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I. Setup and Notation. Recall from the main paper that we start from the estimated
SNP-exposure and SNP-outcome associations, {(7;, fj) :1<j <p}, as well as their stan-
dard errors, {(ox,,0y,) : 1 < j < p}. Properties of these estimates are summarized in the
following two assumptions.

Assumption S.1 It holds for all j that '; = [3v;. In addition, not all ~y; are zero. [ ]

The above assumption implies that it is possible to identify the parameter of interest from
the (population) marginal regression coefficients.

~ ~

Assumption S.2 (i) For any j # j', the pairs, (I';,7;) and (I'j:,7;), are independent.

In addition, there exists some v — 0, such that {0y, /v,0x, /v :1 < j < p} are bounded and
bounded away from zero. [ |

This second assumption imposes several restrictions on the estimated associations. First, it
requires the estimates to be statistically independent for different SNPs. Second, the estimates
are assumed to be normally distributed. Finally, it is required that the standard errors are of
the same order.

For future reference, define

<
K —_ g

II. Inverse Variance Weighting. To estimate 3, or more precisely, to aggregate the in-
dividual association estimates, it is common to employ a regression of fj on 7, and the slope
coefficient obtained thereof will be denoted by B\va. This is known as the inverse variance
weighting (IVW) approach:

i
OX.

J

2 1 p
- 2
) AWZ%"
j=1

.5 /52
~ 2 lA/e,
ﬁlvw—w-

=175,

Statistical properties of the IVW estimator have been studied in the literature. To facilitate
discussion and comparison with our proposed method, we reproduce some of the results in
this section.

To begin with, we rewrite the estimates as the sum of the true parameters and the estimation

errors, that is,
A~ 2
. 4 0
[E]} N [FJ] [UYJ} 7 [uyj] NN(O’ [UYj ; ]) '
Vi i Ux; ux; 0 o%,

Then we have fj =TI'; +uy, = Bvj + uy, = #7; + uy, — Bux,, and hence

> 1 (UYJ- - 5qu>/012/j > h_jux, (uyj — ﬂuXJ,)/a%j
+ .

D ~2 2 D ~2 2
i=17;/9y, =171y,

BIVWZBJF

We will first analyze the denominator, Z§:1 ;},\]2 / 032/7, , in the above expansion.
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Lemma S.1 Assume Assumptions S.1 and S.2 hold, and that p — oc. Then

P 22 2 2 p 2 2
PR 07+0( p(ﬁﬂ)): }:702 (14 0p(1)) =p p(k + 1).

2
g
Y, =1 Y; j=1 Y;
[ |

To summarize, Lemma S.1 demonstrates that as long as p — oo, the denommator in the
expansion of Blvw is asymptotically nonrandom, and approximates > % = 1(% + 02 X; )/ JY

Next we study the term Z§:1 o7 (qu — Pu XJ.) / a%j and show that it is asymptotically
normally distributed.

Assumption 8.3 The true SNP-exposure associations, vy;, satisfy

2
maxi<;
7;1;]@ 75 —0.
Jj= 17]
[ |
Lemma S.2 Assume Assumptions S.1, 8.2, and S.3 hold, and that p — co. Then
P ’Yg(uy—ﬁuX> d P 2 52
_ J 2 X
\ﬁz =N (0, 1), whereVl—ZUY 1+ 5=~ Y
Y; 7j=1
Therefore,
P (qu - Buxj)
S T v
j=1 Y;
[ |

Strictly speaking, Assumption S.3 is not needed for this lemma, as the normality conclu-
sion follows directly from Assumption S.2. In a later section, however, we will study the
implications of instrumental variable selection. As the selected SNP-exposure association es-
timates no longer follow a normal distribution, Assumption S.3 (or more precisely, a modified
version thereof) turns out to be crucial. N

Finally, we study the last term in the expansion of Sryy.

Lemma S.3 Assume Assumptions S.1 and S.2 hold, and that p — cc. Then

p ux, qu—BuXJ p 2
\/% 3 ( 5 >+5ZZ;: N0, 1),

j=1 Y; j=1
P ook, 0%,
where Vo = E 5 (1—|—26 —2]) =p.
j=1 Ty, y;

Now we are ready to present the first main result, which concerns the large-sample prop-
erties of the IVW estimator Bryy.
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Theorem S.1 Assume Assumptions S.1, S.2, and S.3 hold, and that p — oco. Then

V—l B\ 3 ?:1 7‘72/‘712/. d N(0,1)
i | Brvw — - — 1),
o =100 +0%)/0%,

Vi+ Vs

where Vva = -
P+ 0% )03

~ 1 / 1
_B=<_ - -
Brvw 5Npﬁ+1+ Pt D)

From the above theorem, it should be clear that the IVW estimator is consistent if p, x —
oo, while asymptotic normality requires that x/p — oco. The second requirement is fairly
strong and unrealistic. If x/p = 1, then the bias of the IVW estimator might be of first order
or even dominate in the asymptotic distribution, rendering the standard normal distributional
approximation invalid.

Therefore,

III. De-biased Inverse Variance Weighting. From Theorem S.1, it is clear that the
IVW estimator is biased toward zero due to the estimation error in 7;. [14] propose the
following de-biased IVW (dIVW) estimator.

g > TAi/0,
aTvw = = .
?:1(%2 B Ug(j)/g%j
To facilitate discussion, we collect several results on the statistical properties of the de-biased
IVW estimator in this section.
To start, consider the following decomposition:

3 54 P LT (UY]» - ﬁuxj)/gg/j P (uxjuyj —Blu%, — U%g))/a;?/j
aIve = 732 .

=1\ —Uggj)/U%/] ?:1(;7\3' _Ug(j)/aiz/j
Lemma S.4 Assume Assumptions S.1 and S.2 hold, and that p — co. Then
p 22 2 P2
T 79X, 75 /
2072: a—g%—()p( p(:‘i—i-l)).
j=1 Y; j=1"Y;
If, in addition that \/pk — oo, then
P A2 _ 52 P2
J X; 7 -
ZT: ngg (1+0p(1)) =p pr.
j=1 Y; j=1"Y;

In the lemma, we have ignored the scenario that ,/pr is bounded. If this is the case, then
the denominator will converge to a (possibly noncentral) normal distribution under suitable
scaling. In other words, the limiting distribution of the dIVW estimator becomes the ratio of
two normal distributions.
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Theorem S.2 Assume Assumptions S.1, S.2, and S.3 hold, p — oo, and /DK — 0. Then
Vi+ Vo

5
( ?eryjz/a%.j)

-3 [2 d
Varvw [ﬁdlvw - 5] —N(0,1), where Varyy =

Therefore,

~ K+1
—B=_./ _
Barw — B Zp )

IV. Instrumental Variable Selection. In this section, we consider the problem of in-
strument selection, and propose valid post-selection estimation and inference procedures. To
start, define the selection event as

Yy 7

S =
J
X,

—A>0,

where A is a thresholding sequence, and Z; ~ N (0, 77?) represent the pseudo SNPs that we
introduce. The following lemma provides the distribution of 7; after selection.

Lemma S.5 Assume Assumption S.2 holds. Then the conditional density of 7; /o x, given the
selection event S; > 0 is

_ b sl e (TAY) L (A
fg}%>dw__M5ﬁ>m¢<y Ué>[®< ) >_%1 ¢< 1) >y

N = i N —

X ; Ox

PIS; >0]=® | ——2 | 4+1-0 [ —Z2
107 V1+

In the above, ¢ and ® are the standard normal density and cumulative distribution functions,
respectively. ]

where

Despite taking a complicated form, we can draw a few conclusions from the above con-
ditional distribution. First, if we set 17; — oo, then the selection event will be dominated by
the random noise in Z;. In other words, the event .S; > 0 will happen with probability ap-
proaching 1. In this case, there will be no selection, which means that the above density will
converge to the unconditional density of 7; /ox, ~ N (vj/0x;,,1).

At the other extreme (i.e., when 1; — 0) we see that the above density is nonzero only in
the region (—o0, —A) U (A, 00). This implies that the conditional density of 7; /o x, will have
a “hole” in the middle. For any other values of 7);, the post-selection distribution of 7; /o x,
will be a smoothed interpolation between the extremes. In other words, incorporating the
pseudo SNPs Z; leads to a soft-thresholding selection rule.

For future reference, we define a few post-selection quantities below. To start, we will
denote the collection of selected instruments by Sy, that is,

-2

We will use the the notation, S; > 0 and j € Sy, interchangeably for the selection event. We
may also employ S, to denote the selection event if the emphasis is not on a specific SNP j.

Wy z
OX.

J

Sy={y: Sj>0}:{j:
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The cardinality of Sy is p) = |Sx|, which is simply the number of selected instruments.
Finally, we define k) as

1 Yi 2
w2 G)
p’\je& X;

whenever py > 0.
To discuss the limiting behaviors of p) and k), we make the following assumption.

Assumption S.4 (i) The thresholding sequence diverges: A\ — 0.

(ii) Define n = mini<;<pn; and 1] = maxi<j<,1j, then both n and 7 are bounded and

bounded away from zero. [ |
Part (i) suggests that the critical value will diverge, which is quite common for conducting

multiple hypotheses testing. The second condition is also intuitive: it requires that the noise
we introduce will neither shrink to zero nor explode.

Lemma S.6 Assume Assumptions S.2 and S.4 hold. Then p) 200 if and only if

e (el

| —= | - .
1 \1+03

A necessary condition for p) 2 00 is that, forall c >0,
P c
Z -1

j=1
A sufficient condition for p) B 50 is that, for some c¢; > 0 and cy > 0:
c
>A+ 0! <1>> — 0.
pe
]

Another important quantity is x), which reflects the overall signal strength of the selected
instruments. The following lemma provides sufficient conditions under which x) diverges.

J

i
oX,

2

<1Og1(p)> o (zi) N Zp:ll <

J]=

i
oX;

Lemma S.7 Assume Assumptions S.2 and S.4 hold, and that p) 2, 0. Then Sfor any ¢ > 0,

2
-1 C
e[l ) ol
2o ()
= pCQ

for some c¢1 > 0 and c3 > 1 + 72, then

If in addition that

R\ ip )\2.
|

The lemma provides a sufficient condition under which the post-selection average instru-
ment strength, xy, is asymptotically larger than A\?. We note that the condition is established
in the “worst case scenario” where all of the nonzero SNP-exposure associations are equally
weak. In practice, however, it is likely that there will be substantial heterogeneity in ~;,
meaning that x) might be much larger compared to \2.



IV.1. Rao-Blackwellization. Using the selected instruments to construct the IVW esti-
mator can pose serious challenges to estimation and inference. In particular, after the selec-
tion step, 7; is no longer unbiased for ;. In what follows, we will propose a bias-corrected
version of the post-selection instrument effects.

To introduce our bias correction technique, we make a few observations. Let

bj,ini = fyij - é

2

then it follows a normal distribution with mean +; /o x,. By standard covariance calculation,

it is also straightforward to verify that /b\j,ini is uncorrelated with -2 + Z;, which means that

Ox .
it is independent of the selection event S; > 0. As a result, the law of iterated expectation
implies that

o~

/b\j =K [bj,ini

l, S j > 0:|
X,
will be unbiased for 7; /o x,, conditioning on the selection event S; > 0. In other words, one
can employ the bias-corrected estimator,

~

/’Vj,RB = UXJ-E [bj,ini

o~ ~ O’X]. ~
Vjs S5 > 0} =7~ FE[ZJ'\% ;> 0]
J

to construct the IVW estimator.
The exact form of 7 g is given in the following lemma.

Lemma S.8 Assume Assumption S.2 holds. Then

~ox, d(Ajy)—9(A-) VoA
VjRB=7j — — : : , where A + = — + —.
T g 10 (A;) + (A ) ’ ox,5

The next lemma presents the variance of the bias-corrected estimator.

Lemma S.9 Assume Assumption S.2 holds. Then

R 1
U%{jaRB =V [7jzs|5; > 0] = Jgfj (1 N W/

—0o0

)~ (B 0) )
Yyl

(e}

yo () (6(By.+ (1) — 0(Bj~(v)) ) dy

1 &0 <¢(BJ +
" nP[S; > 0] /oo Pz ®(Bj+(y) +@(B)-(v))

where

V; Yy A
Bii(y)=— (- 4+Y)+ 2
i) <‘7Xﬂ7j - 77j> n;

While the above provides a formula for the variance of the Rao-Blackwellized SNP-
exposure association estimates, it is not directly amenable to implementation. This is because
the expression involves the true SNP-exposure associations, ;. Another complication is that
the formula depends on y; nonlinearly, rendering a plug-in approach inappropriate. In the
following we present an alternative conditional variance formula, and demonstrate how it
can be unbiasedly estimated.
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Lemma S.10 Assume Assumption S.2 holds. Then

2
2ok O, g | A0 Aj) — Aj-0(A5-) < P(Aj+) — o(45-) >2 S50
SRR g 1= @A)+ (4;-) L= ®(4; ) +®(4;-)) |77 ]
where Aj 1 are defined in Lemma S.8. n

Although the above variance formula also takes a complicated form, it turns out that one
can establish both upper and lower bounds. This is formally stated in the following lemma.

