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SA-1 Setup and Main Assumptions

This document is self-contained. We employ the same notation as in the main paper, but we
reintroduce the setup and assumptions to facilitate cross-referencing herein. Given a random sample
{Wi, pi }1<i<n, we are interested in estimating the population parameter 6y, which is defined by the

following moment condition:
E[m(wi,ui,eo)] = 0, (El)

where m is a known moment function. Recall that {p;}1<i<, are not directly observed. Instead,
T

the observed data is w; = [y;r, Ti,Z; |7, with 7; € R and z; € R* satisfying the following first step

generated regressors condition:

T = i + &4, Elei|z;] =0
=z B+m+e,  Elzm) =0, (E.2)

The disturbance €; can be interpreted as a structural error term, or simply the error of a condi-
tional expectation decomposition. The only substantive restriction is p; = E[r;|z;], as explained
in the main paper. On the other hand, n; arises without loss of generality because it captures the
misspecification error coming from using the best linear approximation to the unknown conditional
expectation.

Estimating 6 is straightforward via Generalized Method of Moments (GMM), which leads to

the following two-step procedure:

2 2

- |1 = . |1 = )

0 : ;9}/22m(wi,m,0) < inf En}ﬂzm(wi,m,a) + op(1), (E.3)

i=1 i=1
. . 2

i = z;r,B, Be argglinz <ri — z?ﬁ) , (E4)

i
where © C R% is the parameter space and | - | is the Euclidean norm. To derive distributional

properties, we will use the first-order condition:

T
1~ 0 o

=1

\/15 Z m(wi, fi;, é)] = op(1). (E.5)
=1

Let C denote a generic nonnegative and finite constant, whose exact definition depends on the
specific context. We omit the subscript n whenever possible, and limits are taken with respect to
n — 00, unless otherwise specified. For two non-negative sequences {ay, }n>1 and {b, }n>1, we write
ap 3 by if and only if a,, < C,, - b,, where C,, = O(1) if non-random and C;,, = Op(1) if random.

A random variable is said to be in BM; (bounded moments) if its /-th moment is finite, and in

BCM; (bounded conditional moments) if its ¢-th conditional (on z;) moment is bounded uniformly



by a finite constant. Let m(-) = dm(-)/du, and m(-) = 0°m(-)/0u?. When evaluated at the true
parameters, we further write m; = m(w;, u1;,0p) and analogously for m; and m;. We also define

the transformation

|m(wia M, 0) - m(wi7 M, 00)|

H?’é(m) = sup
(s +l0—00ho<s (1o — pil +16 — 6o))*

Equivalently, it is true that |m(w;, u, 0) — m(w;, i, 0g)| < Hia’é(m) “(Jpp — pil + 16 — 0p|)* in a

small neighborhood. The same transformations are also applied to derivatives of m.

Assumption A.1 (Setup). Let 0 < 9, a,, C' < 0o be some fixed constants.

A.1(1) There is a random sample {w; }1<i<, satisfying (E.1) and (E.2), where 8y € O is the unique

and interior root of (E.1).

A.1(2) There exists positive semi-definite weighting matrices {2, },>1, such that the probability

limit €2,, —p Qg is positive definite.
A.1(3) O satisfies (E.3), (E.5), and is tight.
A1(4) H*(m) € BM;.

A.1(5) m is continuously differentiable in 8 with H?’é(am/ 00) € BM;. Further, the matrix My =
E [0m;/00)] has full (column) rank dp.

A.1(6) m is twice continuously differentiable in .
A7) my, my, 1y, HOO (), €2, |rnge;|, [rngle2, [H™ ()|e2 € BCM. _

The next set of assumptions impose smoothness and bounded moments on various quantities.

Assumption A.2 (First-Step Covariates).

A2(1) maxi<i<n |f1i — pil = op(1).

A.2(2) The approximation error n; in (E.2) satisfies E[n?] = o(n™/2) and E[|¢;[2|E[n?] = o(n™!),
where ¢; = E[rn;|z;] — T'z; with the matrix T' such that E[z;¢]] = 0. _

SA-2 Primitive Conditions for First-Step Estimation

A key assumption in our paper is the uniform consistency of the first step estimate (A.2(1)). We

discuss primitive conditions for this assumption. We have

< max
1<i<n

max
1<i<n

fli — i mi— Y mign| + max
; <i<

> mises| (E.6)
J



where 7;; denotes the (i, j) element of the projection matrix Il = Z(ZTZ)~ZT, with Z = [z1, 22, ...,2,]".

We study each term above to show that max;<i<y | — pi| —p 0, and give in the process easy-to-

interpret primitive conditions for specific types of covariates z;.

SA-2.1 Linear Approximation Error

Using elementary and Cauchy-Schwarz inequalities, we obtain

— E miini| < max |m;| | 1 4+ max g miil | < max |n;| | 14+ [n max g 72,
i : ”nj‘ ~ 1<i<n il 1<i<n £ Imisl | = 1<i<n i 1<i<n &t 1
j j j

Because ) j 7ri2j = m;;, the term above will vanish in probability if

max
1<i<n

1
max op .
1<i<n ’m| (1 + /Mnmaxi<i<n T

Therefore, two sufficient conditions to control the first bounding term in (E.6) are: (i) the approx-
imation error is uniformly small maxj<i<p |[7;| = op(1), and (ii) (maxj<;<n ;%) - (maxi<j<p i) =
olp(n_l). We discuss some methods to control maxj<;<, m; below. For example, when the co-
variates z; are locally supported basis expansions (e.g., Splines), max;<ij<n m;; = Op(k/n), under

regularity conditions, so that maxj<;<, |17;] = op(n~'/4) will suffice.

SA-2.2 Residual Variability

Because E[e;|Z] = 0, sharp probability bounds can be established for the second bounding term in
(E.6). We illustrate the case when ¢; has sub-Gaussian tail and hence an exponential bound can be
used, but other assumptions and probability inequalities are possible depending on the primitive
assumptions imposed. A general version of the Hoeffding’s inequality applied to sub-Gaussian

random variables implies (Vershynin, 2018, Theorem 2.6.2)

Ct?

max il >t Z| <n- max P il >t Zl <n- max 2exp | ——=—+—=

1<z<nz v T 1<i<n Z H = =g P > M?
J

Ct?

(maxlgign 7m) (maX1<z<n M )

< 2exp (— + log(n )>

where M; = inf{t > 0: E[exp{e?/t?}|z;] < 2} is the conditional 19-norm of ¢;, and hence

1
Ay .
(@ag}% ”“) (f??i%M ) or <1og(n)> - F fEanZ mijej| 2 t] =0,

for any t. Therefore, as for the first bounding term in (E.6) discussed above, the result follows by

properties of the possibly many covariates z; through the statistic max;<;<y, m;.



SA-2.3 Bounding max;<;<, T

The results above showed that the properties of the first step estimator can be determined by
studying the behavior of the statistic maxj<;<y, m;;, which in turn depends on the properties of z;.
We now study these properties, and give concrete examples for specific types of covariates.

Let Amin(A) denote the minimum eigenvalue of a matrix A. Then, it follows immediately that

ﬁ 1 maxlgign |ZZ"2 1}
)
n

< max 7; < min { )\min(ZTZ/n) -

~ 1<i<n
The upper bound can be used to give primitive conditions on different types of covariates z;.
Here we focus on bounding maxi<;<y, |z;|? first, and then deducing the restrictions required on
Amin(ZTZ/n). We offer several examples showcasing how meaningful bounds can be obtained in
various contexts. Of course, the list of examples above is not meant to be exhaustive, nor the bounds
given are supposed to be tight. This list nonetheless is useful to illustrate the wide applicability of

our results.

Case 1: Locally Bounded Series Expansions

If z; is formed using locally bounded series expansions such as splines, compact-supported wavelets
or partitioning basis, then

L= .
12 P N (ZTZ )

1 k

n?
and Amin(Z7Z/n) is bounded away from zero with probability approaching one, under regularity
conditions, provided that klog(k)/n — 0. See Belloni, Chernozhukov, Chetverikov, and Kato

(2015) and Cattaneo, Farrell, and Feng (2018) for more discussion and examples.

Case 2: Bounding through the Orlicz Norm

A more general approach employs the Orlicz norm. Let 9 be a convex, nondecreasing and nonzero
function such that ¢(0) = 0 and limsup, , ., ¥(2)¥(y)/¥(cry) < oo for some constant ¢, then
van der Vaart and Wellner (1996, Lemma 2.2.2) states that

| max feal? || =0t el < k- 07" () i 1220l

1<i<n 1<e<k

where {20 : 1 < ¢ < k} are the elements of z;, and the norm is defined as ||z||, = inf{C > 0 :

E[y(|e]/C)] < 1}.

First consider ¢(z) = |z|* for some a > 2, then the above reduces to

(B s t] ) S il (m5257)



which essentially requires bounding higher moments of the coordinates of z;, and therefore implies

1 k 1 1/
o= LB . |20 ) _
7 3o 5y v s, (Bl ) = oe(),
provided that n'/*~1/2 max; <<y, (E[\zi,g\m])l/a//\min(ZTZ/n) = op(1).

If, instead, z; has sub-Gaussian tail, then we can use v(x) = exp(|z|), which implies that (|z;|?

has sub-exponential tail):

o< - ) 2 — 1
1%’227% ~F Amin(ZTZ/n) /n /n gggxkllzz,e\lw or(l),

provided that log(n)n="/% max; <<}, HZEKHQJ,/)\min(ZTZ/n) = op(1).

Case 3: Regression with dummy variables

It is not uncommon to encounter regression specifications including many dummy variables, such
as year /region/group specific fixed effects or expansions of categorical /factor variables, and interac-
tions among them. We illustrate how maxj<;<, 7; can be controlled when many dummy variables
are included. Let {z; ¢}1<¢<i be the coordinates of z;, with z;, € {0,1} and ),z = 1. Despite
the fact that |z;| = 1, hence it must be sub-Gaussian, the coordinates are highly correlated and
therefore it is very hard to control the t9-norm of the vector. On the other hand, we still have the
bound

- 1 |z;|? 1 1
max 7 . = - - ).
1<i<n "7 Amm(ZTZ/0)  n "\ A (ZTZ /)

Let Ny = >, zi¢ be the number of observations for which the ¢-th dummy variable takes value
1, and p, o = Pz = 1] and p, = Minj<s<k Pne- Since, of course, a dummy variable will not be
included for a category with zero observations, we assume without loss of generality that Ny > 0.

(In practice, this can be justified using a generalized inverse, that is, (ZTZ/n)~.) Therefore,

1 n n

= < .
)\min(ZTZ/n) minlgggk{Ng : Ny > 0} - minlgggk Ny

It is easy to see that, under the conditions given below, Pminj<y<x N, > 0] — 1. To see its

asymptotic order, apply Bernstein’s inequality (for some t € (0,1)):

k
1 t

Pl— > " | <P| min N,<t! <y PN, <t7!

[)\min(ZTZ/") : pn] <P g Nes g < 32 s o

k k
_ 1 npp(tt—1)?

