=2,...,m.

Therefore, we conclude our proof by showing G(S1,S;;e) = G(S1,Sk; e), for j,k=2,...,m, j # k.
By Eq (1), we have

G(S1,S;;p) = G(S1,Sk; p),
(rj —m1)? _ (m—mn)?
Vi(p1) +V;(p;)  Vilpr) + Vi(pr)

Therefore,

(rj —m)? _ (1h — 71)?
o1(1)? 1(0)? ;(1)? 0;(02  o1(1)? 01(0)? ox(1)? or(1)? °
p1el + p1(l—e1) + pje; pj(1—ej) p1el + p1(l—e1) + Prek + pr(1—eg)
Let 0']2- = O'j(l)Q/ej + O'j(O)Q/(l - ej).
(j—m)® _ (m—m)°
S
T Fj T B
We want to simplify the above equality by showing the following holds
2 2
T — T Tj— T
(k2 1) _(]2 1) 1+ R, (2)
5./ Pk Uj/pj
(r—m)® A "A; 1 1 1 1 1 1
where R = R S S VA VR Y O} L LI TO L TO LI and 70 = S o
L4 prer | pr(I—eg)

pje; | pj(l—ej)

prer  pi(l—eq)



71(0)?

We assume R, = 0 by assuming %11)2 + 5 =0
To show Eq (2) holds, first, by Eq (1),
(rj —71)? _ (6 — 71)?
o1(1)? 01(0)? o;(1)? gi(0)2 o1(1)? 01(0)? o (1)? 05(0)2
prer T p1(l—e1) T IJJjej pj(Jl—ej) prer p1(l—e1) T “pren pr(1—er)
_ o(1)? 01(0) _ oi(1)? ;(0)? _ ox(1)? a5,(0)?
Let A, = prer T p1(l—e1)’ *7J 1]7]'63' Pj(jlfej)’ = rex T pr(l—ex)’
(Tj — 7'1)2 _ (Tk — 7'1)2
A+ 4, A+ A
1 1
2 2
Ti—T =(mp—7 ,
O T Ay T I Ay
1 1
(rj —71)? = (1 —7)? ;
! (A7 + 7)) A4 (o + ) A1 Ak
11 11 )
(4 + A (=) = (- + ) A Al — )’
1 J 1 k
1 1
Aj(m—m)? _ a ta
Aty —11)? ALI—FALJ_’
a;(1)? ;(0)? 2
( Pic) pj(Jlfej)) (7 — 1) _ A% + Aik
o (1)? 05 (0)? -1y 1
( }I;kek + pk(klfek)) ’ (Tj N T1)2 A + Aj
2. 2 1 1 1
(e-m)eot kL
(Tj—Tl)Q’O']%'pik %—F%
1 1
(e —m)? _(—m)® A ta
o}/ P o/pi At
1 1
(e —m)® _ (=) (;, A" A
e o2/ T o)
k pk‘ 7 p] Al + A]_
1 1
(e—n)® _(—-m)? (—m)? 4~ %
or /DK o2 /p; /i At
Rn
hre L L1 1
VA T A T a0 (7 0,02
prer | pr(l—e) pie; | pi(l—ej)
1 1
A a)? 01(0)% -~
! p1e1 + p1(l—e1)
Therefore, to set R,, = 0, we can let A% — o0 by letting Uléll)Q + 011_(2)12 = 0.



Lastly, by Eq (2), we have

As a result, one can derive the optimal enrichment proportions as

B; o3 /(tj —11)? J#1,

pi=wm o Bi= _
b= oS B0 =1

C Proofs of Results in Section 6.2

C.1 Revisit theoretical results in Section 6.2

In this section, we prove the results in Section 6.2 of the main manuscript. We first provide a
useful lemma (Lemma 1 in the main manuscript), which justifies consistent estimation of moments
of potential outcomes under very mild assumptions. In particular, we will only need to assume that
the treatment probabilities are bounded away from zero and one, and that the subgroup proportions
are bounded away from zero. Therefore, the consistency result applies to both the proposed RAR
and AE designs, as the treatment probabilities and the subgroup proportions are bounded away
from zero and one by our design strategy (see the optimization problems A and C for justification

of this statement).

Lemma C.1. Assume Assumption 1 holds. Let p;; = P(Xy € S;j|Hi—1) be the subgroup propor-
tions, and e;j = P(Dy = 1| X3 € Sj,H—1) be the treatment probabilities. Assume there exists some
5 € (0,1/2) such that for all j =1,2,....,m andt =1,2,...,

13th57 andégetjgl—&

Then for any j =1,2,...,m, and any t satisfying Ny — oo,

>t it Lxiesy DisYss 1
t Ns - :U“J,C(l) + Op N )
ZSZI ZiZI ]]'(XiSESj)DiS V t
t n
S Txesy (1= Dig)YE 1

Yot o Uixyes;) (1 — Dis) VN

We make two remarks. First, p;; = p; and ¢ = é}"j in the RAR design, and p;; = ]’ft"j and
¢;; = e; in the AE design. Second, the above lemma encompasses two asymptotic regimes. For a
multi-stage design (i.e., T fixed), the consistency holds for any fixed t = 1,2,..., T, provided that

ny — oo for each stage. On the other hand, a fully adaptive design corresponds to ny = 1 (or a



fixed constant) for all ¢, in which case the consistency result applies as ¢t — oc.

The algorithms we proposed in the main paper requires solving the optimized treatment allo-
cation in the RAR design (or the optimized subgroup proportion in the AE design), for which an
important ingredient is the estimated variance. Building on Lemma C.1, we show the consistency
of Vi;(-).

Corollary C.1. Let 6 € (0,1/2) be some constant. Assume Assumptions 1 and 3 hold,

~ 1
RAR design: sup ‘th(e) - Vj(e)‘ =0, < ,
v

0<e<1—-46

. N ) 1
AE design:  sup ’%’(P) - W(p)’ b (W) ’
t

6<p<1-4
forji=1,2,...,m.

Recall that at each stage, we rank the estimated subgroup treatment effects using the “or-
der statistics” notation: 7, (1) > Ty (2) > ...7T;,(m). (To be very precise, the ranking should also
be indexed by ¢, as it may change at each stage; that is, a more precise notation would be
T = ﬂ7(2)t > <o+ 2 Ty (m),- We drop the further subscript for the ranking as it is too cum-
bersome). Another corollary following Lemma C.1 is that the estimated subgroup treatment effects

are consistent:
Corollary C.2. Assume Assumptions 1 and 3 hold. Then for both RAR and AE designs,

~ 1 .
Tij — 75 = Op (T\ft)’ j=1...,m,

If Assumption 2 also holds, then as t — oo,
P(Tg=m) =1 Pl =7) =1

Next, we break Theorem 1 in the main manuscript into two lemmas to illustrate the convergence
of the optimized treatment allocation (or enrichment proportion) and the convergence of the actual
treatment allocation (or enrichment proportion) to the oracle rules,

First, we prove that the optimized allocation rule achieves the oracle allocation asymptotically.
Since the solution to the oracle optimization problems may not be unique, we denote by £* the set

of oracle allocation rules.

Lemma C.2. Consider the RAR design, and assume Assumptions 1-3 hold. Let £* be the solu-
tion(s) to Problem A, and E* be the optimized treatment allocations solved from the sample analog

of Problem A. Then for any 6 > 0, and any t satisfying Ny—1 — 00,

P( sup inf |ef —e*| <6) — 1.

é\?EE* e*e&*

10



Consider the AE design, and assume Assumptions 1-3 hold. Let P* be the solution(s) to Problem
C, and P* be the optimized treatment allocations solved from the sample analog of Problem C. Then

for any 6 > 0, and any t satisfying Ny_1 — 00,

IP’( sup inf ||p} —p*H < 5) — 1.

prep-P "

Second, we prove that the actual allocation rule achieves the oracle allocation asymptotically.
Here, we assume that the optimization problems admit unique solutions. Such an assumption is
quite mild and innocuous because whenever the optimization problems deliver multiple solutions,
the researcher can always choose one by employing some additional criteria. More discussions can

be found in Section 6.2 in the main manuscript.

Lemma C.3. Consider the RAR design, and assume Assumptions 1-8 hold. Further assume that
the solution to the oracle problem A is unique. Let § > 0 be an arbitrary constant. Then for the

fully adaptive design or the multi-stage design (assuming ni/N — 0),
P(|e—e| <) = 1.