Lemma S.11 Assume Assumptions S.2 and S.4 hold. Then there exist constants 0 < ¢1 <
co < 00, such that

2 2 2
C10x, S 0, pp < €20,

In other words, {agf RB / ag(ﬁ : 1 < j < p} are both bounded and bounded away from zero.
J J .

To estimate the variance of the selected SNP-exposure association estimates, consider the
following quantity:

2 2 [1 1 Ajro(Aj+) —Aj—d(A;-) +< d(Aj+) — d(Aj-) )>2]_

OXRB T OX ST 2T (A, ) + B(A; ) 1— @A) 1)+ B(4;-

J

It is straightforward to verify that conditional on the selection event, agg gp 1 unbiased for

2 . . . 2 .
I, m- The next.lemma provides an error bound for thg estimation of 3 ;g 0% gy, Which
1s what we need in order to correct measurement error bias.

Lemma S.12 Assume Assumptions S.2 and S.4 hold. Then

~2 2
E (UXj,RB - O—XJ,RB>

j€8,
p VQ{ > E[?’ —2mo(3;)? = 3mo(3;)* + 9m1(3;) + 6mo () *ma (7))
JESA

1
2

_ 4m0(;y\j)m2(’/')/\j) + mB(Wj)’Sj > 0} }
Sp V2)\\/]T7

where

-~ AL o (Aje) — Ab_p(A;0)
T T 8 (A ) + D (4;)

The extra A in our error bound stems from higher-order moments of the Rao-Blackwellized
estimator. We suspect that one can establish the sharper bound, ©/2,/py, under the same con-
ditions, although the proof eludes us due to the complicated expressions of higher-oder mo-
ments.



IV.2. Inverse Variance Weighting with Instrument Selection. We are now ready to state
some results regarding our RIVW estimator using the selected instruments, which is defined
as

ZjesA FﬁLRB/U)Q/j
=2 =2 2
jesyjre — O-Xj7RB)/O-Yj

The following lemma provides conditions under which the denominator converges.

BRIVW = Z

Lemma S.13 Assume Assumptions S.1 S.2, and S.4 hold, and that p), L . Then

Z <:Y\32,RB - 8%(_7,113) = Z ’Yg? +Op ( P/\V4("3/\ + )\2)) :

jESA jesk

If, in addition that \/pxkx/\ B 0o, then

Z (%%RB - 33@,}1}3) = Z 'YJZ (1+0p(1)) =p PAV Fx-

jGSx jGSA

To proceed, we further decompose the estimator as

2 ~2 2
ZjESA ['Vj (UY]' - 5UX.17RB) + (qu,RBqu - B(UX,-7RB - UXJ,RB))} /UYj

Zje& (%2,113 - 8%(_7» ,RB)/O-)Q/}

Brvw = B +
For future reference, take

2 ~2
Uj RIVW = Vj (UYj - ﬁUXj,RB> + (UX,-,RBUYJ - 5(“)(]. BRB GXj,RB)>?

which can be understood as the regression error term.
The following lemma is related to the asymptotic variance of our RIVW estimator.

Lemma S.14 Assume Assumptions S.1 S.2, and S.4 hold, p) L oo, and that ky/ A2 2.
Then

2 2 2 2 2 2
vy “J%RIVW‘SA =>. {’Vj (UY]» +6 UXj,RB) +0X, ROV,

jES)\ jES)\

+ 82 (Eluk, pslS; > 0] + E[5%, el > 0] — 2B, ne5%, polS; > 0])

+ Q/BQ’YjE[Ugfj,RB — ’LLX] ,RBag(j,R,B|Sj > 0}}

- 4
=p PAV K.
|

It is not surprising that the asymptotic variance of our RIVW estimator takes a compli-
cated form, as the variance of u; ryy involves higher-order moments of /v\j,RB. We employ the
condition /A2 20t simplify the analysis. In particular, this assumption implies that the
leading variance stems from the first term in the expression of u;zryy. We suspect that it is
possible to establish the asymptotic normality of our RIVW estimator and the consistency of
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our variance estimator (Theorems S.3 and S.4 below) without this assumption. However, a
theoretical justification eludes us due to the complicated higher-moments calculations.
For the asymptotic normality result, we impose the following assumption.

Assumption S.5
, 2
max;es, ,;j P
2jess )
[

Theorem S.3 Assume Assumptions S.1, S.2, S.4, and S.5 hold, p), N 00, and that /ﬁ;,\/)\2 LN
oo. Then conditional on the selection event Sy, the centered and scaled RIVW estimator is
asymptotically normally distributed, that is,

1 e 4
Vv [BRIVW — 6] S N(0,1),

where

v [Zjesk Uj,Rva/U%/j ‘S)\} )

5 =p )
2/ 2 DARA
(EjesA 7; /UYJ-)

VRIVW =

Finally, we show that our standard error construction is valid. Recall from the main paper
that

~ ~ 2
~ ~2 ~2 4
~ ZjesA [Fﬂj,RB - /BRIVW(%',RB - UXJ-,RB)} /ij
VRiww = 3
2 ~2 2
{Zje& ('Vj,RB - JX,-,RB) /UYJ}

Theorem S.4 Assume Assumptions S.1, S.2, and that S.4 hold, p) LN 0o, and /@\/)\2 B .
Then

\7RIVW
21

VRIVW

IV.3. Smoothed RIVW Estimator. Our RIVW estimator is constructed based on the se-
lected instruments, that is,

B Yjes Liime/oy, i Timeljes. /oy,
RIVW = = = = = = .
Zjesk (VJZ,RB - Ug(j ,RB)/U%/]. ?:1(7]2,1& - ag(j ,RB)le&/U%

Due to the pseudo SNPs we introduced into the selection, however, the RIVW estimator may
have a larger variance. One possibility is to consider a weighting approach, where for each
SNP the weight corresponds to the (conditional) probability of being selected. Formally, we
define

Wi =PljeS\A]=1-2(A4;+)+ 2 (4;-),

where we recall (from Lemma S.8) that




10

The conditional selection probabilities motivate the following smoothed RIVW (sRIVW)
estimator

P DA /42
3 > -1 FﬂLRBWj/UYj
SRIVW = ~p (22 =2 S /a2
j= 1(’7] RB UXj,RB)wJ/UE/j
To provide some intuition regarding properties of the SRIVW estimator, we may consider the
expectations of the numerator and the denominator. To be specific, we have

E [7rs05] = E[Vjreljes.] = viwis
where the second equality can be deduced using the law of iterated expectation, and wj is the
unconditional probability of an SNP being selected:

_ i N —

OXx.; X ..
X X

wi=E@]=1-0 —2° |+ —T9
V1477 V1+77

As a result, the numerator in our SRIVW estimator satisfies

~

z FﬂJRBWJ Z j 2
B =

=t 7Y
It is also straightforward to find the expectation of the denominator, as

P P p
~2 ~2 ~ 2 ~2 ~2 2
E Z(’Yj,RB - UXj,RB)Wj/Ul/j =K Z('Yj,RB - O-Xj,RB)]']GSA = Z 2] -

j=1 j=1

As aresult, we expect that the SRIVW approach also delivers accurate estimates of the causal
parameter (. To present formal results, we first define a few quantities:

P 1Ny \2 1\,
s = ija Rxs = < 2 > Wy, ’%)\,s = ( 4 > Wy
j=1 Prs £

0X; Pxs = 0X;

Remark S.1 We have considered bounds on p) and x) in Lemmas S.6 and S.7. To provide
additional insights, consider the setting that the true SNP-exposure associations are sampled
from a spike-and-slab distribution, that is, v;/ox, ~ TN(0,e2) + (1 — 7)dp for some e.
Provided that € 27 A, it is straightforward to show p) ¢ 27 pre?. Similarly, we also have the
following lower bound

/@)\s>€

~

It will also be interesting to provide a lower bound on <) s, as we will demonstrate later
that this quantity features in the asymptotic variance of the SRIVW estimator. Assuming
£/A — oo, one has that

/<;,\Sf\/<;>\s>£

~

This result is quite intuitive: in genetic applications, despite that many instruments are weak,
there always exist strong instruments whose signal strength well exceed the selection thresh-
old . [ |

As before, we will continue assuming that there are no dominating instruments.
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Assumption S.6
2
maxi<;j<p;
S—— R _p2 L 0.
21<i<p VWi
The following lemma provides a characterization of the denominator.

Lemma S.15 Assume Assumptions S.1 S.2,S.4, and S.6 hold, py s — 00, and \/Dx sk s/\ —
00. Then

p
Z 'Y] RB — X RB Z'Yjw] 1 +0p(1)) =p p)\,sVzl‘ﬁ)\,s-
Jj=1 j=1

To study the large-sample properties of our SRIVW estimator, we employ the following
decomposition:

Z? | Ui Rt} /0%,
2 ~2 I 2
j= 1(%1&13 ij,RB)‘*’j/UYj’

where u; rrvy 18 defined the same as before. As a result, it is quite straightforward to show that
the numerator is mean zero via iterative expectation. In addition, we propose the following
variance estimator

~ —~ 2
~ Z?:l (Fﬂj,RB - ﬁsRIVW(’YJZ,RB - Ug{,-,ma)) %2‘/‘7%/]

Vertvw = 2
(Z?:l(’)’?,ma - Ug(j ,RB)Wj/Ulz/j)

Theorem S.5 Assume Assumptions S.1 S.2,5.4, and S.6 hold, py s — 00, R)s X K)g, and

Bsrivw = B +

Kxs/ M2 B oo, Then the centered and scaled sRIVW estimator is asymptotically normally
distributed, that is,

1

-2 |7 d
Vertvi [ﬂsmvw — ﬁ} —N(0,1),
where
Vv [Z?ﬂ Uj,Rva@j /052/1} 1

S = .
AR
<E§=1 %2“’1/"126> P

VSRIVW =

In addition,

V RIVW
SRIVW B g,

VSRIVW

V. Correlated Instrumental Variables. Our earlier assumption requires that all the
marginal SNP-exposure association estimates are independent (Assumption S.2). In prac-
tice, this is usually achieved by LD clumping. LD clumping uses p-values from GWAS to
sort the SNPs by their importance. It then takes the most significant SNP and removes all
other SNPs that are correlated with the selected one. The procedure continues with the next
most significant SNP bypassing a significance threshold that has not been removed yet. This
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p-value based LD clumping procedure, in fact, introduces a selection bias different from
the one discussed in the main paper, which we shall demonstrate below. In this section, we
consider a setting where SNPs form clusters, and the covariance matrices of the estimated
SNP-exposure associations are known a priori. Building on the covariance information, we
will be able to lift this new winner’s curse as well.

We assume there are g = 1,2,...,G clusters, and within cluster g, SNPs are indexed
by j =1,2,...,J,. Therefore, the true SNP-exposure associations are denoted by v, =
(Yg15--+57gs,) - The estimated SNP-exposure associations are just ¥y = (Yg1,- - -,7g.,). To

account for correlated estimates within each cluster, we assume

Assumption S.7 (i) For any g # ¢, 44 and 7, are independent.
(i) For each g, Yy ~ N (74, x, ). |

To avoid cumbersome notation, we focus on one cluster and drop g from the subscript.
We denote the entries (variances and covariances) in the matrix, Xx, by agg and ox,x,,,
respectively. The corresponding correlation matrix will be represented by 2x with entries
PX; X, To lift the winner’s curse, we also introduce pseudo SNPs. Let Z = (Z1,--- , Zj) ~
N (0,7729 X). We note that n can be cluster specific, that is, a more appropriate notation
would be 7,. We drop this dependence for simplicity.

Then in the gth cluster, we select the SNP with the most significant SNP-exposure associa-
tion provided that its associated p-value is smaller than 2 (—|\|). Without loss of generality,
suppose SNP j is selected, we characterize the selection event as

(1) S)\’j:‘%%—Zj‘Zmax{ max ‘W+Zj,,)\}.
9X; 1§,];§J X
J'#i

Similar to the strategy we adopted in the main paper, we again proceed with creating an initial
estimator that is independent of the select event: S ;

X,

Vrint =7 — —5- 7.

n
Different from our proposed estimator when the IVs are independent, the challenging step,
however, is to form a Rao-Blackwellized estimator. This is because projecting the initial
estimator onto the selection event requires us to work out a different conditional selection
likelihood function. We first introduce a few auxiliary quantities. Let

2 ~
N PX; X, Vg
Rjj/zij 2 ’yj—px,x,,Zj—Fi—i-Zj/,
o 7 o
X; X,
0X; 0X;

forj'#j Rjy,— =min {772(1—/))(;<) (Rjj — Rjjr), T Era— (Rjj + Rjj')}

~ Ox. 0X.
R:: 1+ = max j R.i—Rii), j Rii+Rii)b,
o {ng(l_pXij/)< O i)}
and
D 9X; D 0X;
ij_:F(RjA—/\), Rjj#Zﬁ(RjjJrA)-

Given R;; +, we consider the following intersection, which can be written as the union of
disjoint intervals:
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Finding the above representation (i.e., the end points a;, and bj;) may seem difficult. There-
fore we provide Algorithm S.1.