= PN, —npps <nppotP=1] <) exp|—= : -0,

; [ 4 Png > pn,Z( )] = ; p [ 2 (1 —pme) i %(til — 1)



provided that (i) maxj</<g pne — 0 and (ii) nminj<¢<y pp ¢/ log(k) — oo. Then, we have

L < 1 >
)\min(ZTZ/n) £ minlgfgkpn,ﬂ ‘

One example is a balanced design, where for two constants C; and Cy, C1k~! < ming<g<g Pne <

maxi <<k Pn,¢ < Cok™!. Then under the assumption k = O(y/n),

k 1
pme =0 () -0 ()

SA-2.4 Design Balance

In linear regression with increasing dimensions, the design matrix plays an important role in deter-
mining the properties of the estimated coefficients and the linear predictors. We already encoun-
tered one notion of design balance in the previous subsection, namely max;<i<, m;; = Op(ry,) for
some 7, | 0. Note that we do not impose this assumption in the paper, and instead we make the
high-level uniform consistency assumption A.2(1). The reason is simple: in concrete examples, it
might be easier to exploit the specific structure of the covariates to justify the uniform consistency
assumption.

There are other concepts of design balance, which we do assume in Section SA-6 to show the
validity of the jackknife. Since those conditions are tightly connected to the previous subsection,
we give some remarks here, aiming to clarify their connections.

Recall the m;; is the (i, j)-th element of the projection matrix, which is of rank & with probability
approaching one, and therefore ). m;; = k. Intuitively, the “distribution” of 7; should not be too
concentrated on any i, and hence Y, 72 = op(k). This is one notion of design balance we employ.
Another assumption we make is maxj<j<n 1/(1 — m;) = Op(1). Intuitively, this implies that the
diagonal elements of the projection matrix do not have probability mass at 1 asymptotically, since
otherwise it would not be possible to “delete one” observation and recompute the projection matrix.

It is easy to see that maxj<j<, m; = op(1) is a stronger notion of design balance, because

max m; = op(1) = Zﬂi = op(k)

1<i<n
1?%)%7‘('“ = O[p(l) = 11;1%)% 1/(1 — 7Tii) —P 1= Oﬂm(l).

However, an interesting question is whether the converse is also true. In the following example we
show that the two weaker notions of design balance can hold, even when maxi<;<y, 7 7 op(1). This
example also gives a clear justification of why we do not explicitly assume maxi<;<p m;; = op(1)

anywhere in the paper.

Example (Dummies with small cell-probability). Consider the last example introduced in the

previous subsection: Regression with dummy variables. We continue to use the same notation



given above, and hence let Ny, be the number of observations such that z;, takes value 1 (i.e.,
number of observations in cell £), and p, ¢ be the cell probability (i.e., pp ¢ = P[z;¢ = 1]).
However, we now consider the extreme scenario where the first cell probability satisfies p,, 1 = ¢/n
for some ¢ > 0, and for £ > 2 the probabilities are p,, = (1 —¢/n)/(k — 1). This captures the
empirically relevant case where some cells may have very few observations. The problem here,
however, is that Ny follows the Binomial(n,c¢/n) distribution, which is asymptotically Poisson(c)

distributed. And by the discussion in previous subsection, we have

112%}% T = max {7711, 212&}; Trii} ~s %]I[P > 0], P ~ Poisson(c),
since maxo<i<p mi; = op(1).

In reality, one will not include a dummy variable if it is only “on” for one or two observations in
the sample. Hence, in our current example, the first covariate is added to the regression if and only
if Ny > C, where C' > 2 is some pre-specified value. Note that this strategy is legitimate in practice
because the model selection is done without referring to the outcome variable. In fact, methods
involving recursive partitioning or partitioning by quantiles set a lower limit on the cell size, which
corresponds to C, and a low cell probability occurs if the density of the underlying variable is close
to zero.

Therefore, when the first covariate is only included when Ny > C', we have:

1
max 7r; = max < 7M1, max T — - 1|P > (], P ~ Poisson(c).
1<i<n { 5 icn ”} P [P 2] (c)

In this practically relevant case, it follows immediately that maxj<;<y, m; does not vanish, and still

maxi<;<p 1/(1 — m;) remains bounded in probability. Finally,

% i f=1
k 1 2 k 1
= Nyl —=) 1[N, >C| = — 1[N, >
2o () 1oz 1= Y ez
(=1 1=1
1 "
< —1[N; >C — = Op(1 k—1)=op(k
< 3 ]+;Ne (1) + op(k — 1) = op(k),
where the op(k — 1) term comes from the discussion in the previous subsection. -

SA-3 The Effect of Including Many Covariates

The first result is the consistency of 6.

Theorem SA.1 (Consistency).
If A.1(1)-A.1(4) and A.2(1) hold, then |@ — 6| = op(1). J



Next we consider large sample properties of the two-step GMM estimator 6. We have

op(1) = M} Q,, + M Q,

LY gyt 0)] Vi (0 0).

1 .
%Zm(W¢,ui,90)

where we assume 8 —p 0y, with 0y an interior point of ©, and 6 denotes a linear combination

between 6 and 6.

Lemma SA.2.
If A.1 and A.2 hold, and k£ = O(y/n), then

L Z m(wia ﬂi? 00)

\/ﬁ@—ao):Eo N

(1 + OP(I)), (E.7)

%
where 2o = —(MJI QM) M{ Q. _|

A Taylor expansion with respect to the first-step estimate, fi;, gives

mewz,uz,eo mewz,uuew (E.8)
7 D (i s 00) (7 = 1) (E9)
Z tia(wi, i, 80) (1 M)z (E.10)

+ op(1).

The following lemma shows that (E.9) contributes to not only the asymptotic variance, but also

the asymptotic bias.

Lemma SA.3.
If A.1 and A.2 hold, and k£ = O(y/n), then

1 . 1
(E.9) = % zl: Zj:E[m(ijﬂp 6o) |zj]mi; | -ei + % zi:bl,i -7+ op(1),

where by ; = E[r'n(wi,,ui, 6o) - &

zi]. If, in addition, E[|{;|?] = o(1), then

\/1521: ;E[m(“’jaﬂweo) |z]mij | &0 = %;E[m(wi,m,@o) 2] - €; + op(1).

-

Inspection of the proof of this lemma shows that only E[n?] = o(1) and E[|(;|*|E[n?] = o(n™1) is

required; the stronger assumption E[n?] = o(n~'/2) will be used when studying the quadratic term



(E.10) in the expansion. Furthermore, when E[|¢;]|?] = o(1), this lemma shows that it is possible
to drop the double sum as well as the projection matrix in the variance component, leading to an
asymptotic linear representation.

The following lemma shows that the quadratic term (E.10) also contributes a bias.

Lemma SA .4.
If A.1 and A.2 hold, and k = O(y/n), then

1 2 k
(E.lO) = % ZZj:bQ,ij * T4 + Op (\/;) + OIP’(l)’

ZZ',Z]':|. -

where bQ’Z'j = %E ffl(Wi,ui, 00) -{:‘?

The following theorem combines the previous lemmas, and gives the asymptotic representation
of the estimator @ when k = O(y/n)

Theorem SA.5 (Asymptotic Representation).
If A.1 and A.2 hold, and k£ = O(y/n), then

. B L
\/ﬁ<9—00—> =W, + ¥y +op(l),

N

1
B = 720 Z bl,iﬂ'ii + Z b2,ij7ri2j
L i

_ 1 _ 1
W1 =—=30 | ) m(wi, ui, 0o) ¥y = =% Elxia(w;, 15, 600) |2]mi; | - &
\/ﬁ z@: \/ﬁ z@: 2]: Jo Mg 17y

In this Supplemental Appendix, we use B to denote the bias term. Note that B = Op(k/\/n)
hence is non-vanishing under the assumption that & o \/n. The term B can be viewed as the bias
of the limiting distribution. In the main paper, we use Z to denote the bias of 6. The two terms
are connected through the \/n-scaling: B = \/n%.

In addition, for the asymptotic representation, we use
W; = m(wi, 13, 00) + | > E[m(w;y, 5, 00) |z]mi; | - e,
J

and therefore ¥y + Wy = X > /.



Theorem SA.6 (Asymptotic Normality).
If the assumptions of Theorem SA.5 hold, then

(I

(VIEI®1 2] + V&1 + B5/Z]) * (&) +85) ~ N (0,T),
provided that V[¥; + W5|Z] has minimum eigenvalue bounded away from zero with probability

approaching one. _

SA-4 Extensions

We discuss three extensions of our basic framework: (i) multidimensional first-step estimator,
(ii) semi-linear first-step estimator, and (iii) high-dimensional covariates entering the second-step

estimating equation.

SA-4.1 First Step: Multidimensional Case

Generalizing to vector-valued p,; is an easy and natural extension of our results, although the nota-

tion required becomes more delicate/complicated. We show now how the asymptotic representation

of \/ﬁ(é — 6y) changes when there are multiple unknowns estimated in the first step. To illustrate,

we discuss in more detail the nature of the many covariates bias in the special case of p; bivariate.
The second step estimating equation takes the following form:

T
0= E[m(WZ, 1278 00)]7 K = M1 M2 - /J’dui P

where the vector of unknowns p; has dimension d,, and has to be estimated in the first step. The

first step takes the same form,
o = fo + €0 = 23 By + i + <0 1<0<dy,

with ny; being the approximation error and ey being the error from a conditional expectation
decomposition, i.e. E[z;n,;] = 0 and E[egy|z;] = 0 for 1 < ¢ < d,,. We allow for different sets of
covariates being used in each first step estimate (¢ =1,2,...,d,) or, alternatively, think of z; as a
“long vector” which collects jointly the covariates used for estimating each ;.

Both notation and assumptions need to be adjusted in this generalized setting. Define

82

Bl‘bfaﬂelm(wwﬂl’ 0) myy (W’Lv“za 0)7

0 .
mm(wi, M, 00) = mf(wi)“iv 90)7

where 1 < ¢,¢' < d,,. Modified assumptions are postponed to the end of this section. The general-
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ized asymptotic expansion is

\/5(9—00> = 20\/15;m(wi,ui,00) (Ell)

du
1 .
+EOZ 72<ZE[mE(W17“j790)|Zj]7rij)‘5&‘ (E.12)
(=1 vn i j
1
To = ) P i E.13
+ O\/ﬁ; 10T ( )
1
+B0—= Y boy; - m + op(1). (E.14)

Vi
As before, (E.11) represents the influence function had p; been observed, and (E.12) is the variance

contribution from estimating ;. The bias terms (E.13) and (E.14) are also the natural generaliza-

tion of our main result:

du
bii =Y Elring(w;, g, 00)esi2i] (E.15)
=1
de
boij = > Bl (Wi, p;, Oo)eejer;|zi, 2], (E.16)
=1

Here we use ¢ and j to index observations, and ¢ and ¢ to index elements in the unknown vector

;. We therefore define the following quantities:

B= \}ﬁzo Zi:bl,iﬂ'ii + b2,ij77i2j] ;
- d/"‘

then the analogue of Theorems SA.5 and Theorem SA.6 hold.

We will not repeat the argument for the jackknife or the bootstrap, since there is no difficulty in
generalizing them to vector-valued p;. For the bootstrap, however, we make one remark in Section
SA-7 to emphasize how the first step is bootstrapped in this setting.