Consider the AE design, and assume Assumptions 1-3 hold. Further assume that the solution to
the oracle problem C' is unique. Let § > 0 be an arbitrary constant. Then for the fully adaptive
design or the multi-stage design (assuming n1/N — 0),

P(p vl <) =1

We remark that Lemma C.3 hold for the multi-stage setting when n; /N tends to 0. If ny is a
non-vanishing fraction of N, that is, if ny/N — ¢ > 0, the actual treatment allocation in each stage
should be calibrated based on each stage’s sample size; see the form of e; in Section 4.3. Similarly,
for the adaptive enrichment design, the actual enrichment proportion should be calibrated as in
Section 5.2.

C.2 Proof of Lemma C.1

Proof. In what follows, we provide the proof of Lemma C.1, which is the same as Lemma 1 in
Section 6.2 in the main manuscript.
We let N; = Zi:l ns. To start, we write

t s
25:1 Z;‘il ]l(XiSESj)DiSYL'g
7 ;
Zs:l Z?:l H(Xisesj)DiS

fitje(1) =

)

and therefore

S et ity Uixies;) Dis(Yis(1)° = pje(1))
>y 2o Uix,.es;)Dis

Fitje(1) = pje(1) =

11



Consider the denominator first. We further rewrite it as

t

t ng
YD LixiesyDis = ZZH (xiwes;) (Dis — esj) + Z Csj Z]l(xwes )-

s=1 i=1 s=1 i=1

It is straightforward to verify that

E[i x5, (Dis = t) [ Hs-1| = 0.
=1

As a result,
t ns t Ns
V[Z > Iix,esy) esj)} = ZV[Z Lix,.es;)(Dis — esj)]
s=1 i=1 s=1 =1

=y iE[ﬂ(Xisesj)esj(l - esj)} < 5(1—8)N; = O(V/IVy),

s=1 i=1

where the second equality follows from total variance decomposition by conditioning on Hs_; and
Xis. On the other hand,

t

Ns t Ns t
Z Esj Z Lixes)) = Z Csj Z L(x,.es;) — Psj) + Z NsesiPsj,
i=1 i=1

s=1 = s=1 s=1

| ——
> 52N,

and by variance calculation, the first term on the rhs is of order O,(y/N;). To summarize, the

denominator satisfies

t mns
DD Lixies)Dis =p Ne

s=1 i=1

Now consider the numerator. We notice that

E[i Lix,es;)Dis(Yis (1) — /ﬁj,c(l))‘ﬂs—l} = 0.
=1

As a result,
t Ns t Ns
V[Z > Uix,es;) Dis(Yis(1)° — Mj,c(l))} = ZV[Z Lix,,es,)Dis(Yis(1)° — p1.(1))
s=1 i=1 s=1  i=1
= ZZE[ (e DisVIYis(1) Xis € )] < prja(1 ZZE[psm}
s=1 i=1 s=1 i=1
= N;.

12



The third equality is the result of the law of iterated expectation by conditioning on Hs_;. To

conclude, we have shown that term (I) satisfies

Litje(1) — pje(1) =

Yems ity Lxyes;) Dis(Yis (1) — pje(1)) O ( 1 )
t Ns - p .
23:1 Zi:l H(Xisesj)Dz‘s VIVt

The same proof strategy applies to showing the consistency of i} .(0). O

C.3 Proof of Corollary C.1

Proof. In what follows, we provide the proof of Corollary C.1, which is the same as Corollary 1 in
Section 6.2 in the main manuscript.
Here, we prove the result for the RAR design. The proof for the AE design follows the similar

procedure. To start, we notice that

@tj(e) —V,(e) = ptlj (atj(1)2 _ o*j(l)?) _ (61) pt;t]p]pj
1 (502 =002 - o307 Py = p; =3
" pij(l1—e) ( t(0) i(0) ) L—e piyp;

Thanks to Lemma C.1, we have that

5= 0102 =0, (=)o 02— 0502 =0, (). M= gn

For the RAR design, X;s are independently and identically distributed across both ¢ = 1,2,...,ng

and s =1,2,.... Therefore, standard variance computation suggests that

. 1
bty —P; = Op /th .

This closes the proof. O

C.4 Proof of Corollary C.2

Proof. Corollary C.2 is the same as Corollary 2 in Section 6.2 in the main manuscript. This corollary

follows directly from Lemma C.1. O

C.5 Proof of Lemma C.2

Proof. Here, we show the consistency of the optimized treatment allocation under our proposed
RAR design. The proof for the optimized enrichment proportion under the proposed AE design

follows similar procedures.

13



L 2
Let f(e) = mina<j<m, WT‘Z(&J‘) be the oracle objective function, then the original optimiza-

tion problem can be written as

m
max f(e), s.t. ijejgcl, c<ej<l—cy j=1,...,m.
e
i=1

For notational simplicity, let €& be the set of candidate allocation rules (i.e., all allocation rules
satisfying the constraints). Similarly, we Let ﬁ(e) be the estimated objective function, that is,

ﬁ(e): min — (aflv(j)_afl,(l))z

2<j<m Vt—l,(l) (61) + i715—17(]') (ej) .

We solve the following optimization problem:

m
max fi(e), s.t. ijej <ec, <e<l—cy j=1,...,m.
Jj=1

We denote the set of maximizers to the above optimization problem as E*. Lastly, let the -
enlargement of £* be £* + By, where By is the Euclidean ball centered at the origin with radius d:
E*+Bs={e+u:ec& |u| =0}

We now collect a few useful observations. First, because f(e) is a continuous function and & is

compact, the set of maximizers, £*, is nonempty. For § > 0, we define

e=sup f(e)— sup f(e).
ec& eZE*+Bs

Notice that the above is strictly positive. Consider the event

Ai(e/3) : sup|fi(e) — fe)] <e/3.
ec&
Next, for an arbitrary e ¢ £* + Bs, we have f(e) < maxece f(e) —e. Therefore, for such e, the
event A;(e/3) implies that

fi(e) < f(e)+§<r£1ggxf(e)—e+§.

In addition, because | maxecs f(€) — maxece ft(e)| < ¢/3 under the event A;(¢/3),

2 -~ 1
3 <O - ge SR e m e

-~ 9

fi(e) < f(e) +
The above inequalities show that

Ai(e/3) = E*CE*+Bs.

14



Finally, we notice that sup,c¢ |ﬁ(e) —f(e)] = 0p(1) due to Lemma C.1, Corollary C.1, and Corollary
C.2. O

C.6 Proof of Theorem 1 in Section 6.2

Proof. Theorem 1 in the main manuscript contains two sets of theoretical results. The first set of
results shows the consistency of the optimized treatment allocation and the optimized enrichment
proportion. The second set of results shows the consistency of the actual treatment allocation and
the optimized enrichment proportion.

The proof for the first set of results can be found in the proof of Lemma C.2. In what follows,
we prove the second set of results in Theorem 1 (Lemma C.3 in the Supplementary Materials).
We will provide the proof under the RAR design, as the proof for the AE design follows similar
procedures.

We notice that

T
~ o~ Zt:l 2121 H(Xitesj)Dit
€j = €erj = T n¢
Doim1 D ]]'(Xz‘tesj)
T T
= 2 i1 Lix,es,) (Die — &) + 2= ity Lixues) &
— T T °
Zt:l Z?;l ]l(XiteSj) Zt:l Z?;l ]l(XitESj)
@ (In)

By our assumption, it is easy to verify that

T ne
ZZ]I(X”GSJ.) = ij + Op(\/ﬁ) = N.

t=1 i=1
With variance calculation, the numerator of (I) has the order O,(v/N):

ne

E[V[ﬂ(xnesj)(Dit - gikj)lﬂt—lﬂ 3 piN.
=1

T nt T
v Z Z ]l(XitESj)(Dit — ’e\fj)] = Z
t=1

t=1 =1 7

As a result,

T n

1
T
Zt:l Z?Ll ]l(XitESj) \/N
Now consider term (II). We further write it as
T T
_ D1 Z?;1(1(Xit68j) - Pj)é?j piN doi-1 2?21 é?j

(IT) = - -
Zthl Ziél ]I(Xitesj) Zthl Zi;1 ]l(XitESj) N

T P~
doi-1 Ny

= p<\/1ﬁ>+(1+op(1)) L
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For the multi-stage design, T is fixed, and n; — oo for all ¢{. From Lemma C.2, one has

sup [¢5; — €] = o,(1).
2<t<T

On the other hand, for the first stage, €] ; 18 nonrandom and equals to some constant c. Therefore,

term (II) satisfies

T T
Dot Dy ey Ny 1
N NUTN >

T
n 1
Tlt/érj = Nlc + N Znte; + Op(].).
t=2

The above will converge to e} provided that n; /N — 0. We remark that in the multi-stage setting,
n1 could be a non-vanishing fraction of N. In this case, we replace @fj with €;;, which is the
calibrated treatment assignment probability based on each stage’s sample size. The calibration
procedure can be found in Section 4 in the main manuscript.