Algorithm S.1

Require: Fix cluster g and the selected SNP j
Require: Set J <+ {1,2,---,J}, £+ 1, leftEnd < —c0
Require: Compute Rjj/,f and Rjj/,Jr for j’ =12,...,J

Set ajg < manlej Rjj',+’ bjg <— 00
Set £+ 2

while 7 # () do_
if minjlej Rjj/,f > 1eftEnd~then
Set index — argming/ ¢ 7 Rjj’,—
Set ajp < leftEnd, bjg — Rjindex,—
Set leftEnd + Rjindex;&—
Setl+(+1
Remove index from J
else ~
Set index - argminj/ej Rjjl7_;’:
Set leftEnd <— max{leftEnd, 1jindex,+}
Remove index from J
end if
end while

Now we are ready to define the Rao-Blackwellized estimator after borrowing some tech-
niques from [10], which takes the form

Rj; 1 S (8(Wie o) — 6(Wiet))

%’,RB =0X; 2 - L, ’
nmL e (R(Wye-) — @(Wye )
where
_.n Y g oo_n " y
Wjé,f = ox, bjf 1 T 772 Rm Wﬂ#r = ox, aje 1+ 772 RJJ'

We show in the lemma below that the above estimator is unbiased for 7, conditional on the
selection event.

Lemma S.16 Assume Assumption S.7 holds. Then
E[7;rs|SNP j is selected] = ;.
|
In Section VIII.1, we conduct real data based simulation to showcase the unbiasedness

result established in the lemma above.

VI. Auxiliary Lemmas.

Lemma S.17 (i) For all 0 <b < ®(—1),

’qu(b)’ <[21og (\/21?1;)
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(ii) For all 0 < b < ®(—/2),

(iii) Let a > 1. Then for all 0 < b < ®(—+/2a),

@ 1 = b%SCI) L@_l(b) Sg\/a(1>2abi.
Flargy) e Gere) =i

[
Lemma S.18 Let Z ~ N (u,02), and b > a be two real numbers. Then
a—py _ 4b=p
Bk 2 <b) s o 25D =0
O(=55) — (555)
a*#(ﬁ(a*u)_b;(b(b*iﬂ a*ﬂ)_d)(b;)
E[Z%la<Z <=y + 0% 40?0y 0 0 0L 90— 0 p—
o(=55) - e(5) =) = o(555)
a—py _ p bz
E[Z3]a < Z <b] = p® + 3uc? + (20% + 3420) ¢(b0 ) —¢(55)
O(35H) — 2 (5FH)
- - b—p b — — b— b—
2 GG — () | s ()Pt FH) — (e ()
+ 3uo 5 +o 5
(B) - o(5E) o(55E) - a(25E)
E[Z%a < Z <b) = p* + 61202 + 30 + 4(1P0 + 2u0>) P(13) = o(°F)
o O(PTH) — B(“3H)
azp gpa=py _ b=p 4 b—p a=py2pca=py _ b=py2 4 cb—p
(35 —o(5H) O(35HE) — (%)
— — bh— b—
+04(ag”)%(ag”)—(T“ o(75")
h— —
O(5E) —o(%5H)
In addition,
a=p yoa=py _ b=p 4 b—p a=py _ gcb=py 2
V[Zja<Z<bl=0® |14+ = ¢(bf ) TR )<¢(b5 ) ‘z’(ag )>
() - 2(%5H) (5E) — 2 (%5H)
[ |
Lemma S.19 Let Z ~ N (p,02), and b > a be two real numbers. Then
by _ poazp
E(Z|Z<aorZ>bl=u+o i Ub,) i Uaj
1= 0(35H) + o(“5H)
bopy _ prazs b—p prbzpy _ azp poa—p
E[Z2|Z§aorZ2b}:u2+02+2ua i Ub) =) +o2 @ il Ub) = 9(5")
1—®(=E) + o(H) 1—®(=E) + o(=E)

=
N
_»
N
IA
S
Q
~N
N
AV
S
I
=
w
_|_
w
=
)
[\
_|_
o
R)
w
_|_
w
=
[\
S
—_
|
o
g

o o /o A o
1— o) + a(22k) 1—®(2H) 4 o(42H)

g

)
bomgbopy ampaziy o (boiy2pbony (a2 oz
a 2

+ 3,u02
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E[ZYZ <aor Z >0 = p* + 6402 + 30 + 4(pB0 + 2p03)

In addition,

b— b— a— a— b— a— 2
V[Z|Z <aorZ>0b=0> 1+7¢<7>_Ty a”)<1 o) — (5 ))

VIIL. Proofs.
VIL.1. Proof of Lemma S.1.

PROOF. Again we write 7; =y +u X, » Which implies

G (v; +u d
I
.7

Jj=1

p 2
Z XJ+2Z’7]

J
)
oy, =
Y]jjlyj

Asymptotic order of the second term is easily found by its expectation:

P42 P g2 P 52
X _ ;) X;
> ) Z =2 || =% > 2 Op (p)
=1"Y; =17 j=1"Y;
In addition, it is easy to show that
P ou o
IE S R A]

which implies that Z?:l uggj / ayj is concentrated around its mean as long as p — oo.
Similarly, asymptotic order of the third term is given by the square root of its variance:

P
VjUX;
2y
J=1

which clearly has a smaller order compared to p(x + 1) by considering the two scenarios separately:
k—ooand k 3 1. [ |

VIL.2. Proof of Lemma S.2.

PROOF. Although the asymptotic normality conclusion can be drawn directly from Assumption
S.2, we present a proof based on verifying the Lindeberg-Feller condition. This will be helpful when
the estimation error is not exactly normal, say, due to instrument selection.

First and foremost, the variance is easily found to be

p

p
> vjiluy, = Bux,) | =D v Uy +620X )= prie.
7j=1
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Next, we consider the Lindeberg-Feller condition:

P l”@(fﬂyj + B2uk

Y E

)1( (uy +B2uX ) > epv n)]

4
= PUEK
2 2 2,2
$rps[ B (B0 )
pVQ J 2 2 7]2
To proceed, define
p= 1< i
= 5,
21<j<p;

then the previous Lindeberg-Feller condition reduces to

2 2,2 2 2,2
1 & o |uy, HAuX,  (uy, +B7uk, ¢
— ‘E z 11 / L>=1]|—=0.
pr2K ; 75 V2 V2 0
|
VIL3. Proof of Lemma S.3.
PROOF. We first calculate the mean of this term.
P P
> ux; (qu - 5“Xj) = —52039-
=1 j=1
The variance is also straightforward to obtain:
p P
v ZUX]- (“Yj - ﬂ“Xj) = ZV [“Xj (“Yj - B“Xj)}
j=1 j=1
P
— 2 2 2 2 _ 4
=Yook, [of, +20%0% ] 0 ().
j=1
Verifying a Lindeberg-Feller condition is also straightforward. |

VIL4. Proof of Theorem S.1.

PROOF. This theorem follows from Lemmas S.1-S.3. We also note that the covariance between
> _1vj(uy; — Bux;) and 328 ux; (Wj — Bux;

P
Cov ZWJ BuX Zuxj(uyj—ﬁuXJ)

j=1
P
- el -k, | -3 ] o
j=1
where the last equality is due to Assumption S.2. |

VILS. Proof of Lemma S.4.

PROOF. This follows directly from the proof of Lemma S.1. |
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VIL.6. Proof of Theorem S.2.
PROOF. This follows from the proofs of Theorem S.1 and Lemma S.4. |
VIL.7. Proof of Lemma S.5.
PROOF. To start, consider the probability
P[W<y,5j>0}=ﬂ”[%<yy >/\]:/IP’[W<11,
9j 75 9j
:/ <]P’ {%<y,% >)\—w} +P Pj<y,” <—)\—w]> qs(w) dw
gj 9j gj 9j nj \7j
~ ]
:/1(y§—)\—w)]P’ [fy] <y] qS(w)dw
95 i \7j
~ 1
+/1(—)\—w<y§)\—w)]P’ [”<—A—w] —¢ (w) dw
gj mj nj
~ ~ 1
+/1(y>)\—w) (P[A—w<”gy] +P{%<—A—wD ¢(w>dw
93 9j j nj
i\ 1
:/1(y§—)\—w)<1> (y—%> — (w) dw
g5/ My \"j

i\ 1
—|—/1(—/\—w<y§)\—w)¢>(—/\—w—%>qﬁ(w)dw
95/ Mj nj

B S e e RGeS N O

which can be further simplified as

- ‘
[ ) e ()
—00 Jj/ My Mj
A— .
L ()
Ay g5 /) Nj My
el )l 3) e D))
A-y 9j gj gj Mj M5
[0 ) [ D)
oo o5/ M \"Nj A—y 05/ M5 \"j
+/OO (I)(_)\_w_vj)1¢<w)dw—/ooq><)\—w—ryj>1¢(w>dw
-y a5 /) Mj nj A—y G5/ Nj nj

Next, we compute the derivatives with respect to y, which gives

—A—y . . Y . )\ —
L2 welo- 2o (3) - )30 (25)
dy J_ ;) nj \nj o nj o5/ Nj nj
o, 2) e () aw=o (v 2) (-0 (52)) +o (v 2) 52 (55
dy Jx—y o;) mj \1j oj 1 aj) nj 1

00 . A\ 1 —\—

Lo (ree e 3) (5
dy J_x—y o;/) M \"j a5/ MNj nj

[o@) . . —
oo ) e (= e (o= 20) e (51):
dy  Jx—y o;/) M \"j a5/ Mj nj

’y*]'f'Zj
gy

N :
%—N—w' >>\] ~ ¢ <“’) dw
7 ;o\
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Therefore,

VIL.8. Proof of Lemma S.6.

PROOF. Without loss of generality, we will assume ~; > 0 for all j, then

iy i\

X . X .
X X j

P ——— | <P[5; >0/ <20 | —L—
1/1—!—77]2 1/1—4—1]]2

The mean and variance of p) are

'Yj _/\
Elpa] :Z [Sj > 0] xz ,
j=1 j=1 \/1+77j
and
P ——/\ % A
Vipal =Y P[S; >0 (1-P[S; >0)) <> @ —~—— | [1-@ J
j=1 = \yJ1+n \/ 1+
As a result,
D i A

To show the necessary condition, fix some ¢ > 0, and consider

P D UZ? -2
Elpy] =Y P[S; > 0] <2 Z
j=1 j=1 \/1+77]
iy Ty
—2) e T — 1<%2A+¢>—1< 2>>+22¢ LT B 1(73 <A+ D (L))
j=1 ./1+n]2~ I9X; o 1/1+77]2- I7X; pltn

Next, we will show that the second term cannot diverge. For this purpose, we employ lemma S.17,
which implies that

Y4 -1 c -1 c

%N (o [T G ()

o 21 <A+ DT <ol 2 Llco| L
VIt IX; V6t V1+7

1
_ c 1472 1
<34/1 472 =p L
s n <p1+n2> p

As a result,

Elpy 3> 1 (”j > A+ ¢! (plin'z)) +1.

ox,
j=1 Xj
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Now consider the other direction.
i A

Yo

UL)?* j 1{ a P ox; A i 1 a
=Y o —2— |1 =L =r+0 (62) +Y O —— |1 =L <A+ (Q)
j=1 W1+ 77? IX; p j=1 W1+ 77]2' IX; p

1 +772 2(1412) e P .
> - 1 = (Cl> 1+a Z 1 Vi >\ + @,1 (Cl>
4 log(2=) P ¢ P2

=1

2

n c2 p
L\ 20407 (1> o2 ) 1 ( c1 >
= - 1L >x+0 1 (2],
<log(p)) p Z <oxj P

Jj=1

VILY. Proof of Lemma S.7.

PROOF. To start, consider

)
Next, the proof of Lemma S.6 suggests that, as long as p) 2 0,

I
Owy
PA

2
anf(oeon () ]
p

The second claim follows from properties of the normal quantile function.

Therefore, we showed that

VIL.10. Proof of Lemma S.8.

19
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PROOF. Consider the conditional expectation

E(Z;[7; =, §; > 0] = Z"y]—r o T 41> = ZJMUX +Z>)\]
J
.
—E ’Z SA——orZj<-A— ——
ij UX
E(Z;] - E[Z; UXj]]P’[f)\fU;j gzngfU;j]
= ] _ _r_ o\ T
P[Z; > A ox; or Z; < —A\ Ux]-]

]p[_)\_ng.S)\_L]
—_F XJ

.
7 —A——gzjgx——

ox; ox; | P[Z; >\ — ;&=

As a result,

) o) e st
X]' J X' J X' =~ Xj (b(A]v"") ¢(A.77_)

Jipe =7 — - )
TRy, 1_(I)<>\__ 5 v)+(I)<_/\._ o ) T 1= (44) + @ (4

VIL.11. Proof of Lemma S.9.