Finally, the following adjustments have to be made to our assumptions:

Assumption (Vector-Valued p;).

A.1(6) — m is twice continuously differentiable in p, with derivatives denoted by m, and gy,

respectively.

A1(7) = Foralll < 0,0 <d,, my, tag;, e ;, Hi™ (the), |e;]?, [mg|leil, [t ;| |ei|?, |1 (mipe)||ei]? €
BCMs.

11



A2(1) — maxi<i<n |[ft; — p;| = op(1).

A2(2) — E[|n,]?] = o(1/y/n) and E[|{,]*E[nZ] = o(1/n), where {;; = Elmy(w;, wi, 60)|z;] — Tz;
with E[z;{};] = 0. .

SA-4.1.1 Special Case: Bivariate u;

Let p; = [p14, pros] 7. Starting from the sample estimating equation, and linearizing with respect to

N

0, we obtain (c.f., Lemma SA.2):

V(0 = 06) = o | = 3w 00)| (14 0x(D).
where
N > i 00) = N > m(wi s 00 (E.17)
+ \}ﬁ Z riny (wy, 1y, 0o) (/lu . uu) (E.18)
- S na(wi s 00) s ) (5.19)
+ \}ﬁ Z %r’hn(wi, 11, 60) (ﬂu . ,m)Q (E.20)
+ = > i (wi, iy, 00) (fioe — o) (E.21)

+ \/15 zz: mio(w;, p;, 0p) (,&u — Mu) (ﬂ% — M2z') (E.22)
+ op(1).

As before, (E.17) is the influence function if p; were observed; (E.18)—(E.19) contribute the linear
(leave-in) bias and variance from estimating pu;; and (E.20)—(E.22) give the quadratic biases.
As in Lemma SA.3, we have the following for (E.18) and (E.19):

1 . 1
(E.18) = NG ; ;E[ml(“’ja w;,00)|zi]mij | €1+ N ;bm,ﬂm + op(1),

1 . 1
(E.19) = 7n EZ: %:E[mQ(iju'jan)zj]ﬂij FE2i + NG zi:bm,ﬂm + op(1),

where by 1 ; = E[my (w;, p;, 00)e14|z;] and by 2; = Elma(w;, p;, 60)e2i|zi].

12



The quadratic terms (E.20) and (E.21) are handled by Lemma SA.4:

(E.20) beg 1Ty +op(l)  (E21) bez 22,0575 + op(1),

2%} [2¥)

with by 11,5 = $E[xig (wy, p;, 00) - €%j|z’ia z;] and by 295 = $E[thoe(w;, p;, 0p) - €§j\zz’, z;].
Finally, for the new cross-term (E.22), the Cauchy-Schwarz inequality implies

1 .. N .
|(E.22)] < NG Z |myo(wy, py, 00)] - |f1i — paal - | o — 2l
i

1 - 2 . 2 [ 1 . 2 - 2 k
B \/\/ﬁz; [t12(Wi, p, 00)|” - [1i — pail \/\/ﬁ Zz: |to(wi, g, 00)|° - |fi2i — poil” Zp %,
but we would like to have a more precise characterization. Following the same strategy to prove
Lemma SA.4, we have the following approximation. We focus on the leading term (conditional

expectation calculation), and omit the remainder (conditional variance calculation) to conserve

space. We have
(E.22) = \/15 Z myo (W, p;, 0) (ﬂu — Mu) (/121' — ,U2i)
_ \/15 Z myo(w;, i, 0p) ( Z mjslj) ( Z mjegj> + op(1),
e J J

where the extra op(1) corresponds to terms involving the approximation errors 7;; and 7y;. Then,
1 .
% Z 112(Wi, p;, 0o) ( > 7T¢j€1j) (Z 7Tz'j52j>
J J J

1

_ 2

o] = 7 b
Z7j

g {mIQ W17N1;00)7rz]7rz]’51352]
1,3,5"

1 ..
= ZE[mIZ(Wh i 00)imiE1 €2

where by 12,; = E[thi2(w;, p;, 0o)e1j€25|2i, 2], and we ignored terms with j # j' from the second
to the third line since the conditional expectation is zero. There are some interesting observa-
tions regarding this new bias term. First, if the cross derivative has zero conditional mean (i.e.
E[r12(w;, iy, 00)|z;] = 0), this bias will be of order Y, 72 /y/n. For example, when m is linearly
additive in the two unknowns p1; and pa;. Second, if correlation between the two error terms is
zero (i.e. Ele1;e2;|z;] = 0), the bias contribution from this term is again of order >, 7% /y/n. To
give a concrete example, consider the two unknowns being estimated with independent samples in
the first step. In Section SA-6, we will assume Y. 7% = op(k) for the validity of the jackknife.

Under this additional assumption, the new bias will be negligible if either the cross derivative has

13



zero conditional mean or the error terms have zero conditional correlation.

SA-4.2 First Step: Partially Linear Case

As a second generalization of our main results, we discuss a first step estimation model taking a
partially linear structure. To be more specific, we partition z; € R 1F into z;; € R and zy; € RF,

and consider the following first step:

T|Y

ri =i+ =2y + pi + 6 =217 + 25,8+ i + & = 2] + 0 + &,

with the requirement that E[n;z;] = 0 and E[e;|z;] = 0, so that n; continues to be the approximation
error and ¢; is the residual from the conditional expectation decomposition. The vector 3 has
dimension k, which increases with the sample size, while « has a fixed dimension d-. A canonical
example is u; = p(z;) being an unknown function and zg; being series expansion of a collection of
covariates.

The second step is also generalized:
E[m(wl’ Hiy 7, 90)] =0,

where now both ~ and u; enter the second step estimating equation. The real difficulty here is that
;i 18 no longer a conditional expectation projection, unless « is known or z;; and zg; are orthogonal.

To make progress, we rewrite the problem as as follows:
E[m(w;, vi — 217, 7, 60)] =0,

with v; = zﬂfy—i— w; = E[r;|z;], which is a conditional expectation projection. The sample estimating

equation becomes
1 1 ( . T 4 é)
op | — :—Emw-,y'—z~, , 0),
P \/’ﬁ n i 1 7 117 ﬁy

where both ; and 4 are estimated by linear regression in a first step and are plugged into the
second step estimating equation, from which then 0 is obtained. We show in this section that
introducing the additional parameter + in the first step only affects the asymptotic variance of
9, but not its bias properties. In particular, our theory on asymptotic bias with many covariates
entering the first step remains unchanged with the first step now taking the partially linear form
described above.

Under regularity conditions, 4 is y/n-consistent for 7, and standard linearization arguments show

that 0 has the following representation:

A 1 . SN
\/5(0 — 00) = 20% Z m(Wia Vi — Z—lrz"77'77 90) + OP(D‘
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Given that 4 is consistent, it is not hard to show the following:
R 1 . - .
\/5(9 - 90) = 20% > m(w;, 0 — 27,7, 60) + 20-=0\/77<‘>’ - '7) + op(1),
i

with

[

. 0
0= E|:_ m(wiauia'Yan)le O~ T (W17M2777 90):|

where m continue to denote the first partial derivative of m with respect to u, and m the second

derivative. The next step is to further expand, which gives
- 1
\/ﬁ<0 - 00) = 20% Z m(wi7 iy 7Y 00) (E23)
i

+ ZoBovin(v - ) (E.24)
+ 20\}5 Z m(w;, i, Y, o) (ﬁi — 1/1-> (E.25)

+ EOIZ Wz,ul,’y, 90)( I/Z‘>2 +OP(1). (E.26)

(E.23) is the influence function had both v and p; been observed, (E.24) is the total variance con-
tribution from estimating -, and (E.25) also gives a variance contribution because v; is estimated.
Finally, both (E.25) and (E.26) will lead to asymptotic bias under our many covariates assumption.

We first consider (E.25) and (E.26). Since #; is constructed as linear projection, the same
technique developed in Section SA-3 can be applied. Let IT = Z(Z"Z)"'Z" be the projection
matrix constructed from the “long vector” z; = [z];,z4.]T with Z the n x (d, + k) matrix stacking

z;, and 7;; be a generic element of II. Then, the same conditions are enough to justify:

1
(E.25) = 7202 ZE (Wi, 113, , 00) |z|mi; | €+ —=20 » _bu i + op(1),
i

NG

(E.26) = ﬁzo > baij - + or(1),
Z'7j

with by; = E[ta(wy, pi, 7, 80)eilz:] and by = SE[i(wi, pi, v, 00)3 |24, 2.

The new term (E.24) can be written as
= (1,7 -t
(E.24) =Y0=o (;Zl QQZI) ﬁ Z (Zzqugzj>€i + Op(l),
i J

where Z is the n x d, matrix stacking z1;, Qg is the n x n annihilator I — ZQ(Z;—ZQ)_]'Z;— to partial
out zy; with elements denoted by go;;, and the extra op(1) arises due to the approximation error

1;. Therefore, the extra term can also be shown to be asymptotically normal conditional on Z.
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Now we briefly mention regularity conditions that are used to justify the y/n-consistency and
conditional asymptotic normality of 4. The main reference is Cattaneo, Jansson, and Newey
(2018b), who established asymptotic normality of 4 in a much more general setting. We provide
primitive conditions to verify their Assumptions 1-3.

We first need to modify the notation of Holder continuity since now an additional nuisance

parameter -y is allowed to enter the moment function directly. We re-define:

(m) — sup ’m(wi7/*"77/79) - m(wivui777 00)‘

M
(u—psl+lv'—l+16-80)o<s (11— pal + |7 — ¥ 416 — Oo|)*

2

The same transformation is also applied to derivatives of the moment function.

Assumption (Partially Linear First Step).

A.PL(1) The minimum eigenvalue of V[z1;|z9;] is bounded away from zero.
A.PL(2) E[|z1i|*|z2i] is bounded.
A.PL(3) Both dm;/0~ and ’H?’é(am/&y) € BM; have finite mean, for some «, § > 0. _I

The first requirement is intuitive: the high-dimensional vector zs; is partialled out, there should
be residual variation in zj; so that - is identified (consistently estimable). The second requirement
imposes moment conditions.

In Cattaneo, Jansson, and Newey (2018b), it is also assumed that V|[e;|z14, z9;] is bounded away
from zero. This is necessary to establish asymptotic normality of 4, since otherwise the asymptotic
distribution could be degenerate. This condition, however, is not essential for our purpose: our

target parameter is 6, which has the expansion

o0 2)

= ‘i’l + ‘i’g + Op(l),

with
B-Ls > by imii + b
_\/ﬁ 0 : 1,iTi + 2,i5 55 | >
v = pX; E m( 6o)
= Wiy iy 7Y, ’
1 Jn 0 i i, 7Y, Go

_ -1 1 1 .
Wy = 3= (ZIQ2Z1) — ( leq2ij>5i +—=3 E[m(w;, i, 7y, 00)|2:)mi; | €,
i 2 Zj VRS Zj

and therefore the condition we need is that, with probability approaching one, the minimum eigen-

value of the “overall” variance-covariance matrix be bounded away from zero. See Theorem SA.6.
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SA-4.3 Second Step: Additional Many Covariates

It is very difficult to extend Theorem SA.6 in full generality to a setting where both estimation steps
are high-dimensional. Given that different asymptotic behaviors will emerge for the main estimator
of interest @ in cases where the second step estimating equation includes high-dimensional covariates
(and hence high-dimensional parameters that need to be estimated), it is natural to restrict the
way the high-dimensional covariates enter the second step estimation procedure. In this section, we
make a first attempt to generalize the problem so that the second step also has increasing dimension
by imposing a particular restriction on the estimating equation for 8. Specifically, we consider a
setting where the first step estimate [i; enters a high-dimensional semi-linear regression problem.
We show that new biases arise as a result of both steps being high-dimensional, thereby showing
that the main conclusions of our paper continue to hold in this case.