Now consider the fully adaptive design, where n; = 1 (or a fixed constant) for all ¢t. From
Lemma C.2, we have that E;"j = e+ op(1) as t — oco. Then for any subsequence of 1,2, ..., there is
a further subsequence along which the convergence of éjfj is almost sure. This can be used to show
that

T T
P nté\;tkj _ P 523

N T

= e;‘f + Op(l)a
which closes the proof. O

C.7 Proof of Theorem 2 in Section 6.2

Proof. As the proof for the AE design follows similar procedures to the RAR designs. In that
follows, we shall only provide the proof for the RAR design. Recall that the treatment effect

estimator takes the form

T T
_RAR Zt:l Z?il ]I(Xitesj)DitYit Zt:l Z?il ]l(XitESj)(l — Dy)Y;

j T - T
Zt:l Zzil IL(XiteSj)Dit Zt:l Zzzl B(Xitesj)(l - Dit)

In addition, the treatment effect for group j takes the form
7 = E[Yi(1)| Xites;] — E[Yit(0)[ Xites;] = 15,1(1) — p5,1(0),

where we denote the two conditional expectations on the rhs by p;1(1) and p;1(0), respectively.
Then

VN 3201 3 U xyes) Die(Yar(1) = g (1)
Yt 2t L Xyes,) Dit

VNG - 7) =

J
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VN1 2 L Xes) (1= Dit) (Yir(0) — 115,1(0))
ZtT:I Z?;l ]l(XitESj)(l - Dit) ‘

By Theorem 1 in the main manuscript, the denominators satisfy
¥ ZZ wes,) Dit =9 ps€5, ZZ wesy) (1= Dit) =p p(1 = €5).
t 1 i=1 t 1 i=1
Therefore, to prove the asymptotic normality result, it suffices to study

T n

(I) = pics VN ; 21(X“esj)Dz‘t(Yét(1) — (1))
1 1 -
" o) Y 2 2 Meues) (1= D)(Ya0) = 1452 0)).

We define the following filtration:
Hi1 =o{(Xa,Dpn,Ye1): 1 <0<, Hir =0 ({(Xet, Do, You) : 1 << i} UHp,_4-1).

For notational convenience, we set Ho 1 to the trivial o-algebra, and Ho; = H,,_, +—1. Then it is
easy to see that (I) is the average of a martingale difference sequence with respect to the filtration

(H)1<i<n, 1<t<7. We first compute the (conditional) variance:

. Lixipes,) Din(Yie(1) = 1 (1)) - Lixises;) (1= Die) (Yie (0) _M’l(O))I%
pi€; pi(1=¢5) o
~
€1y 2 1—e 2
= —50i(1)" + ———550;(0),
pies)?’ pj(l—e)?™’

where ¢j(1)? and 0(0)? are the conditional variances of Y;;(1) and Y;;(0) within subgroup j. To
be more specific, the above can be obtained by further conditioning on X;; and the total variance

decomposition formula. By Lemma C.2, we have

1 i nt V[ uesj)Dit(Yit(l) — pj1(1)) ]l(Xitegj)(l — Diy) (Yt (0) — Mj,1(0))| }
_ " — ¥ i—1,t
Noa pjc; pi(1 —¢j)
T ny ~
1 €t; 2 1- 6t] 2 1 2 1 2
X o1 B 03(0) = o124 a0
N;Zl <p](e] p;(1—el )2 % ) P pj€; J p;(1 —ej) J

In particular, the last step builds on the observation that

1 Z

sk *
e ntetj —>p ej.
N t=1

17



See the proof of Theorem 1 for details. Given our assumption on finite fourth moments of the

potential outcomes, it is also straightforward to verify Lindeberg’s condition by computing

[<]1(th€5 i(Yie(1) = p51(1)  Lixpes,) (1= Die) (Yie (0) —Mj,l(o)))4
pic; R pi(1=¢3)

|%ifl,t} 31,

since €} and p; are bounded away from zero and one. By applying the martingale central limit

theorem (Theorem 3.2 in Hall and Heyde (1980)),

VN 1) B v (o, T

1)|X7;t S SJ] n V[Yit(O)’Xit € SJ]>

Pj€; pi(1—¢€})

Consistency of the variance estimator follows from Lemma C.1. O

D Proofs of Results in Section 6.3

D.1 List of lemmas

Recall that we use 7;(¢j) to denote the estimated subgroup treatment effect under the actual
treatment allocation ¢;, and :I'\j(ﬁ]) to denote the estimated subgroup treatment effect under the

actual enrichment proportion p;. We further remark that under our proposed RAR design, ¢; =

e;‘f, for  =1,...,m. Under the complete randomization design, in the presence of cost constraint,
we set ¢; = cq, for j = 1,...,m. Under our proposed AE design, p; = p;-
Lemma D.1. Under Assumptions 1-3, there exist some positive constants C1,...,C,, such that,

under an RAR design, the correct selection probability is lower bounded by:

(Tl — T2 CN — T+ Tlgﬁ )2
> >1— - .
P(ﬂ(el) QH;ED;L Tj(e])) >1-Crexp ( 8V, (e1)m ) ZC exp ( QVj(ej)m )

Under an AFE design, the correct selection probability is lower bounded by:

R R (7_1 . 7_2 CN m Tj 4 T15T2)2
P > () > 1 — - E .
(Tl(pl) - QIgljaéXmT](p])) - G oXp ( 8V1 pl ) C P < 2V](pj)m >

D.2 Proof of Lemma D.1

Proof. In what follows, we provide the proof under the RAR design. The proof for the AE design

follows similar procedures. Denote 7! as the estimated causal effect of subgroup 7 under sample

J
size r. Following Corollary C.2, the correct selection event can be expressed as

e {{?{z“‘gw}ﬂ{ﬂ ?}”éﬁ;ﬁ}}}’

r=mn1 J#1
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N

Az 2NN e 25

r=n1 J#1

The correct selection probability can be characterized as

1-P(7i(ey) < max 75(e5))

>1-P(&°)
N T — T e T — T
~ 1 — T2 ~ 1— T2
21—2[P(Tf<7‘1— 5 >+ZP<71>TJ'+7'2—TJ'—|— 5 )],
r=ni j=2
[ & T — T UL T — T
1— T2 1 — T2
>1— ZP(?{<71— 5 )+ZZP<71>T]+TQ Tj + 5 )],
r=ni j=2r=n1
[ oo m oo — 2
(11 — 70)%r (12 —7j + 2572)%r
>1- exp(—i)—f— exp(— >,
_T;I 8V1(€1) j§2rzznl 2Vj(ej)
(11—72) (TQ—T'-"-@)QTIJ
- exp( Wi);l) m exp(— QJV.( 2) >
a |1 —exp ( (11— 7221[?(?“2 n ) e 2 1_ exp( (r2—T5 +T12;22 F;11+n27n1)> 7
— _ N m — T + T1— Tz) CN
=1- C"exp( (1 — )’ )+ C'exp( J ) ,
I 1 8V1(e1)m ]Z J 2V;(ej)m
where
1 1
Cl — ) = 2\
1— exp (- (emflmbinn)) o (- Qi)
C; = L _ L
J = ) (72—7']--1—71;72)2(”1-"-”2—711) - ] (7'2—7']-—&—71;72)2 y
TP T 2V, (e5) e A 2V, (e5)

In the fully adaptive setting, we let ny; 4+ no — ny = 1. Similarly, under the AE design, the correct
selection probability is lower bounded by

=B < max 5(6,) > 1-

Champ (- S} 35 o (- (g E )|
j=2

=2,..., 8V1(p1)m QV](]J])
1 1
Ci - T1—T2)2¢C - n1-72)%)’
1—exp ( — W) 1 —exp ( - (8W1/1(P21)) )
! 1 1
J (ra—7j+ 15722 - (ro—7j+ 5722 )
L —exp ( T 20 ) 1 —exp ( T 0 )
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D.3 Proof of Proposition 1 in Section 6.3

Proof. Following Lemma D.1, we can show that under our proposed design:

1 ~ i~ ~ i~
_ _ > (.
N log (1 P(Tl(el) = Q%Eg(m Tj (e])))

T1 ;7'2 )2

(7‘2—7‘j+ (7'1—7'2)2711)).