PROOE. To start, we write

ox;  o(Aj4) —¢(4-)
nj 1=®(Aj4) + 2 (4;)

UX;RB = VjRB — Vj = 'Y] Yy —

From Lemma S.5, we also have the following conditional distribution:

1
f X 1S oW = m‘“y} [1 — @ (Bj+(y) + @ (Bj-(v)) }
where
A_;YTJ )\_Ux.
PIS;>0/=1-@ | —=L | +& | ——

Vit i+

Using integration-by-parts, it is not difficult to show that
Efux; xaS; > 0] =0,

because

Bl 155 > 0= i [ uow) [1-0 (B ) +@ (5,-00) |y



SUPPLEMENTARY MATERIAL 21

- P[;X>0] / 1= (B4 ) + ¢ (B;- W) |d(—o(y))

—0o0

= % /40 ¢(y)d{1 —®(Bj+(y)) +@ (Bj},(y))}
gx. o)

B Wj;o] /_Oo ?(y) [ﬂé (Bj+(y) — ¢ (Bj7_(y))}dy.

The above also constitutes a more direct proof that 7; gg is unbiased.
Now we find the variance of u X RB (which is also the variance of 7; gg). To start,

0’2 . o]
a2 00
- WX;} /_wy{l —®(Bj+(v) + 2 (B;-(v) }d(—¢(y))

02 [oe}
- WX;O} /_Oo P(y)d {y[l —® (B (y)) +®(Bj_() } }
0% o

= w5 s | rew[o (i) o (Bi-w)Jay

2 e
=%+ atasg v e (B ) =0 (B-) |

Therefore, we can also write the variance as

E[u}, palSj > 0] = 0%, — %PE;;O] /_ Z yo() 6 (Bj+ () — 6 (Bj-w)) | dy

o(y)

2 e [oBaw) e B-w)]
s o / dy.
PS> 0] oo 1= @ (Bj 1 (y)) + (B~ (v))

VIL.12. Proof of Lemma S.10.

PROOF. Recall that the bias-corrected estimator is the following conditional expectation:

o~

V)R8 =0x;E [bj,ini

Vj» S5 > 0} :
We also note that

\Y [/b\j,ini
As a result,

\% [/ij,RB’ Sj > O] = O'%(j (V |:/b\j,ini

o~

8;>0| =V [E[51ns

~

aj, Sj > 0] ‘ Sj > 0} +E [V [bj,ini

ﬁj, Sj>0”5j>0}.

o~

8;> 0| —E |V |bjams

a]y Sj>0”5j>0}).

To find the above, we first note that /b\j,ini is independent of .S, and hence

% [Zj,mi S; > 0} —V [Zj,ini} —14 77712
J
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Next,
= s _ e 1 P _ 1 5
V[bj,ini Y=, Sj>0} =V —— = 5| =T Sj>0 —jV[Zj"Yj—r7 Sj>0].
UXj 77] 77]
The conditional variance above is
N T T r
V(2|7 =1, 8> 0] =V | 7] |2+ | >\ =V | 2|2 > A= ——or Z < —A -
UX]- O’Xj O'Xj
A T A T A r A r
2(y 4 (77]. - ngnj)ﬂs(nj - ngn].) - (*E - ijnjw(*nj - m)
:nj A r A T
1—<I>(n—j—oxjnj)+®(—n—j—ngm)
A T A T 2
oG5, — ijm>7¢(777j* X, 7T ]
N _P(A _ T A _
1 @(n ijﬁ)+q)( nj UX]T]])
[ |

VIL.13. Proof of Lemma S.11.
PROOF OF THE UPPER BOUND. The upper bound is fairly easy to establish using the conditional

variance decomposition formula. In particular,
~ ~ 1
U%(jV[bj,inﬂSj >0]= Ug(jv[bj,ini] = Uggj (1 + 772>
J
- ag(jv[E[ijini 7.5 > 0] ]sj > 0] +0% E [V[Zj,iniﬁj, S;> 0] ]Sj > 0} .

As a result, we have
P 9 1
V[Ams; > 0] <o}, [ 1+ )
J

PROOF OF THE LOWER BOUND. To provide a lower bound, we consider the quantity

\Y% Sj>0

2
~ IX; Zi |
U_%(j]E{V[bj,inihijj > 0]’Sj > 0} = 772.J E 7]7] vj,Sj >0
J

Sj>0

2
O'Xj

_( $(Aj+) — $(A)-) )2
1= (A1) +®(4;)

_ Mgl g Ao + A 6(45-)
"3 1= (A 4) + B(45-)
Note that when ~;/ )¢ is large, the conditional distribution of Z;/n; will be very close to its un-
conditional distribution. Therefore, it suffices to focus on the v =0 scenario. In addition, we assume

n; = 1 in the following calculation for ease of presentation.
To start, recall from Lemma S.5 that the conditional density of R; =7; /o X, 18
A

(r)—mwr) {@ (Anjr> +1-9 (Anjrﬂ . P[S;>0]=25 <ﬂ)
)

f
7x, 151>0

For ) large, it suffices to consider the approximation to the probability ® (f

Sk

7@(;5 (%> =1+o0(1).
e
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Then

(H=E (A= Bj)p(A — Bj) + (:‘ SN+ R;)

—®(A—Rj) +

—P[Sio]/ooo[()\—r)(ﬁ(/\ )+ (A 1)o A+r}¢
Fas ), (e -nedre g /OOOHT 6\ +1)6 (1) dr

L1 (L2)
It is easy to show that (I.2) takes the form
A\2P (74) a2
V2 Ae 4
1.2)= -0 A — o0.
(1.2) 7 + VG , as 00

It is also straightforward to find a closed-form solution for (I.1). For reasons that will become clear
later, however, we will consider the following decomposition

9 9A/10

(LLD)

A/10
2 ]/ (0= 1)p(A— )6 () dr+

o | L a=net=noear.

PS> 0] Jox/10
(L.1.2) 1.1.3)

It is straightforward to verify the following

% (vt (o) -0 () et 1)

1.1.2)= N — 0, as A — oo
2 2
Ae™ T (\/ﬂe?mb (-2 - 1)
(L1.3) = 50, as A o0.

Aym

As a result, we have shown that

9 9N/10
O=d1.1)+ / A=r)p(A—r)p (r)dr+o(1).
o= 555 fypy O TG of1)
Now consider the other term in the original expectation:

SRy~ 60+ Ry |
W l(l@(Aéj)WMjRﬂ)

Sj>0]

9 9X/10 ) )
=550 o 19O 0] Ty T O

(L1

) A/10 9 1
m/o [cﬁ()\—r)—d)()\—#r)} 1_@(/\_T)+q)(_)\_r)¢(r)dr

112)
2 & 2 1
P[S>O]/9)\/10 [#0 - o] = SO 1o

(IL3)
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In the following, we will show that both (II.2) and (II.3) are negligible. To this end, we make an
important observation:

%[1 o\ —7) +<I>(f>\—r)] = (A —7) — p(—A—1).

The above is nonnegative for all » > 0, which means 1 — ®(A — r) + ®(—\ — r) is non-decreasing in
r for r > 0. Now we bound (I1.2) as

)< e | Yo —n - s ar
iy +O(1))A26‘*f (% (o (%) i jé(fo%)) -2 () +1) L e
and
)< GBS 7] Sy [P0 )~ 00 7] )
<405 s = (o)
PPN JYeSd ) L SN

9 6(\/10) P[S > 0]

Therefore, it suffices to consider

9 91/10 9 1
(11)(11.1)+o(1)MA/10 (600 =) —6(r+1) g s e v LAG L)
For r € [A/10,9A/10], one has

1
1—@()\—T)+®(—)\—T)§/\_T¢(>\—T)+m¢()\+7’),
which means
) 9N/10 2 1
. —_— A—1)— (A d
2 555 g [P0 004 0)

pA—1) —d(A+71)
A —71) + 3= (A +7)

@ (r)dr.

9 9A/10
= IP’[S>0]/>\/10 (A—T)[W)\—T) —¢(>\+7‘)}

To make further progress, we note that

Qb()\ + T) _ e—/\r
p(A—r) 7
which means
9 9/10 1—e
(IL.1) > FES0] /mo A=r) {qb(/\ —7) = (A + r)] Tt il?e_” (r)dr

_ e—X%/10 9A/10
: —5 | G=nfen=n—o0+n]e)ar

>
T 1+ JeM/10PIS > 0] Jy /10

=(11.1)—

_—22/10 9A/10
L-e 2 / (A= P+ 1) (r) dr
A

14 e~ A1 PS> 0] /10

(LL.1)
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10 ,—A2/10 9\/10
e 2 / A= 1)d(\ — 1) (r) dr .
A

14 e~ 2/10P[S>0] Jx/10

(I.1.2)
We will demonstrate in the following that both (II.1.1) and (II.1.2) are negligible.

92/10
(II.l.l):(1+0(1))L/)\ (A= r)d(A + 1) (r) dr

P[S > O] /10
2 2 2
A <3\/7?Ae4922 (0(D2) -0 (22)) -1 + 1)
=(1+o0(1)) W -0, as A — 00,
and
_ 10 —x2j10__ 2 /Wm _ _
[1.2)=(1+0(1)) 7€ B[S > 0] 10 A=r)op(A=1)p(r)dr
1 2 2v/2
:(1—1—0(1))1)\267% <2<I> (?‘) —1) —0, as A — oo.
To summarize, we showed that
2 2 2 2
IX; Zi |~ IX; IX; IX;
S| V| 255,55 0| (8> 0] = TJ[H—(I)—(H)} - {1+(I.1.1)—(H.1)+o(1)} < [1+o(1)]
j 1 j j ;
|

VIL.14. Proof of Lemma S.12.

PROOF. First,
2
52 ot =K V[Zi[7,5; > 0] —E[V[Z;[7;,5; > 0]|S; > 0]
X;RB ~ OX; RB = o 3175593 3175297 J :

J
Sj>0 )

Therefore, we have the following bound

2
~9 2 _ ~9 2
E (UXj,RB_UXj,RB) =0p $ E : E l(axj,ma UX]-,RB)

JESA JESA
Ugcj [ R R 2
=—70p > E (V[ZjI%Sj > 0] - E[V[Z;[7;,5; > 0]|S; > 0]) S5 >0
77.7 JESA L
0% [ R 2
= =200 || S E((VIZ5,8;>0]) |5 >0
T]] JESA L
0% [ R 4
= =200 ||| Y E((2-E1Z;5;,5>0) |s;>0| |
77] JESN L
The last line follows from Jensen’s inequality and the law of iterated expectation:
2 2
E (V[Zjﬁj,Sj > 0]) Sj >0 =E (]E[(Zj — ]E[Zjﬁj,Sj > 0])2|’/}/\j,5j > 0]) Sj > 0‘|
4
<E |E[(Z; — E[Z[3;,8; > 0)*[3;,5; > 0]|8; > 0| =E | (2; ~E[Z;[3;,5; > 0]) |S;>0] .
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To proceed, we first compute the conditional fourth central moment of Z ;. For convenience, let Rj =

ﬁj/axj,and
l l
A r A r A r A r
_ -a) o) -Ca-%)ola+v)

A r A T ’
(g -m) e (o)

]E[Zj|Rj =T, Sj > 0] = njmo(r)

and we start from

E[Z]|R; =, 5; > 0] = + njfma (r)
E[Z3|R; =1, 55 > 0] = 2n}mo(r) + nlma(r)
E[Z}|R; =r,5; > 0] = 3] + 9nmy (r) + njms(r).
Then
E[(Z; — E[Z;17;,8; > 0))*[3;, S > 0]
=EIZ};.S; > 01— 4E(Z]15;, 5; > OJB(Z; 3. S; > 01 + 6E(Z] 55, 5; > 0) (B(Z;3. 5 > 0])°
—3(E[Z/7;,5; > 0))*
=1 [3 —2mo(R;)? = 3mo(Ry)* +9mi1 (Ry) + 6mo(R;)*mi(R;) — 4mo(R;)ma(R;) + mg(Rj)} '

While the formula above seems complicated, one can adopt similar strategy used in the proof of
Lemma S.11, and show that

E((Z; — E[Z]7;,5; > 0))*1S; > 0] 3 A2,

See also the proof of Lemma S.14 for another example of fourth moment calculation.

VIL.15. Proof of Lemma S.13.

PROOF. We write 7 g = 7; + ux; rp, Which implies
~2 2 2 2
D Tiwe= D (ytwme) =D v+ D ukome 2 ) vjux;me
JESA JESA JESA JESA JESA

Asymptotic order of the second term is easily found by its expectation:

Z UA%(J.,RB:OP Z E

JESN JESA

2
UX; RB

j€E SA] =0p Z Ug(ijB =0p <p>\1/2> .
JESA

In addition, using the same technique in the proof of Lemma S.12, it suggests that
2 2
Z UX; RB = Z OX;RB T Op <\/ pAVA‘)‘Q) .
JESA JESA

Similarly, asymptotic order of the third term is given by the square root of its variance:

2 Z Yjux; r = Op Z A% =0p | | Z vfag(j’RB =0y <\/p>\u4m>\> .
JESA

JESA JESA
|

Yjux; rB|J € Sx
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VIL.16. Proof of Lemma S.14.