Let y; be a response variable and assume that

Ely:|xi, i, i) = f (X3, 113, 00) + 2] Yo,

where 6 is the parameter of interest and f is a known smooth function. We assume x; has fixed
dimension, and z; has possibly increasing dimension but satisfies & = O(y/n). This setting is a
special case of our generic framework in that a non-linear least squares estimating equation is
considered, but is also more general because a possibly high-dimensional vector of covariates is
now allowed for in the second step, where the additional possibly high-dimensional parameter -,
features. For simplicity, we assume the same high dimensional vector z; is used in both the first
step (to construct fi;) and the second step (as additional controls).

Given this setting, and assuming a non-linear least-squares model is considered, we can map this

problem into a generalization of our framework, as follows:

%f(xzv His 00)

Z;

m(wiaﬂi700770) = [ ] (yz - f(XnNi,OO) - Z;r’70)7

with E[m(w;, 1;,00,70)] = 0, w; = [y:,%] , 2, |7, where 8y continues to be the parameter of interest
and now the additional (possibly high-dimensional) parameter = features in the second step esti-
mating equation m(-). Importantly, the second step estimating equation has increasing dimension
and therefore is outside the scope of our paper.

Nevertheless, because we consider a semilinear least squares estimation problem, we can recast
the second step by partialling out the increasing dimension covariates z;, and then exploit our
main results along with natural extensions thereof. To describe this approach, we need additional
notation. First, let f = 0f/06 be the derivative of f with respect to 8, and set f; = f(x;, i, o)
and f; = f(x;, j1;,00) to simplify notation. Second, let ¢;; = 1{;—;; — 7;; denote the elements of the
annihilation matrix Q = I — II. Finally, the “dot” notation is reserved for partial derivatives with

respect to p as done so far.

17



Regressing out the high-dimensional vector z;, the estimator of interest 0 is given by
6 : 0=) (Z(b‘jf(xi:ﬂia é)) (yi = J(xi, 9)): (E.27)
i J

where ji; is constructed from projecting r; on z; in a first step as in our basic framework. Due to
the presence of the high-dimensional vector in the second step, the asymptotic expansion becomes
much more cumbersome. Details are relegated to Section SA-9.9, where we also discuss additional
regularity conditions. To give the intuition of the result, note that a first order linearization with

respect to [i; and consistency of the resulting Hessian matrix gives:
ﬁ(EV[fﬂzi] + op(1 )) (9 90> f Zf (X, fli, 90)(% f(xi, fui 90)>
- % > (Z miif (x5, i, 90)) (yi — f(xi, fu, 90)) + op(1).
( J

Comparing with the expansion in Section SA-3, an extra term emerges in the current setting due
to the possibly high-dimensional covariates z; entering (linearly) in the second step. Specifically,
the first term after the equal sign can be analyzed using the results in Section SA-3 without
modifications: simply set m(w;, i, 00) = £(x;, pi, 00)(vi — f(xi, i, 0p)). The second term is the
new term emerging from the linear projection out of the covariates z; in the second step estimating
equation: Section SA-9.9 discusses how this new term can be handled when k = O(y/n).

In sum, under regularity conditions, we obtain the following stochastic expansion for the estimator
6 defined in (E.27) when k = O(y/n):

ﬁ(é—ao—\l;ﬁ> _ By 4By 4 os(1),

with 3¢ = E[V[f;|z;]] 7!, wi = vi — E[ys|x, 2, pi], and

B 720 Z b, AT + Z by ’L]Trz] + Z b3 UT"@J + Z by g eTig 0T 50

i,j 1,7 1,5,¢

bi; = Elfuei|zi] — Covlf;, fiei|zi]

byi; = Elfilzi|E[fje;|2;] — B[fi|zi|Eluje;|z;] — %Cov[fz’, filziEle5 |2i, 2;) — EIf; f|z:] B3| ;)
b = %E[ﬁzi]E[fﬁ?\Zﬂ - %E[fi\zi]E[uﬁﬂzj] + E[fie;|2|E[fje;|2;]

byije = Elfilzi|Elfr|ze]E[e}|z;],

and

— — 1 .
\Il = —Zoz f |Zz Uj, \IJQ = —%EOZ(Cov[fi,fi\zi]zsi
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This result is obtained under Assumptions A.2 and E[|¢;|?] = o(1), but the later misspecifi-
cation/smoothing bias restriction is imposed for simplicity and could be dropped. The resulting
stochastic expansion shows that including high-dimensional covariates in the second step estima-
tion, when entering linearly and using non-linear least squares for estimation, leads to the presence
of a many covariates bias of the same order as reported in our main Theorem SA.6. The specific
form of the bias changes because of the interaction between the first and second step estimation,
as now both include high-dimensional covariates. The non-linearity introduced by the first step
estimate entering the second step estimating equation plays a crucial role in this result. Because
least squares estimators are mot linear in covariates, which means that the many covariates bias
emerges even when p; enters the second step multiplicatively (i.e. f is linear in ;). On the other
hand, it is known that one-step high-dimensional linear least squares estimators will not lead to
a many covariates bias as shown in Cattaneo, Jansson, and Newey (2018a,b), which is due to the
intrinsic linearity of that setting. We now discuss a few specialized examples to illustrate some

implications of this extension.

The effect of high dimensional second step

Although we only consider a special case of high dimensional second step, one can already see some
of its implications. To compare, consider what happens if 7, = 0 and the long vector z; is excluded

from the second step, i.e.,

Ely;|xi, 2, ti] = (x4, pi, 60),

A

and denote by 6 the estimator obtained using non-linear least squares. Then, our main Theorem

SA.6 applies directly, and gives

. B L
\/ﬁ<9—90—> =W, + ¥, +op(1),

NG

with 3¢ = E[f;fT]~1, and
1 2
B = %20 21: by imii + ; bo i
. , 1 .. .

b1 = E[fju;e;|z;] — E[f; fie;|2i], baij = _iE[fifi|zi]E[5?‘zj] — E[f; fi|z:|E[£5 |z;]

_ 1 _ 1 .

v, = %20 XZ: fiui, vy = —%20 ;E[fifﬂzi]eb
Hence including the high dimensional control variables z; in the second step has two effects. First,

additional bias terms arise. Second, some conditional expectations in the expansion become condi-

tional covariances, since z; has to be partialed out from f.
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Special Case 1: high dimensional regression with generated regressor

Assume now that the second step becomes a regression problem:

Elyi|xi, zi, i) = g(xi, 1) - 00 + 23 Yo,

which means f(x;, i;,0) = g(x;, ;) - 0. Then we can set f = g and f = 6yg in earlier results, which

implies the following bias and variance formula

ﬁ(é—eo—fﬁ) =0 + Uy + op(1),

with ¥ = E[V]g;|z]] "

B 720 Z by AT+ Z bo 'Lj7TZJ + Z b3 ZJWZJ + Z by TG TeT g

i,5,0
bii = Elgiuei|z] — QOCOVL%', gi€i|zi]
baij = 00E[gi|zi|Elgse;|2;] — Elgi|zi]|Eluje;|z;] — %COV[%JHZAE[@?\% z;] — 0oE[§7 |z E[e5 |z;)]
%E[Qi\zi]E[ng?’Zj] - %E[éi\zi]E[uﬁﬂzj] + 60E[giei|z: | Elg;e 2]
byije = QOE[gi‘Zi]E[gdzf]E[ng’Zj]a

bsij =

and

_ 1 _
720 Z Elgi|z:])ui, Uy = —%20 Z 00Cov/gi, gi|zi]ei.
p

Both the variance and the bias remain essentially the same.

Special Case 2: multiplicative p;

An even more special case is the following

Elyi|xi, zi, i) = (xipss) - 0o + 2, Yo,

so that f(x;, i, @) = x;u; - 0. Now it seems the asymptotic bias should vanish since the generated
regressor fi; enters the second step multiplicatively. Unfortunately, linear regression is not linear in
the regressors, and the many covariates bias remains. (Although some of the terms in the expansion
do disappear.) Corresponding results can be obtained with g; = z;u;, ¢; = x; and g = 0, following
the notation from the previous special case. Hence,

=Wy + WUy + op(1),

alia3)
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with 3o = E[p?V]z;|z]] !

B 720 Z by ATi + Z bo 'LJWU + Z b3 1]7TU + Z by gl T30 T 50
i3:¢

bii = Elzuei|zi] — OopiCovixi, xig;|2]
b27ij = 90#jE[$i|Zi]E[:I}j€j|Zj] — ]E[{L‘i’ZZ'}E[ujaEﬂZj] — HQE[:L'ZQ|Z1]E[€?|Z]]
bsij = OoE[xei|z|Elxje ;2]

byije = 90E[»"3i\Zi]E[W\ZZ]E[€§|Zj]v
and

- _ 1
U = 20 Z Elx;|2i]) piwi, Uy = ——=% Zeov[wz‘\zi]ﬂz‘f:‘i-

NG
The above result indeed confirms that the many covariates bias remains to be present even in a

simple problem where the estimated fi; is used as a regressor.

SA-5 Examples

Our results cover a wide range of applications in econometrics and statistics. In this section, we
show that overfitting the first step estimate can generate a first order bias contribution for many
estimators commonly used in practice. We give exact bias and variance formulas for several methods
in treatment effect, policy evaluation and other applied microeconomic settings (see Abadie and
Cattaneo, 2018, for review and further references). For many of these examples, it is possible to
give intuition for the source of the many covariates bias by combining the general bias formula with
the specific (identification) assumptions imposed.

Notation. To avoid notation conflicts and confusion, we use uppercase letters to denote random
variables in this section, such as X;, W;, etc. Random vectors will be denoted by bold upper case
letters, such as X;, W;, etc. This should be distinguished from matrices, where the latter are not

indexed by %, such as A, Z, etc.

SA-5.1 Inverse Probability Weighting

We consider estimation via IPW in a general missing data problem. Our results also apply imme-
diately to treatment effect, data combination, and measurement error settings, when a conditional
independence assumption is imposed. Assume the parameter of interest is E[h(Y;(1),X;,600)] =0
where Y;(1) is subject to a missing data problem and X; are covariates of fixed dimension. Let
T; = 1[Y;(1) is observed], then Y; = T;Y;(1) is the observed vector. Under the assumptions below,
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the parameter @y is identifiable by the following estimating equation

T;h(Y;, X,
R

and P; = E[T;|Z;] is the propensity score. We assume X; is a subvector of Z;.

Assumption (IPW).