(11 — )% 1
~loe (1 _
T v e ( oxp ( 2V,(ej)m 8Vi(ef)m

= 8Vi(e)ym N

Under the complete randomization design:

1 ~ (5CR -~ (5CR
_ _ > (2C
o8 (1= P(R(ET) = max 7(c)))

(11 — 72)%c n-T2)2

= 8Vi(c)m

(o — 15+ (71—7'2)2711))'

1
—1 1 —
+ N 08 ( + oXp ( 2Vj (cl)m 8V1 (cl)m

When N — oo, we have

. 1 g~ ~ (7’1 —7'2)26
_ — > N — - )=
yim v log (1=P(m(@) = max 7,())) 8Vi(eh)m’
and
. 1 ~ (~CR ~ /~CR (11 —72)2C
_ _ > (€ —_ N el =
Aim 7 log (1 —P(7i(er”) = lejfgnfg(ej ) SV1(c1)m

To be consistent with the notation in the main manuscript, we replace 7;(€;) with ?]RAR and replace

’T}(@?R) with ?fR, for j =1,...,m. As e} maximizes the rate function under our design, we conclude

our proof by establish the following inequality:

1 1
lim —log (1 —P(7M*® > max 78%)) < lim —log (1 — P(F* > max 7))

N—o00 2<j<m 7 N—o0 ~ 2<i<m J
O
D.4 Proof of Proposition 2 in Section 6.3
Proof. Assume 0j(1)2 =0;(0)%, 01(1)? =... =0p(1)%, and p1 =po = ... = pp, for j =1,...,m,
VProposed — 1 + 1 — 1
pje;  pi(l—e€)  pjei(l—ej)
VR = ! + L _ ! .
pbj-c1  pj-a pj-c1-c1
Wi R pj.cll.cl .-
en Proposed 1 =5

pje;(1—ej)
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From the rate function equality in the proof of Remark 1 (Section B.1), we obtain

(T1 - 72)2 _ (11 — 13)*
at T te e ot ot e
(7'1 —79)? _ (11 — 73)?

(1 ey T (1 e2) el(ll—el) + 63(11763)’
(n—m)* _ 61(11—61) + 62(11_62)
(11 — 73)? 81(11_61) + 63(11_63) ’

As a result,
1 1
VCR > VProposed when — - -
e~ ej(l—¢))
1 1
that is — > (1, —71)% — — »
cf ’ ei(1—e7)

D.5 Proof of Proposition 3 in Section 6.3

Proof. To reach a correct selection probability level of 1 — ¢, we have,

( T — ’7’2 CN —Tj + 7—1572)2
1_821_018}{1)( 8Vi(ef)m ) ZC exp( 2Vj(e;f)m )
As N — oo,
(11 — 72)%cN
—C _\m = )7V
c 1eXp( 8V1(eh)m )

1
Nloge 'Vl(el) = —(7'1 — 7'2)2,

(1) _(0)” ):

— lo 5-( 2
N8 pier pi(l—e)

—(7‘1 — 7'2) .

We assume ;(1)2 = 0;(0)2. Under the complete randomization design,

= _(Tl - T2)27

1 1 2 2
—loge - (Ul( ) + 71(0) )
N pi-c1 pr-c
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_(Tl - 7—2)27

1 201 (1)?
N 8 p1-C1
1
— |loge - C|M? = (11 — m).
2

We want to show that under our proposed design,

—(11 — 1),

1 01(1)2 01(1)2
—loge - + =
N %8 <p1-e’{ pl-(l—e’{))

1
F“oge . C,|1/2 =T — T2,
3

by showing e} = C'(1 — 12)"/2.
In what follows, we first derive the closed-form expression of e] under a simplified setting.

Assume 0(1)? = 5;(0)?,

oj(V?  _0;(0? _  oj(1)?
piej  pi(l—ej)  pjej(l—¢j)

o3 (ej) =

First, we derive optimal treatment allocation for subgroup j # 1. Using the first-order optimal-

ity condition in the proof of Remark 1 in Section B.1, we obtain G(S1,S;,e) = G(S1, Sk, e):

(j—m)?*  _  (—m)?
Vi(er) +Vj(e;)  Vi(er) + Vi(ex)’
(15 — ) _ (1 — 71)?
01(1)2 o2 __o1(1)? 4 ok (1)?
prei(l—e1) | pjej(1—e;)  prer(i—e1) ' pre(l—eg)
o1(1)2 gj (1)
Assume plej((llel) < pjej 1—ej) ,J# 1,
(j—m)®  (m—m)?
oj(H)? o2 7
pje]-(l—ej) pkek(l ek)
9 _oi(1)?
(Tj — Tl) _ pjej(l—e;) _ 9 (1) .pkek(l — ek) (3)
(o —m)2  _ox@®  pie;(1 —ej) or(1)?
prex(l—ex)

¢j(1—¢;) _ pu(me —1)%/on(1
ex(1—er)  pj(r;—m)?/o;(1)?

J
(
)2
)

One can compute €} as
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Second, we derive the optimal treatment allocation for subgroup 1. Using the first-order opti-

mality condition 227;2 %ﬁg;gg — 1.

9G(S1,S;,e) 02— a(1)?
SRS — (- m) (Viten) + Vitep)) - ( o _61)2).
0G(S1,5;,€) , 2 r—o;(1)? a;(1)?
dej 7= m) <V1(61) +VJ(€J)) ( pie;  pi(l —ej)Q)'
~ [OG(S1,S),€)/0e1\ _ x~(—o1(1)? | oi(1)? —o;(1)? | o;(1)?
_ + ,
;{ Sl,Sj,e)/aej} ;{( pred p1(1—61)2)/( pje; Pj(l—ej)2>}
" rro1(1)%(2e; — 1) oj(1)%(2¢; — 1)
= — 1
§{< pre3(1 — ep)? )/( pjej?(l— )2 >} ’
Therefore,
1 <O'1(]_)2(2€1 - 1)) .i pje]z(l ej)?
pres(l —ep)? = 0;(1)%(2¢; — 1
pef(l e - pre - el
01(1)%2(2e1 — 1) = o;(1)%(2e; — 1)
_ o pje ] 2(1- 33)2
Let a=p1, b=01(1)", d = 31"y “ibm 5
aci(1—e)? _ d
b(2e —1)
Let c = @
a’
6%*26?+6%*20-61+C:0,
-2 1 q
* _ - - _ 2 _ S
¢ = iSiz\/ 45% — 2+ .,
where p = _7, q = —2c,
1 2,1 1 Ag
Aq + /AT —4A3
Q _ ( 1 21 0)1/3’

Ag=1, Ay =2+ 108ec.

+ /(2 + 108c¢)?

1 1 —2c
* _ ./ —492 i
el—zj:Sj:Q\/ 457 + 1% —-,
1 (2 + 108¢) +
s=53+3@+ g @ (
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Therefore, ef = C' (12 — 71)%. As a result,

1 1
N\logs O (= m)2 = (11 — ™),

|loge - C'| =1 — 7o,

2
3
We conclude the proof by showing that under the complete randomization design,

1

Nz 1€ losle) Loy (1)?).
Under our proposed RAR design,
1 / 23/4
N > 7(7_1 ) -|C" - log(e) - o1 (1)%)7/5,

for some positive constants C' < co and C’ < co.

D.6 Additional theoretical insights for Section 6.3

In this section, we provide additional theoretical results for Section 6.3 under more general settings.
In Proposition D.1, we provide an efficiency comparison with complete randomization under two
subgroups. Here, different from Proposition 2 in the main manuscript, we neither assume crj(l)2 =

0;(0)? nor require ¢; < 0.5.

Proposition D.1 (Efficiency comparison under two subgroups). Assume there are two subgroups
(1) with equal subgroup proportions, p1 = pa, and (2) are under the cost constraint, p1e;+paea < 0.5.

We can obtain the oracle treatment allocations:

o 01(1)*+72(0)°

1 Vo1(1)2402(0)24+/01(0)2+02(1)2
o 01(0)2+02(1)?

2

T Vo (0210202 4+/71(0)2 o (12 |

Let 01(0)? = c101(1)2, 02(0)? = ca02(1)2, assume 01(1)? = 02(1)? and c1 > 1,¢2 > 1,

Vl(eik) < V1(1/2> and Vg(eé) Z V2(1/2>, ifcl Z C9;

Vl(ef) > V1(1/2) and Vg(e§) < V2(1/2), ifcl < C9.