PROOE. To start, we have the conditional variance of the first term

2 2 2 2 - 4
v Z Vj <UYj —Buxj,ma)‘sx = Z V5 (ij + ij,RB) Xp PAV K-

JESA JESA
By Lemma S.12, we also have that
2
Z Blux; as — UX &) Sp \/ParviAt.
JESA

To proceed, we consider the following conditional variance

2 2 2 2 2 2
Z ux; reUy; — AUy, pp — UXj,RB)’S/\ =0, me0y; + 8 V[uX, gelS; > 0.
JESA
The above suggests that a bound for the fourth moment of u X, RB is needed, which we demonstrate
below.
We write

ox; ¢(Aj4)—o(A5-)
nj 1=®(A4;4) +2(45-)

UX; RB = %‘,RB — V= % Vi~

From Lemma S.5, we also have the following conditional distribution:

1
= 1-®(B; (B, _
foxj 550 P[Spo]sb(y)[ (Bj+ () + @ (Bj—(v))] »
where

A+ i B W
OX .. OX .
P[Sj>0}:<1> — |+ | —=
2 2
/175 /175

Therefore,

% o1 6Baw) -o(Bi-w) )
E[U%(j,RB|Sj >0]= 7/ (y - E -3 (ij,Jr(y)) s (JBL(y)))

¢ (y) [1—®(Bj+(y) + @ (Bj—(y)] dy.

Given that the calculations can be quite involved, we let n; = 1 and y; = 0 to streamline the presenta-
tion. That is, we consider

Bl malSi>00 1 o(-Aty)-o(-A-y))!
031(]. :P[Sj>0]/ <y_‘1>(—)\+y)+<1)(—)\—y)> o () [(I)(_/\+l/)+¢’(—)\—y) dy.

We will further split the above into five terms
1 1
D= (- O(-A—y)|d
) P[Sj>0]/ y¢(y)[ (=A+y) +( y)} Y

B © g d(=A+y) —d(=A—y)
(H)“P[sj>o]/ U YRS wen Y

¢ (y) [‘1>(—>\+y)+‘1>(—>\—y)}dy
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6 ™ 5 ety —d(=A—y) ]

(HD‘W/_JQ {<1><—A+y>+<1>< ) ool
_ $(-A+y)-o(-A-p) ]

V-5 | v [soa g ey ew ey

1 (-A+y) —o(-A-y»]*
V)= 55, >0]/ [ BT y)] 6(y) [(—A+y)+2(-A—y)|dy.

Term (I). Using integration by parts, we have

IO = B[S, >0/ oy (=A+y) +@(- A—y)”

m/ 31/2¢(3J) [(I’( A—i—y)—i—@(—)\—y)}dy
j

1

T PS>0

| o [s-x+n—ota-p]ay

_ 1 B
=3+ 55,5 |07+ 800 [0 oA ay
Term (II). Due to symmetry, we can write
___8 = Ble(— (A
=557 ), ¥ OAT 9 (A-low)y
It is straightforward to show that

8 ™ 4
P[Sj>0]/0 Yo (=A—y)¢(y)dy =0, as A — 0o,

and hence

I =o(1) — = /wy3¢<—x+y>¢<y>dy.

P[S] > 0] 0

Using similar techniques as in the derivation of (I.2) and (I.3), one can show that

I i P s Ay)d 1
= -2+ +o(1).
(ID B[S, > 0] /A/m y o (y)o( y)dy +o(1)
Term (III). Due to symmetry, we can write
=2 [TRsrsn-s(a-y)] :
P[Sj > 0} 0

D(—A+y)+D(-A—y)

12 9N/10 9 1
W/A/w Plortn —oA-)] grrramTy P VW
(IIL1)

12 A/10 2 1
+IP’[SJ>O]/O y2{¢(_)\+y)_¢(_)\—y)} (I)(—)\+y)+(1>(—)\—y)¢(y)dy
(IIL.2)

12 o0 9 1
+P[Sj>0]/{)A/lon{qﬁ(—)\er)—M—)\—y)} @(—)\—Fy)—l—q)( \ y)(b(y)dy
(IIL3)

Then
A/10 ) .
sy ), RCrn-eca-n] rgemy
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2 A/10 9 2 A_y
s VAt -eran] S e may
— 0, as A — oo,
and
_12 [ el YN L
(M13) < 5oy /gmoy [PA+9) =6 (A —0) | oo
LI ha-] Py YRS GNP L S
e R R e e v L
— 0, as A — oo.
Therefore,
B 12 9\/10 9 2 1
(HD_W/MO PloCrn =6 (A-)] gomrra sy W W o).
To further simplify,
19 9A/10 9 2 1
55,50 oo VA0 0] Gy 0
_ 12 9\/10 5 9 1
55,5 fop VP00 0] G @
1 9\/10 2 (I)(_)\_y)
O ——— 2l (=2 —¢d(=A— e E———— dy | .
v <P[sj>01/mo o R ) e AL
The big-O term in the above has order
1 M0, 2(A=9)* ¢(=A—y)
O<IP’[SJ~>0]/A/10 y [aﬁ(—Aer)—é(—A—y)} Ty [¢(_A+y)}2¢(y)dy
A OO 2 9(=A—y)
=0 2o (=X +y) —d (=X — dy | = o(1
(P[Sj>o]/m vloCat) —o(A—n | e dy )=o)
so that
12 9N/10 5 9 1
= A— - —¢(=A— S A — d
W= 551 e VOV 0] Few
1 9A\/10 9 2 1
+O<)\P[Sj>0]/)\/10 Yy {q&(—)\—&—y)—qﬁ(—)\—y)} M¢(y)dy>+0(l)-
It can be shown that the big-O term in the above has order A\?, which means
B 192 9\/10 9 2 1 )
=gy o VO =6 A0 e w002,
Term (IV). Due to symmetry, we can write
8 o 3 1 2
(IV):_W/O y[o(-A+y) =6 (-2-y)] {q)(_ﬁy)w(_k_y)] 6 (y)dy
8 9A/10 3 1 2
w5 L 0] [Gora | cww

av.1)
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8

A/10 3T
_IP’[S]->O]/0 y[6(-A+y) =0 (-A-y)] SYET e "l

(IV.2)

8 00 3 1 12
‘P{Sj>01Ax/loy[w‘”y)‘“”‘y)} ATy B (A

(Iv.3)

Next, we have

(Iv.2) < IP,[S;LO]/Ok/loy{¢(—A+y)—¢(—A—y)}3 LP

<P[Sio]/()A/my[qﬁ(—Aw)—qﬁ(—A—y)]g[ A;y ]2¢(y)dy

P (=A+y)
— 0, as A — oo,
and
8 0 3 1 2
Iv.3) < P[Sj>0}/9/\/10y[¢(_)\+y) —¢(=A —y)} [@(—A/lo)} ¢ (y)dy
32 o0 3 A 2
< W/w/1oy[¢(_>\+y) —¢(—>\—ZU)} [1041)()\/10)} ¢ (y)dy
— 0, as A — oo.
Therefore,

1

(IV)z—H],[SjSm/:A/my[m—ﬁy)—¢>(—A—y)]3 Lb(

/10 “A+y)+@(-A—y
To further simplify, we note that
MAjigloy[¢<—A+y> ~o(-A-y)]’ [@(x\+y)41r<l>(>\y)]2¢(y)dy
:P[Sjio]/jigwy[w—wm—as(—A—y)]?’ [mrmwdy
+0 (MS;O] j:gmy[qsuw) - ¢<Ay>]3M¢<y>dy> ,

and the big-O term is further bounded by

9A/10 L
O(P[Sjl>0]//\ y[(zﬁ(—)\—ky)—gﬁ(—)\—y)rq)()‘y)d)(y)dy)

/10 @A+
B A2 9A/10 3 (A1) B
=0 (]P[S]>O] /}\/10 y[(b(—)\—lry)—(b(—)\—y)} M(ﬁ(y)dy) —0(1).
Finally, we also have
8 9A/10 5 ) 2
P[Sj>0]/)\/10 wp A+ - (-2-y)] {@(—Mry)] ) dy

=P[Sj8>0]/Amoy(x—yﬁ[w—“y)—¢<—A—y>f’ Lb()ré(y)dy

/10

2
)} ¢ (y)dy +o(1).



SUPPLEMENTARY MATERIAL 31

1 9N/10 3 1 2
+O<W/A/m oA+ -s(2-y)] Lﬁ(—Hy)} My)dy)’

and the big-O term in the above is actually O(1), which means that

9X/10 2
=g f e 1O o] S| e o)
Term (V). Due to symmetry, we can write

2 o 4 1 3
<V>W/O [6(-A+9) = 6(-A—)] [q,(_Hy)w(_A_y)] ¢ (y)dy
2 9)\/10 4 1 3
P[Sj>O]A/10 pertn-or-0] sommremsy | dwaw
V.1
2 A/10 4T 1 13
R R R ] P e e T wrd IRICLY
(V.2)

2 o0 ar 1
+P[Sj>0]/9)\/10 {(b(_)\‘i‘y)_(b(_)\—y)] B ATy T B(A—y) o (y)dy.

(V.3)

Next, we have

wspg [ e —er-)] gy s

[Sj>0] (=X +vy
16 A/10 4 A—y 3
SIP’[SJ>0]/0 [¢(->\+y)—¢(—>\—y)} Lb(Aer)] ¢ (y)dy
—0, as A — 00,
and
2 00 4 1 3
(V.3)S]P[Sj>0}/9/\/10 [¢(_/\+y)—¢(_/\—y)} [@(—)\/10)} é(y)dy
16 0 4 A 3
S]PK%3>WLLAﬂ0[¢(A%y)¢(Ay)} [10¢(—A/un] ¢ (y)dy
— 0, as \ — oo.
Therefore,

9 9A/10 AT . o3
(V):IP[SJ->O]/,\/10 {¢(—A+y)—¢(—)\—y)} S ( Aty DAy o (y)dy + o(1).
To further simplify,

) 9A/10 ar 1 -3

555 e P00 semrreey) 0w
B 9 9A/10 s A . 3
e PR S R e N e e R

RS A PV Cblen— ]ty
+0<P[Sj>0]/mo [6(-2+9) = o(-A-)] [d)(_Hy)]m(y)dy)
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1 9N/10 4 1 3
+O<W/MO [6(-A+9)—o(-A—)] {M} d)(y)dy).

The two big-O terms above are both o(1). Therefore,

- 9 91/10 , 4 1 3
(V)_WA/lo (A—y) [qﬁ(—)\er)qu(—)\fy)} Lb(—kﬂ/)} ¢ (y)dy +o(1).

Collecting pieces. Now we showed that
E[u% .qlS; > 0]
— T 00 + 3+
oX;

* a5 )0+ 3000 oAk -0 A=) Jay

N 9A/10
—m//\ 2o (y) ¢ (—A+y)dy
j

/10
9A/10
+ P[Sﬁm/m PO=p[s(=A+1)=0(=A=1)] S0

9A/10 2
e IR S S SR ] e IIOL

2 9N/10 3 4 1 3
tamag o O-0feersn-sa-n)' o] e

P[S; > 0] Jx/10 P (=A+y)
All the integrals above have explicit solutions, and with tedious but still straightforward calculations,

E[“%Q,RB|S]' >0 3 Uz)l(]-)‘Q-
[ |
VIL.17. Proof of Theorem S.3.
PROOEF. First, we can write
ZjeSA uj,RIVW/U%/j
2 =2 2 -

2_jesy (Vj,RB - ‘TXJ-,RB)/‘TYj

Then it is easy to verify that the order of the asymptotic variance is

BRIVW - 6 =

v {ZjesA “j,RIVW’SA} _opte 1
2 ~P 2. 4.2 7P :
2 VK PrEX
(Ziesn?) AT
Finally, the asymptotic normality follows from the Lindeberg-Feller central limit theorem. See, for
example, the proof of Lemma S.2. |

VRIvw =

VIL.18. Proof of Theorem S.4.

PROOF. To estimate the leading variance of our RIVW estimator, that is, to provide a valid standard
error construction, we first consider the following

~ IS AQ R . A o
U758 = B(Vjae — 0k, m8) = (Vjme — x; me) A7 me + uy; Vje — B(Vjae — OX ne)
72 5 =2 ~2 ~
= %’,RBB —ux; RB7jRBS — 5(7]-33 —0X; 7RB) + uy; ;8B
5 ~2 ~
= —ux; re7jRe0 + 80X, s + Uy;7j B

= Uj RIVW-
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Therefore, a valid estimator for V [Z JES) uijIVW‘S )\} , which employs the null hypothesis, would be

5 2
S =Y =D 7 ap — B2 pg — 52
UJ7Rva'S)\ = Uj RIVW |:FJ’Y],RB /8<7],RB O-X]',RB)} .