A.IPW(1) 6y is the unique root of E[h(Y,(1),X;,8)].

A.IPW(2) There exists C, such that 0 < C < P; = E[T;|Z;].

A.IPW(3) Conditional on Z;, T; is independent of Y;(1). _

For simplicity, we also assume that the dimension of h is the same as that of 8, hence the
parameter is exactly identified, which implies we do not need to use an extra weighting matrix.

The estimator is then defined by the two step procedure:

1 T:h(Y4, X, 600)
— = =0
v Z P ’

and ]5Z is the linear projection of T; on Z;.

This example fits our framework as follows:
=Y. X[, T]", ri =Ty, i = P, zi = Zi, m(wy, p1,0) = Th(Y;, X, 6) /P

Applying Theorem SA.5, we have the following:

Proposition SA.7 (IPW).
Suppose the assumptions of Theorem SA.5 and IPW hold. Then, the IPW estimator 0 is consistent,

and admits the following representation:

\/ﬁ<9—90_f5> =W +op(1),

where g; = E[h(Y;(1),X;, 00)|Z;], and

TE |ZZ,Z]

B= 20 Z gz 7Tu + Z g (53 7('1‘2]'

_ 1 Th(Y:(1), X;, 60)
\1;:20%2 ( () 0 Z&% .

0= (5[ 2ncvinxaon])
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If, in addition, E[|¢;|?] = o(1), then

= g | +op(1).

- 1 Th(Y;(1),X;,0 ;
¥ -z, Ly [TV X0

The bias will be zero in this example, if either: (i) P; = 1, which implies there is no missing
values in the sample, or (ii) g; = 0o, so that Z; does not enter the outcome equation. Neither of
these conditions are likely to hold in practice, hence bias will be a concern if IPW methods with
overfitted propensity score are used. In addition, it follows that two assumptions are needed to
achieve semiparametric efficiency. First, & = o(y/n) so that the specification of the propensity score
has to be relatively parsimonious. Second, the covariates Z; must have approximation power for
m; = —g;/P;.

Finally, we provide the following corollary, which specializes the previous conclusion to the case

where only an outcome variable is missing and the goal is to estimate its mean 0y = E[Y;(1)].

Corollary SA.8 (IPW: Estimating Mean of Y;(1)).
Let h(Y;,X;,00) =Y; — 6. Suppose the assumptions of Theorem SA.5 and IPW hold. Then, the

estimator 0 is consistent, and admits the following representation:

\/ﬁ<é—00—fﬁ> — T+ op(1),

where g; = E[Y;(1)|z;] — 6o, and

1 (1— E[T;e? IZz,Z} 2
b= _Z,-: P, “*Zgz i

SA-5.2 Semiparametric Difference-in-Differences

Suppose for each individual ¢ two observations are available in two time periods, ¢; and t9, which we
denote by Y;(t1) and Y;(t2), respectively. Assume at time to some individuals receive a treatment,
with T; = 1 the treatment indicator. In a potential outcomes framework, the second period outcome
is Yi(t2) = Y;(1,t2)T; + Y;(0,t2)(1 — T;), where (Y;(1,t2), Y;(0,t2)) are the potential outcomes in the

second period tracking whether unit ¢ received treatment or not, respectively. The parameter of
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interest is the average treatment on the treated in the second period:
0o = E[Y;(1,t2) — Y;i(0,22)[T; = 1].

A classical identification assumption is the so-called “parallel trends” assumption. Abadie (2005)

relaxes this assumption to “parallel trends conditional on covariates”:

Assumption (DiD).

ADID(1) E[Yi(0, ) — Yi(t2)|T: = 1, X, = E[Y(0, t2) — Yi(t)|T; = 0,X].

A.DiD(2) There exists 0 < C' < 1, such that C <P[T; =1|X;] <1-C. _I
Assumptions A.DiD(1) and A.DiD(2), and regularity conditions such as bounded moments, imply

sy (1) - viw) |

where P; = P[T; = 1/X,] is the propensity score, and therefore 6 is identifiable from the marginal

0 =E

distribution of the observed quantities.

To fit this example into our framework, define:

w; = 13, Yi()]7, ri = Ti, i = P, z; = series expansion of X;

T (Bl - i) ~ T,

m(Wi, i 9) -

We have the following result, which is Theorem SA.5 specialized to this model.

Proposition SA.9 (DiD).
Suppose the assumptions of Theorem SA.5 and DiD hold. Then, the semiparametric difference-in-

differences estimator 6 is consistent, and admits the following representation:

\/ﬁ<é—00—fﬁ> = + op(1),

where g; = E[Y;(0,t2) — Yi(t1)|T; = 1,X;] = E[Yi(0,t2) — Yi(t1)| T; = 0, X;], and

1 P; E[(T]_P])2|Tl :O’Xivxj] 2
B=—— Zl_PigiWii_Z (1—P¢)2 G9iT;j

If, in addition, E[|(;|?] = o(1), then




SA-5.3 Local Average Response Function

As a third example, we consider the semiparametric IV estimator of Abadie (2003). Let D; € {0,1}
be a (binary) instrumental variable (e.g., treatment assignment), and 7; € {0, 1} be the (observed)
treatment status indicator T; = D;T;(1) + (1 — D;)T;(0), where T;(0) and T;(1) denote the two
potential treatment statuses under control and treatment assignment, respectively. Let Y; be the
observed outcome: Y; = T;D;Y;(1,1)+T;(1—D;)Y;(1,0)+(1—-1;)D;Y;(0, 1)+ (1—T;)(1— D;)Y;(0,0),
where Y;(t,d) are four potential outcomes with their first and second arguments corresponding to
treatment status (¢ € {0,1}) and the value of the instrument (d € {0, 1}), respectively.

For identification, we rely on the following assumption, where Z; are additional covariates.
Assumption (LARF).
A.LARF(1) P[Y;(0,0) = Y;(0,1)|Z;] = 1 and P[Y;(1,0) = Y;(1,1)|Z;] = 1.
A.LARF(2) Conditional on Z;, (7;(0),73(1), Y;(0),Y;(1)) are independent of D;.
ALARF(3) C <PD; =1]Z;] <1—-C for 0 < C < 1, and P[T;(1) = 1|Z;] > P[T;(0) = 1|Z;].
A.LARF(4) P[T;(1) > T;(0)|Z;] = 1. -

Assumption A.LARF(1) states that the instrumental variable D; does not affect the outcome
directly, hence it makes sense to use notation Y;(0), Y;(1) and Y; = T;Y;(1) + (1 — 7;)Y;(0) almost
surely conditional on Z;. The second assumption, A.LARF(2) simply states the exogeneity of the
instrument, which is standard in the literature. Assumption A.LARF(3) requires, after conditioning
on Z;, there is variation in the instrument, which in turn indices variation in the treatment status.
Finally, A.LARF(4) is typically referred as the monotonicity assumption, and it rules out defiers.

Letting ¢(Y;, T3, Z;) be a known function with finite moments, Abadie (2003) showed that:

i =

LW =108 =% > 1) 1P P,

E[g(¥: T;, Z)

where P; = E[D;|Z;] = P[D; = 1|Z;]. While compliers are not identifiable, this result allows
identification of any statistical feature depending only on the joint distribution of (Y;, T;,Z;) for
compliers. Furthermore, this identification result allows for modelling the outcome variable Y; with
prespecified functional form (e.g., including pre-intervention covariates).

Suppose the parameter of interest is the conditional expectation function E[Y;|T;, X;, T;(1) >
T;(0)] = e(X;,T;,0), where X, is a sub-vector of Z; with fixed dimension d,, and e(-, ) is known

up to the finite dimensional parameter 6. Then, Abadie (2003)’s identification result implies

Bl Oe

l-%(Xi,ﬂ,e)(m—e(xi,n,e)ﬂ:0 s 6=,

which will be the (population) estimating equation for a non-linear least squares approach.
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Replacing population quantities by their estimators, we fit this problem into our framework:

w; = [Yi, T3, Dy, XJ1T, ri= Dy, i = P, 2, =Z;
Oe
00

m(wia i, 0) = KR (XMTM 0)( - e(XZ,E, 0))

Essentially, the above is a weighted nonlinear least squares problem where the weights have to be

estimated. We have the following result, which is Theorem SA.5 specialized to the current context.

Proposition SA.10 (LARF).
Supppose the assumptions of Theorem SA.5 and LARF hold. Then, 6 is consistent, and admits

the following representation:

ﬁ(é—ao—\/Bﬁ> =W, + Uy +op(1),

where

B= 20 Zb“ ﬂzz—i—Zng] A

@1:20\/15;m(wi,ﬂi,90), @2:20\}5; ;E[m(wj,uj,eonz,-]-mj i,
and
bz,ij:E[ aiv 1(60) - ( ei(eo)).((1_P?)D"+T("1(1__P§;))5§ Zl,Z],Ti(O)_E(l)]?

E [i(wj, 115, 600)|Z;]

—E[aag 7(60) - ( —ej(90)> (1;jTj_1—Tij>

ei(0) = e(X;, T3, 0),

B = (<& [ [ 5200 (¥ - ei00) — mgeitOn) ove <00>H>_1.

SA-5.4 Marginal Treatment Effect

This is one of the examples discussed in the main paper, which can be interpreted as a generalization

of the local average response function when the instrument is not binary. First, we recall the basic
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setup; see Heckman and Vytlacil (2005) and references therein for more details.

Employing again the potential outcomes framework, let Y; be the outcome variable with Y; =
T;Y;(1)+(1—T;)Y;(0), where T} is the treatment indicator. Given covariates X; € R% we decompose
the potential outcomes into the conditional expectations and errors: Y;(0) = go(X;) + Uy and
Yi(1) = ¢1(X;) + Uyi. The (treatment) selection rule is 7; = 1[P; > V;], where P; is the propensity
score (function of Z;) and V; is uniformly distributed in [0, 1] conditional on X;.

The parameter of interest is the marginal treatment effect (MTE): 7(a|x) = E[Y;(1) — Y;(0)|V; =

a,X; = x|. This parameter is identifiable under the following assumption.

Assumption (MTE).

AMTE(1) X; C Z;; and conditional on X;, P; (and Z;) are nondegenerate and independent of
(U1, Uni, Vi).

AMTE(2) 0 < P[T; = 1|X,] < 1. 2

This assumption implies that, under regularity conditions,

r(alx) = fpmmm X = x]

p=a

We further assume that E[Y;|P; = a,X; = x| = e(x,a,0p), where e is known function up to the
unknown parameter 0y, and therefore 7(a|x) = (%e(x, P,00)|p=a- Now the problem can be framed

into a general Z-estimation setup employing non-linear least squares:

0
E [aee(xi’ P, 0)(Yi - e(Xi, P, 9))} —0 &  0=0,
Usually the parameter of interest is not 8, but rather the MTE curve or a weighted average thereof.
As discussed in the main paper, we can rely on the delta method to apply our results to the latter es-
timands. Finally, because the propensity score P; is unknown, it has to be estimated/approximated
in a first step.