Proposition D.1 shows the efficiency trade-off under two subgroups and in the presence of the
cost constraint. Intuitively, the result suggests that not all the subgroups will simultaneously have
efficiency gain. For example, when subgroup 1 has a larger variance in the control arm than sub-
group 2, subgroup 1 achieves efficiency gain compared to the complete randomization design, while

subgroup 2 does not have efficiency gain. Otherwise, the complete randomization achieves higher
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estimation efficiency. Proposition D.1 highlights the role of subgroup variances in our proposed
design. Unlike complete randomization, our design strategy simultaneously incorporates the vari-
ances of all the subgroups when deciding the treatment allocation for the best subgroup. In Remark

D.1, we provide more insights on the efficiency trade-off through a simulation.

Remark D.1 (Efficiency comparison under three subgroups). We consider three subgroups and
assume (1) p1 = pa = p3, (2) pre1+p2ea+pses < 0.3. The treatment allocation under our proposed

design strategy can be found by solving the following equations:

e1+eyte3=1,

1 4 1 _ 1
—o9(1)2 | —09(0)2 —03(12 | —03(0)2 T -0y (12 | —01(0)27
3 (1—eg)? eg (1—e3)? e? (1—ep)?
2 (22_T1)2 P 7. — 2 (23_T1)2 pi ]
o1 (1) 01(0) o2(1) 2(0) o1(1) 1(0) o3(1) 03(0)%y "
( eq + l—eq )+( =) + l—eg ) ( eq + l—eq )+( es + l—eg )

Because we impose the cost constraint, to make fair comparisons with the complete randomization,
we now set e; = ez = e3 = 1/3 in the complete randomization design. We fix 11 = 10, 0;(1)* = 2,
Uj(0)2 =1, for 5 = 1,2,3 and compare the asymptotic variances of our proposed design with the
complete randomization design in the three subgroups. In Figure 1, we fix 11 — 70 = 0.5. In Figure

2, we set 11 — 9 = 3.

(A)Vi(eq) vs. 1o - 13 (B) Va(e2) vs. 12 - T3 (C) Vs(es) vs. T2 - 7
70.0+
24.04 24.0+ 60.0
@ @ @
820 8220 g %00
S S K
g g § 400
20.0 20.0
30.0
18.01 18.01 20.01
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
T2-T3 T2-7T3 T2-7T3
Design -+ Complete Randomization Proposed Response-Adaptive Randomization Design

Figure 1: Efficiency trade-off with respect to the distance between 7 and 73. We fix 4 = 10,
0i(1)2=2,0;(0)* =1, j=1,2,3, and set 71 — 72 = 0.5. (A)—(C) show the asymptotic variance of
subgroups 1 to 3, respectively

Remark D.1 aims to showcase the role of subgroup treatment effects in the efficiency comparison.
Figure 1 demonstrates that when estimating the best subgroup treatment effect, the asymptotic
variance under our proposed RAR design is always smaller than the complete randomization design
(Figure 1(A) and 2(A)). However, when 7; is far away from 7y, our proposed response-adaptive
randomization design is less likely to have efficiency gain (Figure 1(C) and 2(C)).

Together, Proposition D.1 and Remark D.1 entail the efficiency trade-off between our proposed

design and the complete randomization design. In Proposition D.2, we further provide the sample
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(A) Vi(er) vs. 2 - 1 (B) Va(ez) vs. 12 - T3 (C) Va(es) vs. 2 - 1

70.0
24.0+ 24.0 60.0
Q [0 Q
8220 8220 g 304
o o o
g g g 40.0
20.01 20.01 30.0
18.01 18.0 20.0
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
T2-T3 T2-T3 T2-T3

Design -+ Complete Randomization Proposed Response-Adaptive Randomization Design

Figure 2: Efficiency trade-off with respect to the distance between 7 and 73. We fix m; = 10,
0j(1)? = 2, 0j(0)2 = 1, and 71 — 72 = 3. (A)—~(C) show the asymptotic variance of the three
subgroups respectively

size comparison in more general setting.

Proposition D.2 (Sample size comparison). Suppose we aim to reach a correct selection probability
of at least 1 — €.

(i) Complete randomization design: the required sample size is characterized as

N> 1 . ‘log(s)

o [ o)

(i) Our proposed design without cost constraint: Suppose our optimization problem does not

o1 (1)

a1(1)+01(0) The required

have cost constraint, we can obtain the oracle treatment allocation: e] =

sample size is characterized as

1

(11— 72)

log(e)
b1

N >

s L (@) + 1 (0))°,

(iii) Our proposed design under cost constraint: Suppose there are two subgroups satisfying
(1) p1 = p2 and (2) pie1 + paea = 0.5, we can obtain the oracle treatment allocation ej =
(Vo1 (1)2 + 02(0)2)/(1/o1(1)2 + 02(0)2 4+ \/01(0)2 + 02(1)2). The required sample size is charac-

terized as

1

N >
~ (n—m)

log(f:)) ' <01(1)2. \/Z+\/§+

P VA ’

01(0) 75

2"

where A = 01(1)% + 02(0)2, B = 71(0)? + 02(1)%.

Proposition D.2 conveys similar message as Proposition 3 in the main manuscript. It says that
to reach a correct selection probability level of at least 1 — &, our proposed adaptive design strategy

requires a smaller sample size compared to the complete randomization design.
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D.6.1 Proof of Proposition D.1 in Section D.6

Proof. Assume there are two subgroups and p; = pa = 1/2. The optimization problem becomes

max (TQ _ T1>2
e1,e o1(1)? 01(0)? o2(1)? 02(0)?
v 2( ;161 + p1(11 —e1) +7 p2e2 + p2(21—e2))

Assume there exists the cost constraint: pie; 4+ paes = 0.5; given p; = pg, ea = 1 — ey.

max (7—2 _ T1)2
e o1(1)? o1(0)2 o2(1)2 o2(0)2"
' 2( ;161 + p1(11*€1) + p1(1 e1) + p2161 )

Let

a1(1)? n a1(0)? n a2(1)? n 02(0)* _ 01(1)* + 02(0)? n 1(0)* + 2(1)?
€1 1—61 1—61 (&) €1 1—61
Let A=o01(1)% 4+ 02(0)?,

B =01(0)* 4+ a2(1)%

Take derivative of the denominator with respect to e;, we obtain

A B

e (I—e)?
Be? = A(1 —e;)?,
VBe; = VAl — ey),
(\/§+ \/2)61 = VA.

Therefore,

\/0’1 2 4+ 02(0)2
Vo1(1)2 4 02(0)% + \/01(0)? + 02(1)?

The variance of subgroup 1 under our proposed design is

el =

o1 (1) . 1(0)?
71(1)?+02(0)? 71(0)% +o2(1)?

Vo1(1)2+02(0)2+1/01(0)2+02(1)2 Vo1(1)2+02(0)244/01(0)2 402 (1

V(er) =

When Vi (e]) < Vi(1/2),

0'1(1)2 i 0'1(0)2 < 0'1(1)2 +O‘1(0)2

VA VB_ - 12 12
VA+VB VA+VB
» VA+VB 2, VA+ VB
o1(1) (T —2)+01(0) (T -2) <0,
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VA+VB—2VA VA++VB—-2VB
o1 (1)%( N ) +01(0)%( /B ) <
VB — VA VB - VA
01(1)2(7) < Ul(O)Q(T)
if VB > VA,

)

p s T _ VA wn R0,

Assume 01(0)? = c101(1)2, 02(0)% = ca02(1)?,

\/0'1 —1—020'2(1)2
\/010'1 +02(1)2.

Further assume o1(1)2 = 02(1)2, if \/c101(1)2 4 01(1)2 > \/01(1)2 + c201(1)?, that is, when ¢; >

C2,

\/0'1 +620'1(1)2 - V14 e
\/010'1 1 -|—0'1(1)2 vi+aca

Vi(el]) < Vi(1/2) wh > .
1(61) 1( / )W €1l C1 m

D.6.2 Proof of Remark D.1 in Section D.6

Proof. The optimization problem in Remark 2 is

max z
e

s.t. ep +ex+e3 <1,

(T2 _ 71)2 —22>0
2(Vi(e1) + Va(ea)) -
(s—m)*
2(Vi(er) + Valea)) S

The primal problem is

maxmin f(z, A, e)
e zA

_ (r2 —71)? (r2 —71)”
=2+ M1 —e; —e3—e3)+ )‘2(2(\/1(61) V@) z) + )\3(2(V1(€1) +Vs(es))

The KKT conditions are

af(za)\v 6) — _)\1 + )\28G(61>62) + )\2 aG(elve?))

361 361 861 - 0’
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af('zv)‘a 8) — 7)\1 + )\28G(61>62) — O,
Oes Oe
8f(2’,>\,6) _ _)\1 + /\28G(61763) _ 07
deg Oes
)\1(1 — €1 — €2 —63) :0,
(12 —71)?
A - 0,
2(2(V1(e1) T Va(es)) )
(r2 —71)?
A —2z)=0.
3(2(V1(61)  Vs(e3)) ?)