JESA JESA JESA

It is also possible to replace /3 by 3, which leads to

~ —~ 2
~ ~2 ~2
Z uj,RIVW)S)\ = Z [Fj’Yj,RB - ﬂRva(’Yj,RB —0X; ,RB)}
JESA JESA

. 2
~2 ~2 ~2
— Z { 7Vj,RB — %,RB - ijm) + (B — Brvu) (Vjpe — aX]_7RB)}
JESA

~ ~ 2
=V Z uj,RIVW‘S)\ +(B— /BRIW)2 Z {7]2',1113 - Ug(j,RB}
JESH JESA
> P ~2 ~2 ~2 ~2
2(8 — Prrwa) Y [Fj’)’j,RB —B(Vjre — UXj,RB)] |:7j,RB - UXj,RB] :
JESA

It is straightforward to show that both the second and the third term in the above are negligible relative
to the leading term. |

VIIL.19. Omitted Details of Remark S.1.

PROOF. Assume v;/ox, ~ 7N (0, £2) 4 (1 — 7)dp, then we may compute the following expecta-
tion (for ease of presentation, we set n; =1, as this will not affect the asymptotic order)

Bl b))
et Lol () o (7))
— pre? /O:O <CI> (\21%) + (\;%)) P(y)dy

pﬁ\/iinz /_O:Oy <¢ <\7%> —¢ <7%>> o(y)dy.

The first term in the above is asymptotically equivalent to €2E[p A,s)- Since the second term is strictly
positive, we have that

’f/\si

Similarly, we can compute

BT ) sl o
o w» (i)
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2¢3 o —A+ey —A—ey —A+ey —A—e€y
+pﬂi/ Yyl | —— |+ Q| ——= |l —— || ——| | 2(y)dy.
V1+n? /- ( <\/1+n2 V1+n? V1+n? V147?
If we assume €/ — oo, then the above has a lower bound of

p 2 )
rY] 2 2 _A_|_Ey ) — ey
E E —— | w%| >pme / o 2 ) L Z222Y 4
7j=1 <0Xj> J (—oo,—l)U(Loo) < ( 1+ n2> < 1 +7]2>> (b(y) Y

? 2

pme —Atey —A—ey c
2 | ——== |+ ——= d i E[p <]
2 /(\_007_1)U(17OO) ( < 1+772> ( 1+772>> (b(y) Yy 9 [ A, ]

In other words,

~ - 2
Kxs =~ K)s ze.

VIL.20. Proof of Theorem S.5.

PROOF. Recall that
2 2
UjRIVW = Vj (UYJ- — Pux; ,RB) + (uxj rBuy; — B(uX, pp —OX, ,RB))~

We consider the variance of the first term, since under our assumption it dominates in the asymptotic
variance. That is, we compute

\ {’Yj (uy; — /BUXJ-,RB)('AU]'] =R {(UY]- - 5UXJ-,RB)2@2'} :
Note that uy; is independent of both u X, RB and @JQ-, which means the above has a lower bound of
\Y% [’yj(qu — ﬂUXj,RB)@j] = ny2- (E [u%@ﬂ + B%’E [“%(j,RB‘AUJZD
2 2 ~2 2 2 ~2 2 2 2
It is also possible to provide an upper bound:

Vv [’yj(qu — 6UXJ-,RB)EJ]1 = ’y]z (]E {u% AJQ} + ﬁQE {ug(j’RB@]Z])

2 2 ~ 2 2 ~ 2. 2
<7 (IE {uijj} + B°E [u B ]D Jviw;
As aresult, we have
P
. ~o 52 | o
v Zug,Rlvww]/ij = PAskAs-
Jj=1
With Lemma S.15, we have
1
Vesrivw < .
Pxsk)s

Both the asymptotic normality of B\sRIVW and the validity of the variance estimator \7SRIVW can be
established using similar techniques adopted in Theorems S.3 and S.4. |

VIL.21. Proof of Lemma S.15.
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PROOE. To start, we write
P
~2 ~2 .
Z(%’,RB —I0X; ,RB)WJ'
j=1 7j=1

|
-M"@

2
~2 ~
((’Yj + qu,RB) - UXj,RB) Wy

~ o~

P
2 2 2
= Z (’Yj +27yjux;re + X, rp — UXj,RB) Wy

We will assume that the largest SNP-exposure association is dominated by the aggregate:

p

2 2

max - =0 =W

1<j<p 1 Z 1% J
]:

Then the above implies

P P
2~ 2
D ;=D viwi| (L+op(1)).
j=1 j=1

Next, with the same techniques used to prove Lemma S.13, we have
p

2 ~2 ~
Z (Q'Yquj,RB +uX; re ~ an,RB) wj =0Op (\/p/\,sy4("/\,s + AZ)) '
Jj=1

where we recall

2
Prs = Z Wy, Fas = ! Z <%> Wi
J

1<5<p Phs 1 <ep \7Xi
|
VIL.22. Proof of Lemma S.16.
PROOF. Define
~ . 0X;
Pj=9jtox; 25 Qj=9— 2%

Also define P = (P, Py, ..., Py). Note that P ~ N (v, (1 +7%)Z x). To save notation, we will use
3p and EQ to denote the covariances of P and Q, respectively. As before, entries in the covariance
matrices are o p, Py and 0, Qy

Without loss of generality, consider the event that the first instrument is selected. We will first con-
struct a sufficient statistic for ;. Our construction follows closely the approach of [10]. The joint

distribution of P and () given the selection event is (note that the following is also the joint distribu-
tion of P and Qg+)

o 2
fP.Q11g*=1(P,q) o exp {;(p S5 (p— 7)}e><p {M}w(p,q),

2
2UQ1
where ¢ (p, ¢) captures the support of the conditional distribution, and takes the form
P1 'z
,q)=1||——|>max<{ max [——| A .
¥(p,q) (le > {2<j<J ox, })
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By the factorization theorem, one can show that (Theorem 2.1 of Robertson, Prevost and Bowden 10)
the complete and sufficient statistic for = is
29X 1 IX1X;

R=(Ry,...,Ry), R; = Pj+n Q1.

UX
1
Given the sufficient statistic, R, our Rao-Blackwellized estimator for ¢, conditional on the selection
event g* =1, is
71re =E[Q1|R, g* =1].

To find the conditional expectation, we will first compute the support. Notice that for some j # 1,

R n? Q1
JXl UXI

Py
ox,

Pj

= ox,

& >

j 2 Q1
-n pX1Xj
UXJ ox,

We will split the above into four events, (A1; N Ag;) U (Ag; N Aygj):

Ry Q1 j oxX R R
Ay — =7 _7] —7’px, X, S < H5—— -
0X, 00X, UXj 0X, n (17pX1XJ) 00X, o j
A2j1— 2Q1 < - n’px Ql@@lé 5 7 By
le ox, GXJ ox, ?(1+px,x;) \ox,  0x;

Ry 1 R; ox Ry R
Agj:i——+n’=—=>—L —y PX1X; Q12— ! + L
ox, ox,  OX; ox, ”?(I+px,x;) \ox,  0x;

Ry Q1 _ Rj Q1 ox R R
Agji—— == <L —afpx xS Q12 g -
ox, ox, ~ 0X; ox, ?(1-prx,x;) \ox,  ox;

Therefore, we can define

Aj = (A1 N Agj) U (A3 N Agj): Q1€ (—00,Rj_|U[R;+,00),

~ R R
R;_ =min ZL ﬁ_iﬂ ’2L ﬁ_i_ij
n (1 7pX1Xj) 0X, GXj n (1+pX1X]) 0X, UXj

N R R
R; + =max T2 B X ! - L T 2.8 It + L .
”(I-px,x;) \ox,  ox; ) n"(I+px,x;) \ox, 0x;

We also need to take into account the selection via the threshold A, which we will denote by A; =
A11U Agy:

and

Ay a1y <:>Q<U)§1<R1_)\>

X, 00X, n 00X,
R
A9y — 2 Ql ( ! —I—)\) .
O'X1 ox, 77 00X,

Therefore, we have
A1 =A11UA9 : Q1 € (—00,Ry,_]U[Ry,4,00),

- ox Ry
RL? N 21 (0X1 >\>

~ UX1 Rl
R, = ( + )\) .
T2 ox,

and
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Given Rj,i for j =1,2,---,J, it is straightforward to see that the intersection can be written as the
union of disjoint intervals:
J L
ﬂ(_OO7Rj,7] ]+a U af’bg
j=1 =1

The final Rao-Blackwellized estimator is thus (Theorem 4.1 of Robertson, Prevost and Bowden 10)

Rl ox, Sber (0(Weo) = 6(We )
AL Y (W) — (Wi )

F1re =E[Q1R,g"=1] =

where
n n n
Wy _ = by — ———-R1, Wy,= ay — ———=- Ry,
b 00X, ¢ UX1<1+772) ! b 00X, ¢ UX1(1+7]2) !
[ |
VIL.23. Proof of Lemma S.17.
PROOF. Part (i). We use the bound that (for all £ < —1)
1
D(t) < Wb(t) < o(t).
Therefore,
©-2(b)| < |61 (b)| = \/—21og(v2b).
Part (ii). We use the bound that (for all ¢t < —+/2)
1
> — .
(1) 2 5000
Since t2 > log(2|t|) for all ¢ < —+/2, we have that (t < —/2)
(1) > 6(V/3t),
which implies that
@71 (B)] > /2 log(v2rh).
Part (iii). For the second inequality, we note that
1 1
—o(t) <P(t) < —o(t
37 01 < () < o)
for all t < —+/2. Therefore
L o1 Va 1—1) \/5[1}&; -1 .
O(—=0 (b — 07 (b) | = D (b
(700) <@ (7070) = i L)~ (o™
1 a—1 1 a—1 1 1
N i a a -1 a
=z vl e (o)
1 a—1 1 a—1 1 1 a 1 a—1
1 a a - 1 a a 1
<2u | — o (o 10))|* =20 | — ba
= vl o) = ] T e )
a—1
1 a 1
<ova | | o
[e~1(b)]
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where the last step holds for all a > 1. Then we apply the bound in part (ii), which implies that
a—1

® (\k@‘%b)) <3va (log(;%b)) ba .

For the first inequality, we have

a—1

*( o)z (' 0) st v |

ASS
/N
<
—_
—
=
=
N———
[E—
Q=

-5 = N L@i@nf {M‘b(q’l(b))]i
>3] § agr= i b‘l‘ziﬁ[@—ll(bnra e

Next, we use the bound derived in part (i), which implies that

o (\}aqfl(b)) > % (10g<11)) ba.

\V2mh

VIL.24. Proof of Lemma S.18.

PROOF. Consider the moment generating function
(U5 — ot) — B(“GH - ot)]
b_ _ )
O(5E) — o(%5E)

oa

1
— eut+§o2t2

Vzja<z<b(t)

and we first calculate the derivatives of the moment generating function:
— b—
22 (252 — ot) — $(25E — o1)
b— =
() —o(5H)

g o

1
w(lezlSZSb(t) =t UQt)q/JZ\GSZSb(t) + oetttac
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o

+o(p+ 0t

Therefore, the first two moments are

_ b—
P(SE) — o(SH)
(PG — 2 (“FH)
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S LTy ey e Ty 1y T
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As a by-product, we can also find the variance of the truncated distribution as
apgazity  bopg b a—py _ pcb=py\ 2
V[Zla<Z<b =0 |1+ -2 ¢(bf#) a ;E )—<¢(b"u) M;’J)
CI>(7)—<I>(7) O(=5) - o(5)

o o g

We now continue to find the third and fourth derivatives of the moment generating function

7/)(Z3’|21<Z<b(t) =20 ¢Z|a<Z<b(t) +(pt U2t)w(22|21§z§b(t)

+o(u2 + 02 + 2002t + o4t2)ert 3o i ;
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+20%(u+ 02ttt i (I)(b_

2
+03e“t+%02t2 (b( )( o
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Therefore,
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VIL.25. Proof of Lemma S.19.

PROOF. To start, consider

E
E[Z|Z <aor Z >b]=

The rest moments can be found using a similar strategy.
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VIII. Additional Simulation and Case Study Results.

VIIIL.1. Simulation Results Corresponding to Lemuma S.16. 1In this section, we conduct
real data based simulation studies to showcase the unbiasedness of the proposed estimator
7;re in Section V when the instruments are correlated. In particular, we would like to ver-
ify the results provided in Lemma S.16. We generate realistic Monte Carlo samples that
mimic the correlation structure and marginal effect sizes in the BMI GWAS data from the
UK Biobank [5].