This problem also fits naturally into our general framework:

wi = [V, X{]", ri =T, pi= P, zi = Z

m(w“,ulaa) = 5306(XZ7-P’MH) (YZ - 6(X7,7-P’Lae)>

Applying our Theorem SA.5, we obtain the following result. To save the notation, we set e;(0) =
e(XhPiva)v 61(0) = a@pe(xi,p, 0)|p:Pi7 and 61(0) = %G(th, 0)‘17:]31--
Proposition SA.11 (MTE).
Suppose the assumptions of Theorem SA.5 and MTE hold. Then, 0 is consistent, and admits the
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following representation:

\/ﬁ<é—00— %B) =W, + Uy + op(1),

where
1
B = 207 g bl,i C T+ E b27ij ’ 7Ti2j
n i 1,3

_ 1 o - -1 0 .
U, = 20% EZ: %62‘(00) (Yz - 61;(90)>7 v, = 20% EZ: zj: %63'(90) - €5(00) - mij | €,

and
bii = 25i(00)[(1 = P) - EILY()[Z] - P E[(1 - T)Y(0)2]
oy = —3 (25i(00) - €4(60) + ~ci(Bo) - €(60) ) Pi(1 — )
-1
= <]E [aaaei(eo);}ei(ao)]> .

SA-5.5 Control Function: Linear Case (2SLS)

Loosely speaking, control functions are special covariates that can help to eliminate endogeneity
issues when added to the estimation problem. The control function relies on a first step estimator
and excluded instruments. See Wooldridge (2015) for a recent review.

Due to its popularity in applied work, we will focus on the 2SLS estimator in this subsection,
framed as a linear control function approach (the next subsection discusses the non-linear case).
We illustrate how overfitting the first step estimate leads to bias in this context. Note that in
the “many instruments” literature, it is assumed that k/n — C < 1, and the 2SLS estimator
is inconsistent. Here we assume k& = O(y/n), and the 2SLS estimator is consistent, while the
distributional approximation is invalid. The result obtained in this section also sheds light on why
the JIVE proposed by Imbens, Angrist, and Krueger (1999) is able to remove the bias, where the
special linear structure is key. The next subsection will be devoted to the control function approach
in a non-linear setting, where in order to remove the first order bias the jackknife bias correction
technique proposed in Section SA-6 is needed, because using JIVE will not suffice.

Consider a simple regression problem with one endogenous regressor X; and no intercept,

Yi = Xifho + u,
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and an auxiliary regression
Xi=ZB+e,  Elg|Z]=0.

We denote p; = ZZ»T,B; there is no “misspecification error” for simplicity. To identify the param-
eter 6y, we assume E[u?] # 0 and E[u;|z;] = 0, and regularity conditions such as other moment
conditions. The problem can be framed as a control function approach, where the first step resid-
ual is plugged-in as an additional regressor in the second step (i.e., a control function approach).

Numerically, it is equivalent to the 2SLS approach:
E[ui(Y; — X;0)] =0 & 0 = bp.
Equivalently,
w; = [Vi, Xi|T, i = X5, 2 = 7, m(w;, i, 0) = p (Y; — X;0).

Remark (Using conditional expectation). The above framework encompasses an important case,
where some raw instruments Z; € R% are available, which are assumed to be strongly exogenous:
Z; 1 u;. Of course, it is still possible to project the endogenous regressor X; onto Z; linearly, and
the problem will be parametric. On the other hand, it seems natural to exploit the independence to

improve efficiency. That is, a function p(Z;) is found, which explains most of the variation in X;. It
is easy to see that M(Zz) is the conditional expectation of X; given Z;. This is particularly relevant
if the endogenous regressor is binary. In this case, Z; will be a series expansion of Z;, and y; is
essentially a nuisance functional parameter. This is also relevant if Z; are categorical. Then the
average of X; in each cell is computed, and depending on the nature of Z,, the number of cells can
be nontrivial compared with the sample size, and the bias could be a serious concern. (Although

asymptotically it is a parametric problem since the number of cells is assumed to be fixed.) _

Due to the linear structure, the estimator is

1

vn (é2SLS — 90) = (711 Zﬂz‘Xi> \/15 Z friw;
-1
= (;;M1X1> \/1521:[%“2 + op(1)
-1
- (:L Zm&) \/15 [Z pit; + Z(ﬂi — pi)ui | +op(1),

where Assumption A.2(1) is used to justify the second line. An alternative estimator is the JIVE

proposed by Imbens, Angrist, and Krueger (1999), which modifies the first step slightly: instead of
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using /i, the JIVE uses a leave-one-out version ﬂgl) = - — 71”_1—7)51, which gives
K22 1

-1
Vvn (éJIVE - 90) = <; Z ﬂgi)X¢> Ln Z ,&Ei)uz

i
1 T Xi
:(n;Min) [Zmu,—l—Z(l_W“ i—l_Wii)uZ

Using previous results, it is easy to show that the bias of the 2SLS estimator is

+ O]p(l).

k
Basts = XZ:E — pi)ui|Z;] = ZE [wiei|Z;] - i = Op <\/ﬁ> ,
provided that E[e}|Z;] and E[u?c?|Z;] are bounded. On the other hand, the JIVE has the bias
(provided that maxj<;<,(1 — m;)~t = Op(1), a necessary condition to “leave-one-out” in the first
step):
1 fti i X
Big= ——— > E oy — 2R |z
JIVE \/ﬁE[uZQ] EZ: [(1 Sy i 1— Ug | L

B 1 E[ui5i|Zi]mi E[uisi|Zi]7m B
- 2 Z - =0,
\/ﬁE[,U,Z] 1 — T4 1 — T4s

7

which shows why the JIVE is able to remove the first order bias.

The above result is not surprising: since the estimating equation is linear in the unobserved
quantity p;, only the linear bias term (i.e. bj;) is non-zero. The linear bias term is essentially a
leave-in bias, hence using a leave-one-out estimator for the first step successfully removes the bias.
In the next subsection, we consider the control function approach in a non-linear context. There,
the estimating equation will depend on the unobserved quantity p; linearly and quadratically, and

simply leaving-one-out in the first step (i.e. the JIVE) will not suffice.

SA-5.6 Control Function: Nonlinear Case

To illustrate why the JIVE fails to correct the many instruments bias in a nonlinear setting, we
consider the model of Wooldridge (2015):

Yi =1[X;- 0 > w)
X;=2]B+¢,

where (u;, &;) 1L Z;, and has a bivariate normal distribution N'(0,X). Then, the estimating equation

is based on the following conditional expectation:

ElY;| X, Z;] =PY; = 1|X;, Z;] = P [u; < X;00| X5, 4]
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= (XiSO — (X — ZIB)’YO) )

where ® is the standard normal c.d.f.,

~ 2\ —1/2 2\ —1/2
do = do (Uuu - Gua) ) Y0 = Tue <Uuu - Uua> s

Oce Oee

and oye = Elu;e], oy = E[u?] and 0. = E[?].

To show the results in a more general context, let pu; = ZiTﬂ, 6y = [50, —7]T, and we consider

wi = Vi, Xi]T, ri = Xi, 2, = Z;

X;

L’([Xi, Xi — Mz‘wo) <Yz — L([ X4, X — Miwo)),

where L is some prespecified link function. To save notation, let X; = [X;, X; — ,ul-]T, then
Efm(wi, i, 60)] = E | X:L'(X]80) (Y: — L(X[00)) | = 0, (E.28)

which is essentially the estimating equation for nonlinear least squares. Other exogenous regressors
or nonlinear transformations of X; — p; in X; can also be included, which would not change our
main conclusion.

Assume 6y is identified, which in turn requires that the control function ¢; = X; — u; is not
degenerate nor perfectly collinear with X;, and the link function is chosen so that E[Y;|X;, Z;] =
L(X]60). Then, under standard regularity conditions,

NG (é - 00) - —251\}5 Z X, L' (XT00) (Y - L(X}BO)) +op(1),
with
X X;
X, = !Xi 3 u] . B =E [XX[L(XT60)?].

which is highly nonlinear in the generate regressor ji;.
We summarize the assumptions for this model in the following, in addition to other regularity

conditions provided in Section SA-1.

Assumption (Control Function).

A.CF(1) 6y is the unique root of the estimating equation (E.28), with some known link function
L such that E[Y;|X;, Z;] = L(X] 6y).

Technically, we do not need to assume L is the conditional expectation of Y;, neither the in-

dependence assumption A.CF(2), as long as (E.28) is taken as the estimating equation and 6y is
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defined as the parameter of interest. Of course, by dropping those assumptions, 89 no longer has

a structural interpretation.

Proposition SA.12 (Control Function).
Suppose the assumptions of Theorem SA.6 and CF holds. Then, 0 is consistent, and admits the

following representation:

\/ﬁ(é—eo— \/153) =W + Wy + op(1),

where
1
_ 1
=B X (XT6o) (Vi - L(XT6)
7
_ -1
U, = zoﬁ S D D ERoX L (X]00)%|Z5] - mij | e,
i\ J
and

b1; = —E[vX:L'(X] 00)%;| Z;]

2
by =E [V;egL/(Xjeo)%g — %OXiL”(XiTGO)L’(XiTGO)E? — fngZ-L”(XZ-TOO)a?

Z:, zj}
S0 = (E [XZ-XZ-TL’(XZ-TOO)QD_

If the regressor X; is in fact exogenous, then o,. = 0, which means ~y = 0. In this case, the two
bias terms will be zero, and the first step has no contribution to the asymptotic variance either.
This is not surprising, since then the generated regressor is redundant. In general, however, neither
the bias (b1; and bg;;) nor the variance contribution term (o2) will be zero. (Recall that X
contains both X; and ¢;, hence is correlated with ¢; and is not mean zero.)

Due to the presence of the second bias term, by ;;, the JIVE will not be effective in removing the

bias. This is a natural consequence in non-linear models.

SA-5.7 Production Function Estimation

This is the other example included in the main paper. We consider estimation of production
functions, following the setup of Olley and Pakes (1996). We first review the setup. Denote by
Y+ the (log) production of firm ¢ at time ¢, where the production function is taken to be of Cobb-

Douglas form with four factors: labor input L; ¢, capital input K ;, the effect of aging on production
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A; ¢, and a productivity factor W;;. Specifically, we define
Yii=BrLit + BrKis + BaAis +Wis + Uiy,

where the error term U;; is either measurement error or shock that is unpredictable with time-¢
information, and has zero conditional mean. Given that the productivity factor is unobserved, the
above equation cannot be used directly to estimate the production function.

An investment decision I;; is based on the productivity factor, hence under some identification
assumptions, it is possible to write W = h¢(I; +, K;+, A;+), for some unknown and time-dependent

function h;. Therefore, the observed output Y;; becomes
Yie = BrLis + &¢(Lig, Kig, Ait) + Uiy, bt(Lit, Koy Aig) = B Ky + BaAis + hi( L, Koty Aig).