We consider the case when A\; > 0, Ao > 0, and A3 > 0. We obtain

e1+ex+e3=1,

0G(e1,e2)/0er 0G(e1,e3)/0e1 1
0G(e1,e2)/0ea 0G(e1,e3)/0e3 —

G(el, 62) = G(el, 63).

8G(61,62) - —(TQ —T1)2

(Vi(er) +V2(€2))72' (_0151)2 + —01(0)? ),

Oeq a 2 e (1—e1)?
0G(er,e2)  —(mp—T )2 B —0a(1)? —02(0)?
e = T e+ Va(e)) T (T T ),

—01(1)? )?
6G(€1,€2)/a€1 _ ( é% + (1—e1)2
GG(el, 62)/662 (*02(1)2 + *02(0))§> '

0G(eq1,ea)/0e1 0G(e1,e3)/0er 1 . .
Therefore, 9C(e1.c2)/0es T DC(ercs)/es — 1 is equivalent to

—o1(1)? —01(0)? —o1(1)? —01(0)?

(8 i2lE) | ()
—o2(1)2 |, —02(0)2 —o3(1)2 | —o3(0)2)
( 2 T (1—62)2) ( 2 T (1—63)2)

1 1 1
+ = .
—o2(1)? | —02(0)? —o3(1)? | —03(0)? —o1(1)? | —01(0)?
( e3 + (1—62)2> ( e3 + (1—63)2> ( 2 + (1_181)2)

Lastly,
(12 —71)? _ (13 — 11)?
01(1)2 01(0)2 02(1)2 02(0)2y ~ ,o01(1)2 01(0)2 o3(1)2 03(0)2\ "
(P55 + 20D + (R ) (R (5 + D)
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One can find €}’s by solving

p

e1+ex+ez=1,
1 1 1
+ =
—oa(1)? | —93(0)2 —o3(1)? | —03(0)2 —o1 (12, —01 (02
2 Tlzep? 2 T ley)? R G
(r2—71)? _ (r3—71)2
o1 (1)2 | 01(0)2 oa(1)2 | 0202\ T o112 | 01(0)2 03(1)2 03(0)2 "
\ ( eq + 1—eq )+( eo + l—eo ) ( ey + 1—eq )+( + 1763 )

D.6.3 Proof of Proposition D.2 in Section D.6

Proof. To reach a correct selection probability level of 1 — ¢, we have, we have

(11 — 7'2 )2eN " — 7+ 01522)?
l—-e=1-C — Cj .
¢ 1exp ( 8V1 > Z eXP ( ZVj(e’]*-)m >
As N — oo,
(7‘1 — T2)2CN
—C _ M= T)TCN
c 1eXp< 8V1(et)m )

1
Nlogs -Vl(el) = *(’7’1 — 7'2)2,

1 o1(1)? | 01(0)° 2
—_— 10 g ( + ) = — (71 — T .
N % pier  pi(l—er) (=)
(1) Under the complete randomization design,
1 1)? 0)?
N]Qge (Jl( )1 +Jl( )1 ) :—(7‘1—7'2) ,
P13 P13

(2) Under an unconstrained setting,

= _(7-1 - 7_2)27

o1(1)? 01(0)?
R O Y (0 )
Pl 5iM+o10) P17 51D +01(0)

ﬁm' \/(01(1) ;101(0))2 =T — T2

%logé- <

We observe 201 (1)% + 201(0)% > o1(1) + 01(0) + 201(1)01(0) because

o1(1)? 4+ 1(0)? > 201(1)01(0),
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> 2.

(3) Under a constrained setting, when there are two subgroups, in the presence of cost constraint,

pie1 + paez = 0.5 and p1 = po,

1 a1(1)? a1(0)* 2
—1 . + = — _ ,
N (pl. ()% 1020 o 71 (1’020 )=~ -m
\/0'1(1)2+0'2 0) +\/O'1 +02(1)2 \/0'1 -‘rUz(O 2+\/01(0)2+0'2( )
1
W\/ — lOgE

'\/0'1(1)2'\/01(1)24-02 +\/0'1 —1-0'2 ) +O'1(0)2.\/0'1(1)2+0'2 —1—\/(71 +02 )
p1 \/01 2+ 09(0)2 D1 \/01 2+ 09(1)2

=T — T2

E Additional simulation results

In the first set of additional simulations, we follow a similar simulation simulation setup as in
Section 7 of the main manuscript. Here, we consider the fully adaptive experiments when the first
stage sample size is small. We set ny = 50, and N € {400, ...,2000}. In Figure 3, we provide
the simulation results for the RAR design. In Figure 4, we provide the simulation results for
the adaptive enrichment design. These two figures demonstrate that even when the first stage
sample size is rather small, our proposed designs still have robust performance compared to the
other designs. More concretely, our proposed designs achieve the same level of correct selection
probability with a smaller sample size and have a smaller bias in estimating the best subgroup
treatment effect.

In the second set of additional simulations, we aim to investigate the behavior of the actual
treatment allocation in fully adaptive experiments. To illustrate that the actual treatment alloca-
tion converges to the oracle treatment allocation, we provide the simulation results in Figure 5.
Here, we plot the trajectories of the actual treatment allocation under the fully adaptive setting
across experimental stages. Figure 5 shows that as the number of experimental stages increases, the
actual treatment assignment probability converges to the oracle. The simulation results in Figure

5 further verify the theoretical results presented in Theorem 1 in the main manuscript.

F An additional synthetic case study

CYP2D6 (cytochrome P450 2D6)-substrate drugs are commonly prescribed for treating major
depressive disorder (MDD), yet MDD patients may respond differently to CYP2D6-substrate drugs

due to patients’ heterogeneous metabolic behavior (Ayano, 2016). The heterogeneous metabolic
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Proposed Design: Response-Adaptive Randomization Design (Fully Adaptive)

(A) Sample Size vs. Correct Selection Prob. (B) Sample Size vs. Winner's Curse Bias
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Figure 3: Comparison of the proposed response-adaptive randomization design, the complete ran-
domization design, and the doubly adaptive biased coin design under the fully adaptive setting when
the first stage sample size is small (n; = 50). (A) shows the sample size comparison under various
correct selection probability levels. (B) shows the v/N-scaled winner’s curse bias comparison with
respect to different sample sizes.

Proposed Design: Adaptive Subpopulation Enrichment Design (Fully Adaptive)

(A) Sample Size vs. Correct Selection Prob. (B) Sample Size vs. Winner's Curse Bias
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Figure 4: Comparison of the proposed adaptive subgroup enrichment design and the equal enrich-
ment design under the fully adaptive setting when the first stage sample size is small (n; = 50).
(A) shows the sample size comparison under various correct selection probability levels. (B) shows
the v/N-scaled winner’s curse bias comparison with respect to different sample sizes.

behavior is related to the CYP2D6 enzyme, which catalyzes the metabolism of CYP2D6-substrate
drugs, and this enzyme is encoded by the CYP2D6 gene (Ruafio et al., 2013). With the presence
of polymorphisms in the C'YP2D6 gene, the side effects of taking CYP2D6-substrate drugs might
be prominent (Rafaniello et al., 2018; Arafa and Atteia, 2018). In this case, a genetically-guided
therapy that prescribes CYP2D6-substrate drugs based on the CYP2D6 gene could potentially

provide a more precise and beneficial treatment for MDD patients. In this study, we use synthetic
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Figure 5: The change of actual treatment allocation under the fully adaptive design with respect to
experimental stages across 20 Monte Carlo iterations, where t = 1,...,2000, ny = 1000, N = 5000.
We set 71 — 9 = 0.5.

data from CYP-GUIDES (Cytochrome Psychotropic Genotyping Under Investigation for Decision
Support) trial (Ruano et al., 2021) to investigate which MDD patient subgroup would benefit the
most from the genetically-guided therapy.

The original trial is conducted at the Institute of Living at Hartford Hospital, consisting of
1459 patients that are genotyped for CYP2D6 (Tortora et al., 2020). In this study, there are
two considered therapies: (1) the standard therapy (D = 0), which does not rely on CYP2D6
functional status; (2) the genetically-guided therapy (D = 1), in which the drugs are prescribed
based on CYP2D6 functional status. More specifically, for the genetically-guided therapy, patients
who have abnormal CYP2D6 function are proscribed medications metabolized by the CYP2D6
enzyme. The outcome of interest is the length of stay in the hospital, measured by hours. The
shorter the length of stay, the more beneficial the therapy is. In addition, we consider six patient
age subgroups: (1) 18-20; (2) 21-30; (3) 31-40; (4) 41-50; (5) 51-60; (6) > 60.