To generate simulated GWAS data following Assumption S.7, we first obtain correla-
tion (i.e., linkage disequilibrium or LD) matrices, denoted as X x , by using the 1000
Genomes samples of European ancestry (503 samples). Here, we divide the whole genome
into 1,703 approximately independent blocks according to LDetect [1] to account for the
high-dimensionality nature of the genotype data. Next, we estimate the covariance matrix
for each block using the shrinkage estimator of the LD matrix [7, 16, 12], which shrinks the
off-diagonal entries toward zero. Specifically, we calculate the sample LD correlation ma-
trix from the 1000 Genomes samples of European ancestry. Each entry of the LD correlation
matrix is then multiplied by the factor exp(—%), where N, is the effective population
size, m is the sample size of the data for generating the genetic map, and ¢;j is the genetic
distance between sites ¢ and j in centiMorgans scale. The entries are set to zero if the fac-
tor exp(—%) is less than a pre-specified threshold c. Following others [7, 16], we use
the genetic distance generated from the 1000 Genomes OMNI arrays with N, = 11,400 and
m = 183 and the pre-specified threhold c is set to 1 x 1073,

Next, to simulate exposure-SNP associations, we extract the BMI GWAS results (esti-
mated effect sizes denoted by 7, and standard deviations denoted by oy, for each block)
from the UK Biobank [N= 461,460, ID: ukb-b-19953; 5]. We then construct the covariance
matrix Xy, = diag(c Xg)f] x,diag(ox,), and generate 7, ~ N (ﬁg, b)) Xg).

To verify the unbiasedness of 'T/;‘, we present simulation results based on 2,000 Monte
Carlo samples in Table S.1 below. Because the magnitude of the bias is rather small,
to provide informative comparison, we compare the performance of the proposed Rao-
Blackwellized estimator (with different n7) and the performance of the estimator without
adjustment (the last column) using standardized bias, which is calculated by Monte Carlo
bias divided by Monte Carlo standard deviation.

Estimator Y5 1=08) 5 (=100 53 n=12) Fmax
Standardized bias 0.023 0.000 -0.003 -0.271
TABLE S.1

Simulation result to verify Lemma S.16. Standardized bias is computed as the Monte Carlo bias divided by the
Monte Carlo standard deviation of the corresponding estimator.
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VIIL.2. Simulation Under Balanced Horizontal Pleiotropy. In this section, we examine
the performance of several estimators in the presence of balanced horizontal pleiotropy.
We generate Monte Carlo samples with p = 200,000 independent genetic variants. We
set the sample size nx = ny = 100,000, and the standard deviations ox, =1 / v/nx and
oy, = 1/,/ny. Following [9], we generate the true SNP-exposure associations -y; and the
true pleiotropic effects «; for all SNPs through:

(o) = (7)ot (0078 o i) 0  (5)

We set e2 =72 =5x 1075, m, = 0.02, and 7, = 0.01. The value of p is given in the legend
of Figures S.1-S.3.

In addition to comparisons with dIVW and IVW, we further compare our RIVW estimator
with eight popular and recently proposed robust MR methods, including cML-MA-BIC-DP
[13], MR-Egger [2], MR-Median [3], MRmix [8], MR-Mode [6], RAPS [15], contamination
mixture [ConMix; 4], and PRESSO [11]. Because some robust MR methods are computa-
tionally intensive, we simulate 500 Monte Carlo samples under 3 # 0 and 1,000 Monte Carlo
samples under 8 = 0 (to evaluate Type-I error rates).

The results are summarized in Figures S.1-S.3. First, when the proportion of invalid IVs
1 — pis 0.3, most methods yield well-controlled Type-I error rates (Figure S.1). When 1 —
p increases to 0.7 (Figure S.3), the setting becomes more challenging. Encouragingly, the
RIVW estimator continues to perform well. Furthermore, RIVW achieves higher power than
competing methods. We also illustrate the empirical bias for all methods (bias proportion,
which is defined as the absolute of Monte Carlo bias divided by the true 3). Because most
robust MR methods (including cML-MA-BIC-DP, MR-Egger, MR-Median, MRmix, MR-
Mode, RAPS, MR-ConMix, and PRESSO) ignore the winner’s curse, they all yield estimates
with rather large bias (unless the true causal effect is exactly zero). In contrast, both AIVW
(which uses all IVs and thus circumvents selection bias) and RIVW (which corrects selection
bias through a novel rerandomization procedure) achieve almost unbiased results. Third, we
compare all the methods regarding their coverage. Perhaps due to ignoring the winner’s curse,
many robust MR methods yield incorrect coverage probabilities.
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Balanced horizontal pleiotropy (C)
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Fig S.1: Power, bias, and coverage of the RIVW estimator and several robust MR methods
under the balanced horizontal pleiotropy setting with 1 — p = 0.3. Power is the empirical
power estimated by the proportion of p-values less than the significance threshold 0.05. Bias
proportion is the absolute of Monte Carlo bias divided by true 5 (not computed when 8 = 0).
Coverage is the empirical coverage probability of the 95% confidence interval.



44

Balanced horizontal pleiotropy (A) Balanced horizontal pleiotropy (B) Balanced horizontal pleiotropy (C)
0.950 = oo o '-,( =
0.20 &’ % i =
c 0.875 o)
L
- 5 015 s p \x
[ o © X
2 3 g 0750
o o 0.104 °
g ©
o
0.05 0.625
0.051— e 000 o———_—4— F——
-0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2
Causal effect size (B) Causal effect size () Causal effect size (B)
Method 4 RIVW IVW < cML-MA-BIC-DP  -¢- Egger Median  -# MRmix
Balanced horizontal pleiotropy (D) Balanced horizontal pleiotropy (E) Balanced horizontal pleiotropy (F)
1.00 o e 1.00 —————g
— b — —— S =~
0.20 - 09—
1)
0.75 H 0.90 - o
; -t Il o s e ol 3 I B U o
0.50 o 5
S & 010 g 08017
» o
S
0.25 0 05 0.70
B35 0.00] 4=t e S
-0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2 .02 -0.1 0.0 0.1 0.2
Causal effect size (B) Causal effect size (8) Causal effect size (B)
Method 4 RIVW * dIVW -4 Mode - RAPS -4- ConMix PRESSO

Fig S.2: Power, bias, and coverage of the RIVW estimator and several robust MR methods
under the balanced horizontal pleiotropy setting with 1 — p = 0.5. Power is the empirical
power estimated by the proportion of p-values less than the significance threshold 0.05. Bias
proportion is the absolute of Monte Carlo bias divided by true 5 (not computed when 8 = 0).
Coverage is the empirical coverage probability of the 95% confidence interval.
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Fig S.3: Power, bias, and coverage of the RIVW estimator and several robust MR methods
under the balanced horizontal pleiotropy setting with 1 — p = 0.7. Power is the empirical
power estimated by the proportion of p-values less than the significance threshold 0.05. Bias
proportion is the absolute of Monte Carlo bias divided by true 5 (not computed when 8 = 0).
Coverage is the empirical coverage probability of the 95% confidence interval.
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VIIL3. Same Trait Analyses with Standard Clumping and Pruning. To further showcase
the revised (sigma-based) pruning procedure introduced in the main paper, we repeat the
same trait analyses under the same setting except that either standard clumping or pruning
is used to pick independent SNPs. The results are presented in Table S.2 and Table S.3,

respectively.
B SE 95% CI #1Vs F B SE 95% CI #1Vs F
BMI-1—BMI-2 analysis HDL-1—HDL-2 analysis
RIVW  0.873 0.019 0.835-0910 89 379 | 0953 0.019 00915-0991 740 73.1
dlvw  0.777 0.010 0.757-0.796 1810 22.6 | 0.864 0.010 0.844-0.884 1816 32.1
VW 0.834 0.014 0.806-0.861 405 425 | 0924 0.013 0.898-0.950 311  68.1
BMI-2—BMI-1 analysis HDL-2—HDL-1 analysis
RIVW 0962 0.027 0.908-1.016 403 247 | 0951 0.020 0.913-0.990 368  39.7
dIVW  0.642 0.008 0.626-0.658 1806 9.6 | 0494 0.006 0.482-0.505 1801 125
VW 0.856 0.021 0.815-0.898 78 42.0 | 0934 0.018 0.899-0.969 96 58.1
TABLE S.2

Same trait analyses results using clumping to select independent IVs. The true causal effect 3 = 1. B SE, 95%
CI, #1Vs, and F stand for the estimated effect size, its standard error, 95% confidence interval, number of
selected 1Vs, and mean F statistic, respectively.

=

=

154 SE 95% CI #1IVs F B SE 95% CI #1Vs F
BMI-1—BMI-2 analysis HDL-1—HDL-2 analysis
RIVW 0905 0.054 0.799-1.010 63 294 |1 0984 0.079 0.830-1.139 74 34.9
dIVW  0.867 0.066 0.738-0.995 473 38 | 0.744 0.096 0.555-0.933 445 3.0
IVw 0.830 0.035 0.761-0.899 62 46.2 | 0.860 0.043 0.776-0.943 64 61.1
BMI-2—BMI-1 analysis HDL-2—HDL-1 analysis
RIVW  1.174 0.144 0.891-1.456 59 18.8 | 1.125 0.136  0.859-1.390 63 19.2
divw 1979 0418 1.160-2.798 473 14 | 1.351 0.618 0.140-2.562 445 1.2
VW 0.842 0.027 0.789-0.895 39 413 | 0.862 0.038 0.787-0.938 46 41.5
TABLE S.3

Same trait analyses results using pruning to select independent IVs. The true causal effect 3 = 1. B SE, 95% Cl,
#1Vs, and F stand for the estimated effect size, its standard error, 95% confidence interval, number of selected
1Vs, and mean F statistic, respectively.
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VIIL.4. Winner’s Curse Bias and Measurement Error Bias Decomposition. In this sec-
tion, we consider the standard two-sample [IVW estimator and decompose its bias into win-
ner’s curse bias and measurement error bias. We follow the same data generating process in
Example 1 in the main paper, and corresponding model parameters are provided in Table S.4.

B\ Winner’s curse bias proportion Measurement error bias proportion

Low heritability: 7 = my = 0.002,62 = 72 = 1 x 1074, k2 = 0.040, h2 = 0.042

IVW (A =5.45) 0.182 0.071 0.020
Medium heritability: 7z = 7y = 0.01,62 = 72 = 1 x 10~ 4, A2 = 0.200, hZ = 0.208

IVW (A =5.45)  0.182 0.066 0.025

High heritability: m =y = 0.01,e2 = 72 =3 x 104, h2 = 0.600, A7 = 0.624
IVW (A=5.45) 0.193 0.019 0.014

TABLE S.4

Bias decomposition for two-sample IVW estimators. The bias proportion is defined as the absolute Monte Carlo
bias divided by true parameter 3 = 0.2. h% and h%, are the heritability for exposure and outcome, respectively.



48

VIILS. Unequal Sample Sizes for the Exposure and Outcome GWAS. In this section,
we provide additional simulation results where (i) the sample size of the exposure GWAS is
different from that of the outcome GWAS (Tables S.5 and S.6), and (ii) the sample size can be
different for each SNP (Table S.7). Encouragingly, our proposed RIVW etimator continues
to perform well in such settings.

B  moneSD SE  CP length #IVs
Low heritability: 7z = 7y = 0.002,62 = 72 = 1 x 10~ %, 2 = 0.040, h3 = 0.042

IVW (A =5.45) 0.198 0.016 0.016 0.955 0.063 235
dIVW (A =0) 0.201 0.039 0.039 0948 0.153 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.016 0.016 0.960 0.063 332
SRIVW (A =4.06,n7 = 0.5) 0.200 0.016 0.016 0.957 0.063 —

Three-sample IVW (A=5.45)  0.199 0016  0.016 0960 0.063 235
Three-sample IVW (A=4.06) 0200  0.016 0016 0961 0063 284
Three-sample RAPS (A =5.45)  0.200 0.016 0.017 0964 0.067 235
Three-sample RAPS (A\=4.06) 0200 0016  0.017 0967 0.066 284
Three-sample dIVW (A=5.45) 0200 0016  0.016 0960 0.064 235
Three-sample dIVW (A=4.06) 0200 0016  0.016 0961 0.063 284
Medium heritability: 7z = 7y = 0.01,62 = 72 = 1 x 10~ %, k2 = 0.200, h2 = 0.208

IVW (A =5.45) 0.198 0.007 0.007 0.937 0.028 1175
dIVW (A =0) 0.200 0.010 0.010 0.948 0.039 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.007 0.007 0.949  0.028 1430
SRIVW (A =4.06,7 = 0.5) 0.200 0.007 0.007 0.949  0.028 —

Three-sample IVW (A =5.45)  0.199  0.007  0.007 0942 0.028 1175
Three-sample IVW (A=4.06)  0.200  0.007  0.007 0954 0.028 1383
Three-sample RAPS (A =5.45) 0.200  0.007  0.008 0.947 0.029 1175
Three-sample RAPS (\=4.06) 0.200  0.007  0.007 0951 0.029 1383
Three-sample dIVW (A =5.45) 0200  0.007  0.007 0949 0.028 1175
Three-sample dIVW (A=4.06)  0.200  0.007  0.007 0954 0.028 1383
High heritability: 7z = my = 0.01,63 = 72 = 3 x 10~ 7, h% = 0.600, b = 0.624

IVW (A =5.45) 0.199 0.004 0.004 0944 0.016 1507
dIVW (A =0) 0.200 0.005 0.005 0.944 0.019 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.004 0.004 0.951 0.016 1687
SRIVW (A =4.06,17 = 0.5) 0.200 0.004 0.004 0.951 0.016 —