We use @i+ = ¢¢(L;+, Kit, Ai+) whenever possible to save notation. The above display can be used
to estimate the labor share 8, but not Sk or 84 because h(-) is unknown.
Taking conditional expectation of W ;11 on time-¢ information, and assuming that firm ¢ survives

at t + 1, we have (note the difference in time indexes):

Yiir1 — BrLip+1 = B Kipp1 + BaAir1 + 9(Pig, Wiy )+ Vigs1 + Ui
= B Kipr1+ Badisrr + (P, he(Lip, Ky, Aiy) )+ Vitr1 + Ui
= B Kit1 + Badier + 9Pt dix — B Kip — BaAiy) + Vigr1 + Uiig1,

where the new error term V; ;1 is the residual from the conditional expectation decomposition of
Wi i+1, and P;; is the survival rate,

P; ¢+ = Plfirm ¢ remains in business at time ¢t + 1 | I; ¢, Ai ¢, Kit) = Plxig1 = 1| Lig, Aie, Kit,

)

with x; the indicator of whether firm 4 is in business at time ¢. The residual U; ;41 is orthogonal
to time-¢ + 1 information, while the residual V; ;1 is obtained from the expectation conditional on
time-t information, hence it is not orthogonal to information at ¢ 4+ 1. For this reason, it can be
correlated with labor input decision, L;;yi. The term corresponding to labor BrL; 1 has been
moved to LHS for this reason. On the other hand, neither capital nor aging (i.e. K; ;41 and A;41)
has contemporaneous correlation with the error terms, since they are both “pre-determined”.

The three parameters (081, Ok, 4)" are estimated as follows, assuming there are only two time
periods t € {t1,t2} for simplicity. The labor share 3y, is estimated, together with ¢; ¢, in a first step
with time 1 data by a partially linear regression: regressing Y;;, on L;;, and a series expansion of

[Ii,tl,Ki’tl,Ai,tl]T to obtain BL and CZ)i,tl- Mapping to our generic notation, we define:

. : T T
r1i = Yiy, 2118 = Lig,, 212; = series expansion of [I;y, K4, Aig,] s 21 = [2116, Z124])

vii = BrLlig, + i = BrLig, + 0e(Liey, Kigy, Aigy), €18 = Uiy
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Another first step is needed to estimate P, the survival rate of firm i. We regress/project the
indicator of survival x;: on a series expansion of [Ii,tl,Ki,tl,Ai,tl]T, and we denote the estimate

by P;: . Mapping to our generic notation, we define:
. . T
T2 = Xits, Z2i = series expansion of (L, K4, Ait)] .,  poi = Pity,  €2i = Xito — Pit-

Finally, assuming that the function ¢(-) is known up to a finite dimensional parameter A, we

estimate Bx and B4 in a second step as follows:

argmin 1 > [Yi,tQ ~ BrLigy = B Kit, — Badis, — 9(Pity, bity — B Kigy — Badis,, N) 2,
BrBax T %
which is a standard nonlinear least squares problem. Three quantities are estimated prior to this
second step: the labor share 81, and ¢;;, which are jointly estimated in a partially linear first step,
and P;;, as linear projection in another first step.

It is clear that all our results apply to this example, with the two generalizations proposed in
Sections SA-4.1 and SA-4.2. Note that for the two unknowns, vq; and psg;, different projection
matrices are used. However, we can treat L;;, a redundant regressor for estimating P;¢,. Let Z be
the matrix formed by stacking L;;, and series expansion of [I; ¢, K;,, Ait, ], and m;; be an element
of the projection matrix constructed with Z. Finally, we define the parameter 8 = [k, 4, )\T]T,

and the sample moment condition
0_12(.A.A.A9)_1Z(.A. A, fi, 4, 0)
- n £ m(ws;, fii, M2, 7, - n 4 m{wj;, 1 2117, M2is 7,
(2 1

. Kity92(Pitys bity — B Kity — Badis, N) — Kig,
= E Z Aivt292(Pi,t1a ¢i,t1 - /BKKi,tl - /BAAi,tl s )\) — Ai,t2
: _g3(‘P’i7t1 ) ¢i,t1 - /BKKi,tl - /BAA’i,tl ) A)

. [Yi,tg — BrLits — B Kty — BaAit, — 9(Pitys Gits — B Kipy — BaAis, N)

with w; = [Yit,, Lity, Kity, Aite, Lity s Kigy s Aie), 7 = ﬁL, gr denoting the derivative of g with

respect to its /-th argument, and analogously for higher order derivatives.

Proposition SA.13 (Production Function).
Suppose the assumptions of Theorem SA.5, the additional regularity conditions discussed in Sec-
tions SA-4.1 and SA-4.2, and Y, 72 = op(k) hold. Then, 6 is consistent, and admits the following

representation:

\/ﬁ<900 \/153> =W + Ty + op(1),
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where

B=3,

_"_ —_
VREVILi 4 |(I, K, A)iy]

and

b2 11,i;

b2 22 i;

b 12,

vn

Z (bl,l,i + b1,2,i> i + Z (bQ,ll,ij + ba 29 + b2,12,ij>7ri2j ;

Kt 92,

ihj

- Ki,tg

Z Ai 92000 — Aity (Vi,tQ + Uz‘,t2>,

! —83.i.t

Kit,92,it

- Ki,tg

—83,i,t1

1

Ki7t1927i7t1
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We do not provide formulas for 3 and E( to save space, but they follow formally from our general

results discussed in Sections SA-3 and SA-4. Furthermore, we made the additional assumption that

> 7TZ-22- = op(k) to simplify the bias formula only; the result remains true without this assumption,

albeit the biases become even more cumbersome.
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SA-5.8 Conditional Moment Restrictions

The 2SLS estimator is closely related to another class of problems defined by conditional moment
restrictions. Let Ele(Y;, X, 600)|Z;] = 0, where Y; is the outcome variable, X; is the endogenous
regressor, and Z; are excluded instruments (or transformations thereof), and e(-) is known up to the
finite dimensional parameter #y. An unconditional moment restriction is E[g(Z;)e(Y;, X;,60)] = 0,
for some function g(Z;), provided the parameter of interest §y remains identifiable.

One particular choice is the following:
Eluie(Yi, Xi,00)] =0, i = 2] B, (E.29)

and (3 is the (population) regression coefficient of X; on Z;. This reduces to the 2SLS estimator
already discussed above when e(Y;, X;,00) = Y; — X;0p. And, in fact, this choice will be optimal in
the sense of Wooldridge (2010, Section 14.4.3) under (conditional) homoskedasticity. Nevertheless,
we take the estimating equation (E.29) as given, and investigate how the first step estimate affects
the asymptotic distribution of 6. Since the estimator (or estimating equation) is linear in the first

step estimator fi;, it is easy to show that \/n(6 — 6) has the following first order bias:
B=—(B|mlervi, X, 00) _ILZE[e(Y X;,600)24|Z4) 75t = Op(k/y/m)
= ,uzae iy <2i, Y0 \/ﬁz iy i, V0)E¢| L Ty = UP )

under regularity conditions. The same arguments made previously for the 2SLS estimator apply

here: the bias is essentially a leave-in bias, hence a simple JIVE is effective for bias correction.
The choice of instrument in (E.29) is arbitrary and, in general, not optimal. A more interesting

behavior arises when the optimal instrument, under possibly conditional heteroskedasticity, is used.

This optimal instrument is
mi _ E[0e(Y;, X;, 00)/00|Zi)
i Vie(Y:, Xi,60)|Zs]

which requires estimating two unknown quantities: p1; and pg;. See Section SA-4.1 for this gener-
alization. Our results also apply to this case, though characterizing the leading, many covariates
bias is very cumbersome.

Depending on the specific context, the JIVE may or may not be effective for bias correction. To
be more concrete, consider first the homoskedastic case, where the optimal instrument reduces to
w1 = E[0e(Y;, X, 60)/06|Z;], which can still be estimated by a linear projection. In this case, the
JIVE is effective since the estimating equation is linear in the (unknown) instrument. However,
consider now the general (conditional) heteroskedastic case, where the instrument is the ratio of
two unknown functions, and the denominator is obtained by regressing e(Y;, X, 90)2 on Z;. The
estimating equation is now nonlinear in ug;, and therefore the leading many covariates bias is no
longer a leave-in bias only, which implies that the JIVE is no longer effective in removing this
bias. Our generic fully data-driven results do apply, and our proposed jackknife bias-correction and

bootstrap-based inference can be used directly in this case.
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SA-6 The Jackknife

We show that the jackknife is able to estimate consistently the many instrument bias and the
asymptotic variance, even when many instruments are used (i.e., k = O(y/n)). We first describe

the data-driven, fully automatic algorithm.

Algorithm SA.1 (Jackknife).

Step 1. For each observation j = 1,2,...,n estimate y; without using the j-th observation, which
()

we denote by 1,7/, and compute the leave-j-out estimator by solving:

() . 1/2 - (7)
0" = argmin |2, m(w;, ,0)|,
e > m(w;, 1, 6)

i
B,i7]

where, taking the estimator as a black box, this step simply requires to delete the j-th row

from the data matrix because

i =+ <ﬂj—7"j>7 1<i<n.

Define 6 = %Z] o

Step 2. The jackknife bias estimator is defined as

B:(n_1)-ﬁ<é(')—é):nglz\/ﬁ(é(j)—é), (E.30)
J

and the bias corrected estimator is O = 6 — B /\/n.
Step 3. The jackknife variance estimator is
N NG A (- (4 AN\ T
V=mn-1)Y} (9(” _ 9 )) (9(” — 9 )) . (E.31)
J
_

To match the notation used in the main paper, note that % =08 /+/n, and therefore O = 60— B.
Similarly, Y = V/n The reason we introduce B and V is that they are asymptotically non-
vanishing, under the assumption k o< y/n.

To show the validity of the jackknife, we impose the following additional assumption.

Assumption A.3 (Design Balance).
A3(1) Y, 72 = oa(k);

A3(2) maxXi<i<n 1/(1 - 7'('1'1') = Op(l) |
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Proposition SA.14 (Jackknife Validity).
Assume A.1, A.2 and A.3 hold, E[€}|z;] is uniformly bounded, and k = O(y/n). Then the jackknife

bias correction estimate (E.30) and variance estimate (E.31) are consistent:

B—Bzo]p(l), V[E[‘i’ﬂZH—i—V[‘iﬁ—i—‘i’g‘Z] —fJ:o]p(l).

SA-7 The Bootstrap

Although bias correction will not affect the variability of the estimator asymptotically, it is likely
to have impact in finite samples. One remedy is to embed the jackknife bias correction into
nonparametric bootstraps. To be more specific, one first samples with replacement, and then
obtains bias corrected estimator from the bootstrap sample. For nonlinear estimation problems,
however, the nonparametric bootstrap may not be appealing, since numerical procedures can fail
to converge for the bootstrap data.

In this section we propose a new bootstrap procedure, which combines the wild bootstrap and the
multiplier bootstrap. Two separate aspects of the bootstrap will be discussed. First we show that
the bootstrap can be used to estimate the bias, and provides valid distributional approximation.
Second, the jackknife can be embedded into the bootstrap, which allows one to bootstrap the
studentised and bias-corrected statistic, and yields better distributional approximation after bias

correction.