We assume that patients are administered sequentially, and physicians treat one patient at a
time. We adaptively revise the probability of applying genetically-guided therapy. To initialize the
experiment, we enroll n; = 100 patients in the first stage. We randomly sample n; = 1 patient
in the following stages, where t = 2,...,200. To generate synthetic outcomes, for example, if
patient A’s outcome under the genetically-guided therapy is not observed in the original data, we
would match patient A with patient B who shares similar baseline characteristics but is treated
by the genetically-guided therapy. Then we use the matched patient’s outcome as the outcome
we would have observed for patient A under the genetically-guided therapy. We compare three
adaptive experiment strategies: (1) our proposed response-adaptive randomization design, (2) the
complete randomization design, and (3) the doubly adaptive biased coin design. We then evaluate

the treatment effect of the genetically-guided therapy in each patient age subgroup. The results
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Figure 6: The estimated treatment effects in the six age subgroups under the complete randomiza-
tion design, the doubly adaptive biased coin design, and our proposed response-adaptive random-
ization design. The initialization stage includes n; = 100 patients. In the following stages, we have
ng = 1, where t = 2,...,200.

are summarized in Figure 6.

Figure 6 demonstrates that the genetically-guided therapy reduces the length of stay the most in
patients who are older than 60 under our proposed response-adaptive randomization design. Com-
pared to the other two designs, our proposed response-adaptive randomization design estimates
the treatment effects in the age group older than 60 and the age group 18-20 with high efficiency.
Our response-adaptive randomization design does not have significant efficiency gains in the other
age subgroups, which verifies the theoretical results in Proposition 1. This case study’s results sug-
gest that prescribing drugs for MDD patients based on individual CYP2D6 functional status could
potentially deliver more informed medical treatments and thus better improve patients’ welfare,

especially for patients who are older than 60.

G Extensions of our proposed methodology

G.1 Extension to subgroups with exact or near ties

When conducting adaptive experiments, experimenters may have the prior belief that the best

subgroup may have exact ties or near ties with other subgroups, that is 71 > ... > 7. In this
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scenario, we propose to merge the tied subgroups in the course of the experiments and select the
“merged best subgroup” at the end of the experiments.

To describe our proposal, we first introduce some additional notation. We denote the exact
tie set of 1 as A7 = {j : 1 = 75, j = 1,...,m}, and the near tie set of 7 as Ay = {j :
m —1j=O0(N"Y2), j=1,...,m} following the definition in Hall and Miller (2010) and Claggett
et al. (2014). The near tie set captures the subgroups of which the treatment effects lie in the
v/N-local neighborhood of 71. We denote the merged best subgroup as Sy ] = {1,...,p}
The population treatment effect under the merged best subgroup is defined as 7, = E[Yi:(1) —
Yit(0)| Xt € UjeppSjl- For 6 € (0,1), we impose two assumptions on the merged best subgroup: (1)

“tie-breaking assumption,” which says that there exists a positive integer py < m where
po = argmin{p :N° - 2&(7@] —7;) > 400, p=1,...,m, 6 € (0,1)}, (4)
j

and (2) “subgroup heredity assumption,” which says that the merged subgroup “inherits” the nice
properties from its parents subgroups, that is

1/2—

T[p}_Tp+l>N_ 7p:1>"'7p01

for some small positive constant €. The first assumption implies that there exists pg such that the
subgroup treatment effect 7p,,; computed from the merged top pg subgroups will break the tie with
Tpo+1- In addition, one can think of ¢ as a tuning parameter that controls the “extent” of near ties.
The second assumption implies that the subgroup treatment effect from the best-merged subgroup
is distinguishable from 7,11, meaning the 77, remains to be the largest treatment effect.

In what follows, we shall illustrate our subgroup merging procedure. After Stage 1, we initialize

the tie set as

Ay ={j : 77 = argmax 7}
1<j<m

From Stage 2 and onwards, ¢ > 2, we identify the near tie set as
At - {.7 : ?Atfl - bL,t S ’/r\j S ?At71 + bR,t: .7 ¢ At—la ] - 17 .. '7m} U At—17

where by, ; and bg: are tuning parameters with by, ; — br; = O(N7%), 6 € (0,1/2). We use the
subscript t to denote the data-adaptive choice of by, and bg in each stage t. After identifying the
near tie set for Stage ¢, we merge subgroups belong to A;, compute the merged subgroup treatment
effect

~ ZjeAt{?tj Zi:l st}
TA = t ’
ZjeAt 25:1 N

and update the estimated variance Y A,
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G.2 Extension to augmented inverse propensity score weighting estimator

In this section, we shall discuss the extension of our proposed adaptive experiment strategy to the
augmented inverse propensity score weighting (AIPW) estimator in the context of the response-

adaptive randomization design.

Stage 1. Enroll subjects from all the considered subgroups. Then randomly assign subjects in each

subgroup to the treatment arm with a pre-specified propensity score, e1j = %, j=1,....,m.

Stage 1 of our design serves as an exploration stage, in which we obtain initial estimates of the

subgroup treatment effects ﬂj and their standard errors i\/lj as

it Lixes;) - P1(Xin)
>t Lixes))
>t Lix,es)) (@u(Xz‘l) - ?13‘)2
Z?:ll ]l(XueSj)
Di (Yir — i (X ))
St LixnesyDa/ 22121 Lix,es;)
(1 = D1)(Yir — fio(Xi1))

- n n - //’L\O(X'l)u
Zi:ll ]l(XHESj)(l - D’Ll)/ Zzzll ]l(XHESj) ‘

T =

Vlj =

)

where @1]‘ (Xﬂ) =

+ 11 (Xin)

and //l\d(Xil) = E[KHDM =d,X; € Sj], de {0, 1}.

Stage t, for t = 2,...,T — 1. Obtain €; by solving the sample analog of Problem B, that is

_ (Tee1,() — Te—1,(1))*
P, < c1, c2 <ej <1—cy, min = —2z2>0y,

2<j<m 2(Vt 1,(1 )(61) + Vt—l,(j)(ej))

~
€; = argmax {z

10:

()

where
1 t—1 ns
Te-1,) = =T ZZ]I(X,SES - Ps5(Xis),
ZS 1 ]l(XzeES(J)) s=11
N 1 t—1 ng 9
Vt—l,(j)(ej): i—1 ns ZZ]I(XSES (SOSJ(X ) — 7A't—1,(j)) )
>t 2ic Lixiesy) =1 o

Dis(i/is - ﬂl (Xzs))

and 9/55] (Xzs) = — n — n + ﬁl (Xzs)
Zizll i=1 ]l(XiSGS(j))DiS/ Zfs:ll i=1 ]l(XiSGS(j))
ZZ 11 ns ]I(Xiseé‘ (1- 18)/2 (XZSES(J))

where [ig(X;s) = IE[K‘ADz’s =d, X;s € Sj], d € {0,1}. Calculate the calibrated treatment assignment
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probability e; based on ef. For ng; >0,

B 1 t t—1 . .
€)= ntj((et’(j) E:In&(j)) - z:ln&(j)e&(j)), forj=1,...,m.

Assign treatment with probability €} ()

Statistical inference after Stage T. Construct the final subgroup treatment effect estimator

along with its standard error:

T n
N 1 > ~
= ST s DD Lixies,) - PuilXis),
Zs:l Z?:1 ]]'(Xisesj) s=1 i=1 ’
R 1 T ns 2
Vo DD twesy (Pu(Xi) = 7))
Zs:l Z?:H H(Xisesj) s=1 i=1 ’
Dis(Yis — 111(Xis))
T Ns T Ns
23:1 Zi:l ]]'(Xl'SGSj)DZ'S/ ZS:I Ziil ]]‘(Xisesj')
1 —D;)(Yis — tio(X; ~
- — — ( zs)( is ,UO( Tzs)) — _ MO(Xis)y
25:1 Zi:1 ]l(Xisesj)(l — Dis)/ Zs:l Zi:l ]I(Xisesj)

and @sj(Xi ) =

+ //Il (Xzs)

where fig(X;s) = IE[YZ-S\D,-S =d,X;s € Sj], d € {0,1}. Then, identify the best subgroup as the one

exhibiting the maximal treatment effect size:

o ~
J7 = argmax Tj.
1<j<m

Lastly, construct a two-sided level-a confidence interval for the selected best subgroup as

T+ ® (1 —a/2)-\/V/N

H Motivation of our design objective under large and moderate

deviation principles

In this section, we provide some justifications for our design objective function under large and

moderate deviation principles.