Three-sample IVW (\ = 5.45) 0.199 0.004 0.004 0946 0.016 1507
Three-sample IVW (A = 4.06) 0.200 0.004 0.004 0953 0.016 1640
Three-sample RAPS (A =5.45)  0.200 0.004 0.004 0952 0.017 1507
Three-sample RAPS (A =4.06) 0.200 0.004 0.004 0951 0.017 1640
Three-sample dAIVW (A =5.45)  0.200 0.004 0.004 0951 0.016 1507
Three-sample dIVW (A =4.06)  0.200 0.004 0.004 0953 0.016 1640

TABLE S.5
Simulation results under different settings with nx = 1,000,000 and ny = 100,000. We set the true effect
B =0.2. The columns are: estimated effect size ( B ), Monte Carlo standard deviation (monte SD), average
standard error (SE), empirical coverage probability of 95% confidence intervals (CP), average confidence
interval length (length), and number of selected instruments (# IVs). We do not report the number of selected
instruments for the sSRIVW estimator, as it employs a re-weighting strategy instead of IV selection.
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B monteSD SE CP  length #IVs
Medium heritability: 7z = 7y = 0.01,62 =72 = 1 x 10~ %, k2 = 0.200, 2 = 0.208

IVW (A =5.45) 0.166 0.016 0.016 0.409 0.061 52
dIVW (A =0) 0.202 0.036 0.035 0.947 0.138 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.014 0.014 0.941 0.053 266
SRIVW (A =4.06,n7 = 0.5) 0.200 0.013 0.013 0.945 0.049 —

Three-sample IVW (A =5.45)  0.194  0.019 0018 0926 0.071 52
Three-sample IVW (A=4.06)  0.200  0.012  0.012 0947 0.048 205
Three-sample RAPS (\=5.45) 0200  0.020  0.021 0.954 0.081 52
Three-sample RAPS (A =4.06) 0.199 0013  0.013 0954 0.051 205
Three-sample dIVW (A=5.45) 0200  0.020  0.019 0946 0.076 52
Three-sample dIVW (A =4.06)  0.200  0.012  0.012 0947 0.048 205
High heritability: my = 7y = 0.01,62 = 72 = 3 x 10~ 7, h% = 0.600, h = 0.624

IVW (A =5.45) 0.187 0.005 0.005 0.321  0.020 346
dIVW (A =0) 0.200 0.013 0.012 0.928 0.048 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.005 0.005 0.952  0.020 685
SRIVW (A =4.06,7 = 0.5) 0.200 0.005 0.005 0.951 0.019 —

Three-sample IVW (A = 5.45) 0.196 0.006 0.005 0.871 0.021 345
Three-sample IVW (A = 4.06) 0.200 0.005 0.005 0.961 0.019 631
Three-sample RAPS (A =5.45) 0.200 0.006 0.006 0.949 0.023 345
Three-sample RAPS (A =4.06) 0.200 0.005 0.005 0.964 0.020 631
Three-sample dIVW (A = 5.45)  0.200 0.006 0.006 0.953 0.022 346
Three-sample dAIVW (A =4.06) 0.200 0.005 0.005 0.961 0.019 631

TABLE S.6
Simulation results under different settings with n x = 50,000 and ny- = 100, 000. We set the true effect
B =0.2. The columns are: estimated effect size ( B ), Monte Carlo standard deviation (monte SD), average
standard error (SE), empirical coverage probability of 95% confidence intervals (CP), average confidence
interval length (length), and number of selected instruments (# IVs). We do not report the number of selected
instruments for the sSRIVW estimator, as it employs a re-weighting strategy instead of IV selection.
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B monteSD  SE CP  length  #IVs
Low heritability: 7z = 7y = 0.002,62 =72 = 1 x 10~ %, A2 = 0.040, hj = 0.042

IVW (A =5.45) 0.182 0.024 0.023  0.869  0.090 40
dIVW (A =0) 0.210 0.128 0.127 0963  0.497 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.023 0.022 0952 0.088 147
SRIVW (A =4.06,n7 = 0.5) 0.200 0.021 0.021 0.945 0.082 —

Three-sample IVW (A =5.45)  0.196  0.025  0.025 0943 0.097 40
Three-sample IVW (A =4.06)  0.200  0.021  0.021 0955 0.081 98
Three-sample RAPS (A =5.45) 0200  0.027  0.028 0963 0.109 40
Three-sample RAPS (A =4.06) 0200  0.021  0.022 0958 0.08 98
Three-sample dIVW (A=5.45) 0201  0.026  0.026 0955 0.102 40
Three-sample dIVW (A =4.06) 0.200  0.021  0.021 0.955 0.081 98

Medium heritability: 7z = 7y = 0.01,62 = 72 = 1 x 10~ %, h2 = 0.200, h2 = 0.208

IVW (A =5.45) 0.182 0.011 0.010 0.571  0.040 200
dIVW (A =0) 0.201 0.026 0.025 0.946 0.097 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.010 0.010 0.945 0.037 505
SRIVW (A =4.06,7 = 0.5) 0.200 0.009 0.009 0.944  0.036 —

Three-sample IVW (A=5.45)  0.195 0011  0.011 0920 0.043 200
Three-sample IVW (A=4.06)  0.200  0.009  0.009 0952 0.036 448
Three-sample RAPS (A\=5.45) 0200 0012  0.012 0948 0.047 200
Three-sample RAPS (A\=4.06) 0.200  0.009  0.010 00954 0.038 448
Three-sample dIVW (A =5.45)  0.200 0.012 0.012 0948 0.045 200
Three-sample dIVW (A=4.06) 0200  0.009  0.009 0952 0.036 448
High heritability: 7z = my = 0.01,63 = 72 = 3 x 10~ 7, h% = 0.600, h = 0.624

IVW (A =5.45) 0.193 0.005 0.004 0.675 0.018 648
dIVW (A =0) 0.200 0.010 0.009 0.924 0.035 200000
RIVW (A =4.06,7 = 0.5) 0.200 0.005 0.004 0.949 0.018 985
SRIVW (A =4.06,17 = 0.5) 0.200 0.005 0.004 0.951 0.017 —

Three-sample IVW (A = 5.45) 0.197 0.005 0.005 0.900 0.018 648
Three-sample IVW (A = 4.06) 0.200 0.004 0.004 0956 0.017 935
Three-sample RAPS (A =5.45)  0.200 0.005 0.005 0.954 0.019 648
Three-sample RAPS (A =4.06) 0.200 0.005 0.005 0.956 0.018 935
Three-sample dAIVW (A =5.45)  0.200 0.005 0.005 0.955 0.019 648
Three-sample dIVW (A =4.06)  0.200 0.004 0.004 0.956 0.017 935

TABLE S.7
Simulation results under different settings with varying sample size for each SNP. The exposure and outcome
GWAS sample size nx and ny are generated from a uniform distribution n x ,ny ~ Unif(70000, 130000). We

set the true effect 3 = 0.2. The columns are: estimated effect size ( B ), Monte Carlo standard deviation (monte
SD), average standard error (SE), empirical coverage probability of 95% confidence intervals (CP), average
confidence interval length (length), and number of selected instruments (# 1Vs). We do not report the number of
selected instruments for the sSRIVW estimator, as it employs a re-weighting strategy instead of 1V selection.
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VIIL.6. Supplementary Simulation Evidence. This section contains additional simulation
results, including

* simulation results under no balanced horizontal pleiotropy (Table S.8 for the IVW estima-
tor with different selection cutoff, Table S.9 with 5 = 0);
 simulation results with different choices of 7 (Figures S.4 and S.5)

B monteSD  SE CP  length #1Vs

Low heritability: 7z = my = 0.002,62 = 72 = 1 x 1074, k2 = 0.040, h2 = 0.042
IVW (A =5.45) 0182 0023  0.023 0865 0.090 40
IVW (A=4.06) 0.172 0018 0018 0.635 0.070 99
Medium heritability: 7z = 7y = 0.01,62 =72 = 1 x 10~ 4, A2 = 0.200, hZ = 0.208
IVW (A=545) 0182 0011 0010 0566 0.040 200
IVW (A=4.06) 0.179 0008  0.008 0287 0.032 453

High heritability: m =y = 0.01,e3 = 72 =3 x 104, h2 = 0.600, A7 = 0.624
IVW (A=5.45) 0.193 0005  0.004 0.688 0.017 655
IVW (A=4.06) 0.193  0.004 0004 0.601 0016 942

TABLE S.8

Simulation results under different settings. We set the true effect B = 0.2. The columns are: estimated effect size

(B), Monte Carlo standard deviation (monte SD), average standard error (SE), empirical coverage probability of

95% confidence intervals (CP), average confidence interval length (length), and number of selected instruments
(#1Vs).



52

B monte SD SE CP Type 1 error  #1Vs
Low heritability: 7 = 7y = 0.002,62 = 72 = 1 x 10~ %, h2 = 0.040, hy = 0.042

IVW (\ = 5.45) 0.000 0023  0.023 0952 0.048 40
dIVW (A = 0) 0.003  0.118  0.118 0956 0.044 200000
RIVW (A = 4.06,7 = 0.5) 0.000 0022 0021 0.949 0.051 148
SRIVW (\ = 4.06,7 = 0.5) 0.000  0.020 0020 0.944 0.056 —
Three-sample IVW (A =5.45)  0.001  0.025  0.025 0.959 0.041 40
Three-sample IVW (A=4.06)  0.000  0.020  0.020 0.955 0.045 99
Three-sample RAPS (A=5.45)  0.000  0.026  0.027 0.967 0.033 40
Three-sample RAPS (\=4.06) -0.000  0.020  0.021  0.959 0.041 99
Three-sample dIVW (A =5.45)  0.001  0.025  0.025 0.958 0.042 40
Three-sample dIVW (A =4.06)  0.000  0.020  0.020 0.955 0.045 99
Medium heritability: 7o = 7y = 0.01,e% = 72 = 1 x 10~ %, h2 = 0.200, h = 0.208
IVW (\ = 5.45) 20.000 0011 0010 0.949 0.051 200
dIVW (A = 0) 0.000  0.024 0024 0941 0.059 200000
RIVW (\ = 4.06,7 = 0.5) 20.000 0009  0.009 0.948 0.052 509
SRIVW (A = 4.06,7 = 0.5) 20.000 0009  0.009 0.949 0.051 —
Three-sample IVW (A =5.45)  -0.000  0.011  0.011 0.949 0.051 200
Three-sample IVW (A =4.06)  -0.000  0.009  0.009 0.952 0.048 452
Three-sample RAPS (A =5.45) -0.000  0.012  0.012 0.951 0.049 200
Three-sample RAPS (A =4.06) -0.000  0.009  0.009 0.956 0.044 452
Three-sample dIVW (A=5.45) -0.000  0.011  0.011 0.949 0.051 200
Three-sample dIVW (A =4.06) -0.000  0.009  0.009 0.952 0.048 452
High heritability: g = my = 0.01,62 = 72 = 3 x 107, h% = 0.600, h = 0.624
IVW (\ = 5.45) 0.000 0004 0004 0.949 0.051 655
dIVW (A = 0) 0.000  0.009 0009 0.924 0.076 200000
RIVW (\ = 4.06,7 = 0.5) 20.000 0004  0.004 0.950 0.050 993
SRIVW (\ = 4.06,7 = 0.5) 20.000 0004  0.004 0951 0.049 —
Three-sample IVW (A =5.45)  -0.000  0.004  0.005 0.957 0.043 655
Three-sample IVW (A=4.06)  -0.000  0.004  0.004 0.951 0.049 943
Three-sample RAPS (A =5.45) -0.000  0.005  0.005 0.959 0.041 655
Three-sample RAPS (A =4.06) -0.000  0.004  0.005 0.951 0.049 943
Three-sample dIVW (A =5.45)  -0.000  0.005  0.005 0.957 0.043 655
Three-sample dIVW (A =4.06) -0.000  0.004  0.004 0.951 0.049 943
TABLE S.9

Simulation results under different settings. We set the true effect B = 0. The columns are: estimated effect size
(B), Monte Carlo standard deviation (monte SD), average standard error (SE), empirical coverage probability of
95% confidence intervals (CP), average confidence interval length (length), and number of selected instruments
(# 1Vs). We do not report the number of selected instruments for the sRIVW estimator, as it employs a
re-weighting strategy instead of 1V selection.
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Fig S.4: Monte Carlo bias and standard deviation of the RIVW estimator for different
values. We generate Monte Carlo samples following the same simulation setup as in Example

1 except that we set the mixing probability 7, = 7, = 0.02 and vary &2 = 72

in a set {3 x
10755 x 1075,7 x 1075,1 x 1074}.
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Fig S.5: Monte Carlo bias and standard deviation of the RIVW estimator for different 7
values. We generate Monte Carlo samples following the same simulation setup as in Example
1 except that we set the mixing probability 7, = 7, = 0.01 and vary €2 = 72 in a set {3 x
1075,5x 1075, 7x 107°,1 x 1074,3 x 1074}.
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