H.1 Overview

The adoption of the large deviation principles requires distributional assumptions on the outcome
variables, and it allows finer probabilistic characterization of the rare event of 71 < maxao<j<p, 7j
when 7 and 7 differ by a constant. Take Gaussian outcome variables for example, the large

deviation principle sets ay = N for Eq (1) in the main manuscript. Then, with the Gartner-Ellis
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Theorem (Dembo and Zeitouni, 2009, ch.2.3), see Section H.2.1 for derivation, we obtain:

. 1 ~ ~ .
Jim S log (1-P(7 = max 7)) = — min G(S1,Sjie1,p1.5.7).

T; — T 2
(] 1) (6)

GSI’S';elvphe‘ap' = 5
(51,5 5»Pi) 2(Vier,p1) + Vj(ej,pj))

where V;(e;,p;) represents the variance of 7, for j = 1,...,p. When the outcome distribution
deviates from the Gaussian distribution, say binary outcome, we show in Section H.2.2 that the
binominal rate function is lower bounded by the Gaussian rate function. Therefore, maximizing the
Gaussian rate function potentially provides a conservative solution when outcome variables follow
binary distributions.

In contrast, when the distance between 7 and 7 is small, the moderate deviation principle
kicks in. Due to this small distance, it’s not feasible to scale the log of false selection probability
with 1/N. Instead, under the moderate deviation principle, we work with ay /N — 0 and ay — oo.
The benefit is that the moderate deviation principle no longer puts restrictions on the outcome
distribution, and it instead only requires mild moment conditions. In Section H.3, by Cramér
theorem (Section VIIL.2 in Petrov (1975)), we reach

1
. L PR > V) - ) o
z\}g%o an log (1 P(7 > 2g§gﬂﬁ)> Qg}lgan(Sl,S],el,pljewp])?
2
T5 —7'1
G(Slasj;elapbejvpj) = ( J ) (7)

2(Viler,p1) + Vilej,p5))

Lastly, we note that both the large and moderate deviation principles serve as motivations
for our design objectives, focusing on the rate function. Our design neither requires the outcome

distribution to follow any particular distribution nor requires 7 and 7 to be very close.
H.2 Motivation under large deviation principles

H.2.1 Rate function under Gaussian distribution

The large deviation principle quantifies the exponential rate at which the probabilities of certain
rare events decay as some parameter (often related to the size of the system or the number of
observations) goes to infinity. In our context, when the treatment effect estimators follow the
Gaussian distributions, the probability of incorrect selection is

IP’[?l < max 7/'}] =1 —P[?l > max ?]}

2<j<m 2<j<m
The incorrect selection probability can be bounded by
max ]P’[?l < ?j] < ]P’[’ﬁ < max ?J] < (m—1)- max ]P’[Al < 5'}], (8)

2<j<m 2<j<m 2<j<m
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where the second inequality follows from the union bound. By the large deviation theory (Dembo

and Zeitouni, 2009), there exists a rate function G(S1,S;; e1,p1,€j,p;), such that

1 . . .
lim Nlog (1 —P[Tl > Tj]) = —G(S1,Sj5e1,p1,€5,05), 7 =2,...,m.

N—o0
For both sides of Eq (8), take logarithm and divide by N,

1 ~ o~
N log zgag);m (1 — IP’[Tl > Tj])

IN

1 . ~
N log <1 — ]P[Tl > 21%2?;1 Tj]>

1 ~ o~

< N]Og ((m —1) -2%22;1 (1 —P[ﬁ > Tj]))

:ilo (m—l)—l-ilo ( max (1 —P[7 >?~]))
N8 N %8 2<j<m L="31))

As maxa<j<m (1 —P(?l > ﬂ)) is equivalent to exp <—min2§j§m G(S1,Sj5e1,p1, ej,pj)), we obtain

— min G(S1,S;;e1,p1,€5,p5)

2<j<m
1 . ~
< Nlog (1 -P[n > Qg%}fnﬁ])
log (m —1) -
< N 2g1§an(317Sj§617p1’€j’pj)'

As a result, when the number of subgroups is fixed and the sample size tends to infinity,

. 1 ~ ~ .
]\}gnoo N log (1 - ]P)[Tl > 21%;%);17—3]) = - Zglﬁnm G(Sla 8]7 €1,DP1, ejvp])
As we adopted the IPW estimator for estimating the subgroup average treatment effect, the rate

function has a specific form with

(rj —m)?

Vi(er,p1) +Vj(es,p5))
_oi(1)? | (0

o1(1)? o1(0)?
+ ) V €5, Pj) = + ‘ ]'O
pier  pi(l—er) ie5:y) piej  pi(l—ej) (19)

G(Slasj7617plae]7pj): 2( (9)

Vi(er,p1) =

The above equations justify the Eq (3) and Eq (9) in the main manuscript.

We note that when the outcome variables follow Gaussian distributions, the IPW estimator with
the estimated propensity score only converges to Gaussian distributions asymptotically. While we
expect that large deviation results could be established for this estimator, as suggested by Shao
(1997) in ’Self-normalized Large Deviation,” our manuscript does not delve into these nuances.

Instead, we focus on how large deviation principles inform and motivate our design objectives.
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H.2.2 Rate function under binary distribution

In this section, we shall provide the derivation of the rate function with binary outcomes under the
large deviation principle, and a simulation study of rate function comparison under Gaussian and
binary outcomes.

In this setup, for each subgroup j, assume under the treatment arm, the binary outcome is
generated as X ~ Bernoulli(p;); under the control arm, the binary outcome is generated as Y ~
Bernoulli(pg). The subgroup ATE can be expressed as 7 = X — Y. To derive the rate function of

7, we follow the steps:
e Derive moment generating function (MGF) Mz(t), where Z = X — Y.
e Derive rate function I(Z) for random variable Z, where I(Z) = sup;(tZ — log Mz(t));

(1) The MGFs for Bernoulli random variables X and Y are
Mx(t) = qi +pie', My (t) = qo+ poe’, where g1 =1—pi, go=1— po.
The MGF for 7 =X —Y is
Mz(t) = Mx_y(t) = (g1 + p1€") - (qo + poe™").
(2) The rate function for Z is
I(Z) = sgp(tZ —log M(t))
= sup [tZ —log ((q1 + p1€") - (qo + poe™"))]
= sup f().

First, we want to solve for ¢t. Take derivative of f(¢) with respect to t:

9f(t) —7_ —qipoe”" + p1goe’ —0
ot q190 + q1poe~"t + p1goe’ + p1po ’
7 — —qipoe” " + prgoe’
q190 + qipoe~" + prgoet + prpo’

Zaipoe " + Zpigoe' + qipoe™ — prgoe’ = —Zq1q0 — Zp1po,

e (Zqipo + q1po) + €' (Zp1go — p1a0) = —Zq190 — Zp1po,
e qpo(Z+1) + e pigo(Z — 1) = —Zg1q0 — Zp1po.

t* can be solved via numerical method. Therefore,

1(Z) =t"Z —log [(q1 + p1e" ) - (qo + poe™)].
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does not have a closed-form expression. We provide a comparison of large deviation rates with

Gaussian outcome and binary outcome in Figure 7.

Large Deviation Rate Comparison
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Figure 7: Comparison of large deviation rates

H.3 Justification of Eq (1) using moderation deviation principles

The same rate function can be deduced from the moderate deviation principle, and the moderate
deviation results do not require the outcome variables to follow a Gaussian distribution. Never-
theless, they only apply to situations in which v N (11 — 7;) is not “too large.” To be precise, we
assume 71 — 7; = bycj, where ¢; > 0, and by satisfies by — 0 and VNby — oo. In addition,
assume the moment-generating functions of the potential outcomes exist in a neighborhood of 0
(i.e., the Cramér condition holds). Then by Cramér theorem (see Section VIII.2 in Petrov (1975)),

1
lim —5

s Nb2 log (1 —P[’?l > ?]]) = _G(Slasj;elapluej7pj)’
o VUn

Here, the rate function takes a similar form as in Section H.2.1:

2
¢

Viler,p1) + Vi(ej, pj))’

G(SLSj;eLpl;ej,pj) = 2(

oi1(1)*  01(0) o;(1) a;(0)?
Vi(er,p1) = + » Vj(es,p5) = .
( ) biex pi(l—e1) (¢i:pi) pje;j pi(1 —ej)
Therefore,
lim - log (1 B[fi > max 7]) =~ min G(8.8;: )
NE}cl)o Nb?v 0og <z 21%;355717—] - 2glgnm 1,955€1,P1,€;5,Pj5)-
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