SA-7.1 Large Sample Properties

First we describe the bootstrap procedure without embedding the jackknife. Let {e}}1<i<p be i.i.d.
bootstrap weights orthogonal to the original data, and have zero mean and unit variance (also finite

fourth moment). Then we use the wild bootstrap for the first step. More explicitly,

i =zl | Y 2] >z +25-€f)

= f; + Z;r ZZ]‘Z}— ZZjéj . e; , éj =r;— /lj. (E.32)

J J
For the second step, 6" solves the following moment condition (called the multiplier bootstrap):

T
Q,

1o 0 . 1 o X
n;%m(wiaﬂiao) \/ﬁzi:m(wi,,ui,a ) . (1+€i) :Oﬂm(l), (E33)
which is the bootstrap analogue to (E.5).
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Remark (Vector-Valued p;). Nothing changes in the bootstrap procedure when there are multiple
unknowns to be estimated in the first step (see Section SA-4.1). To implement the bootstrap, we

would like to mention that the same bootstrap weight e} has to be used for generating /ij;:

N N T T ~ o N
fig; = fui + 2 szzj szgﬁj ‘ 6; ’ €ej = Tej — Higs
J J
for 1 < £ < d,,. The second step remains the same. _

The following conditions are useful to establish results using the bootstrap.
Assumption A.4 (Bootstrap).
A.4(1) 6" is given by (E.32) and (E.33), and is tight.
A.4(2) fir is uniformly consistent: maxi<i<p |2F — f1i| = op(1).
A.4(3) For some 0 < a, 0 < 00, Hf";(am/ae) € BM;. _

Assumption A.4(2) is the bootstrap analogue of Assumption A.2(1), and can be established with
suitable primitive conditions along the lines already discussed in Section SA-2. As an example, we

provide the following lemma.

Lemma SA.15.
Suppose Assumption A.2(1) holds and, in addition, (i) E[exp(e;?/M?)] < oo for some M < oo and
(11) (maxlgign 5?)(max1§i§n 771'1') == 0[@(1/ log(n)) Then, A4(2) holds. |

The primitive conditions required in this lemma have an intuitive interpretation. First, (i)
concerns minimal requirements on the bootstrap weights, allowing for all type of weights with
compact support or with sub-Gaussian tails. Second, (ii) imposes conditions on the tail of the
distribution of the residual ¢; = r; — u; together with restrictions on the first-step covariates via the
statistic maxj<j<p m;;. Since ¢; is not degenerate at 0, (ii) implies m; = op(1/log(n)) but usually
a little more will be required because maxi<;<y 5? —p 00 unless ¢; has bounded support. For
example, if the residuals are Gaussian, then maxj<;<p, E? =p logn. The discussion in Section SA-2
can be used to give primitive conditions on z; ensuring that (ii) holds.

Now we state a result that is similar to Proposition SA.5

Proposition SA.16 (Asymptotic Representation: Bootstrap).
Assume A.1, A.2 and A.4 hold, and k£ = O(y/n). Then

Ax oA B+ B
0 ——
a 7

) = W] + ¥ + op(1),
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where B is given in Proposition SA.5, and

T
B = 20% szu‘ -7y - Elep)

_ .l . _ 1 , N
‘1’1220% Zm(wz‘auz‘ﬁo)‘ei] ‘1’2220% S D Eli(wy, p,00) |zj]mi; | & - €}

-

Finally we note that without bias, bootstrap consistency can be established easily by appealing
to Lindeberg-type CLT arguments, by conditioning on the original data. On the other hand, the
bootstrap is able to replicate the many covariates/instruments bias only under the assumption that

B’ = op(1), which can be achieved by using bootstrap weights e} with zero third moment.

SA-7.2 Bootstrapping Bias-Corrected Estimators

Section SA-6 proposes the jackknife as a method for bias correction and variance estimation. In par-
ticular, it is showed that B is first order equivalent to the B, hence is asymptotically degenerate (i.e.
does not contribute to variance). On the other hand, it should be expected that in finite samples,
bias correction injects noise, which will affect the performance of distributional approximations.
In this subsection, we combine the bootstrap and the jackknife. More specifically, the jackknife
bias correction and variance estimation are embedded into the bootstrap, which makes it possible
to bootstrap the bias-corrected and studentised statistic (that is, bootstrap the bias-corrected t-

statistic).

Algorithm SA.2 (Bootstrapping Bias-Corrected and Studentised Statistics).
Step 1. Apply Algorithm SA.1 and construct the bias-corrected t-statistic 7 = (V/ n)~% 2(

0o — B/ﬁ).

Step 2. Compute 9*’(‘j) as

5% (9)

0 = argmin
0

QY23 (e +10i # ] )m(wi, i), 0)
oo _ S+ e;)é*’(j)/z(l + ),
J

where 1Y) is obtained by regressing 7 on z;, without using the j-th observation. Then
Hy y reg g7; g J

B — (n—1)vn (9*7(-) _ é*) ’ v (n—1) Z(l n e;) <é*7(j) B é*’(')) (9*’(j) B é’”('))T.

J

Then construct 7+ = (V /n) 1/2< - B*/\/ﬁ>
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Step 3. Repeat the previous step, and use the empirical distribution of .7* to approximate that
of 7. N

In the main paper, we use different scaling:

P =(n—1) <g)*,(.) _ é*) 7 e 1 Z(l +el) (é*,(j) e -)) (é*,(j) B é*,(.)>T7

n -
J

and therefore 7% = (¥*)~1/2 (9* - @*)

Remark (Centering the bootstrap distribution). Asymptotically the distribution of .7* is centered
at the origin, since the bias correction term B /+/n is consistent. In finite samples, this may not
be true, and can be problematic. A practical solution is to use 7* = (V" /n)~1/2 (9* —B/\/n -

B9 — B*/m). 3

Remark (Failure of naive jackknife). Employing the jackknife on top of the multiplier bootstrap
requires reweighting the bias and variance estimators. This is a generic issue for any bootstrap
employed in multiplier form, including the standard nonparametric bootstrap. The “naive” way
of implementing the jackknife under the bootstrap would delete one observation each time in the

e, (€
second step, that is, 0*()

= argming QL2 D wl-*m(wi,ﬂ:’(e),a)‘. This approach does not
work in general because the resulting variance estimator is inconsistent. To see this, observe that
this naive jackknife approach (under the multiplier bootstrap distribution) ignores the bootstrap
weighting scheme and by deleting observations together with the associated weights, it effectively
deletes “blocks of observations”, thereby introducing extra variability, which makes the variance

estimator inconsistent. 1

For the remaining of this section, we consider the properties of the jackknife bias and variance
estimator applied to the bootstrapped sample. The techniques we use will be similar to those of
Proposition SA.14 and SA.16.

Proposition SA.17 (Jackknife Validity with Bootstrapped Sample).
Assume A.1, A2, A.3 and A.4 hold, E[¢¢|z;] is uniformly bounded, and k = O(y/n). In addition,

assume the bootstrap weights e have zero third moment. Then

B+B —B =op(1), VIO +T;] -V =op(1).

SA-8 Numerical Evidence

In this section we provide numerical evidence of the many-covariates bias we found in Section SA-

3, and demonstrate the jackknife bias correction technique proposed in Section SA-6. For better
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inference, we bootstrap the bias-corrected test statistic (c.f. Section SA-7). We illustrate with
both simulation studies and an empirical exercise, in the context of marginal treatment effects (c.f.
Section SA-5.4).

SA-8.1 Monte Carlo Experiments

In this section, we consider three sets of simulations for the marginal treatment effects. DGP 1: the
propensity score is low dimensional and correctly specified, while we add redundant covariates to
the first step and see the consequence. DGP 2: the propensity score is nonlinear in the covariates
and has moderate dimension, and we consider the pseudo true value of the marginal treatment
effect corresponding to a linear approximation to the propensity score. Again we add redundant
covariates to the first step to increase the dimension. DGP 3: the propensity score is nonlinear
with low dimension. We consider using a series approximation, hence in the limit, the propensity
score will be correctly specified. Therefore we are able to illustrate two sources of biases: bias due
to misspecified propensity score (when k is small), and bias due to many covariates (when k is
large).

For each data generating process, we use three methods to conduct inference. The first method
relies on the bootstrap only, as we showed that the bootstrap is able to approximate the distribution
(including the bias due to many covariates). The second method replies on the jackknife only.
While the last method utilizes both the jackknife and the bootstrap. In particular, we bootstrap
the jackknife bias-corrected t-statistic.

DGP 1. (Table 1-3) Let the potential outcomes be Y;(0) = Up; and Y;(1) = 0.5+U;;. We assume
there are many potential covariates Z; = [1,{Zy;}1<s<199], with Z;; ~ Uniform[0, 0.2] independent
across ¢ and 4. To illustrate the bias and size distortion due to many covariates, without being
contaminated by misspecified propensity score, the selection equation is assumed to take a very
parsimonious form: T; = 1 [0.1 + Z?Zl Zyi > Vz} Finally the error terms are distributed as
Vi|Z; ~ Uniform|0, 1], Uy;|Z;, Vi ~ Uniform[—1, 1] and Uy;|Z;, V; ~ Uniform[—0.5,1.5 — 2V;]. Note
that we do not have any covariates X; here, and the treatment effect heterogeneity and self-selection
are captured by the correlation between Uj; and V;. Then E[Y;|P; = a] = a — “2—2 and the MTE
is 7yre(a) = 1 — a. To estimate MTE, set X; = 1 and ¢(p) = p?, and the second step regression
becomes IE[YZ\PZ] =0,+0y P, +05- pl?. The estimated MTE is 7urg(a) = 05+ 2a - 03. In simulation,
we consider the normalized quantity \/n (7ure(a) — Twre(a)) at @ = 0.5, with and without bias
correction. The sample sizes are n € {1000,2000}, and we use 2000 Monte Carlo repetitions. To
estimate the propensity score, we regress T; on a constant term and {Z;} for 1 < ¢ < k —1,
where the number of covariates k ranges from 5 to 200. Note that k& = 5 corresponds to the most
parsimonious model which is correctly specified.

In the tables we illustrate the empirical bias (column “bias”), standard deviation (column “sd”),
empirical size of a level-0.1 test (columns “sizel” and “size*”), and length of confidence interval
(columns “cif” and “ci*”). For the empirical size and CI length, we use two approaches to illustrate

the effect of bias correction. The first approach ignores the problem of variance estimation. That
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is, instead of using standard errors, the test statistics are constructed by using the oracle standard
error (that is, the standard deviation of the estimator obtained from simulation). Results from this
approach correspond to columns “size’” and “cif”.

The second approach we take concerns the performance of bias correction in a feasible setting.
With the bootstrap, we simply use the empirical distribution to conduct hypothesis testing. And
if only the jackknife is used, we rely on the feasible jackknife variance estimator to construct the
t-statistic, and the inference is based on normal approximation. Results from the second approach
correspond to columns “size’” and “cit”.

Table 1 collects the simulation results when only the bootstrap is used. First it is obvious that
without bias correction, the asymptotic bias shows up quickly as k increases, which leads to severe
size distortion. Interestingly, the finite sample variance shrinks at the same time. Therefore for this
particular DGP, incorporating many not only leads to biased estimates, but also gives the illusion
that the MTE is estimated precisely. Recall that the £ = 5 model is correctly specified, therefore
the variance there reflects the true variability of the estimator. The bootstrap can partially remove
the bias and restore the empirical size closer to its nominal level, as the bootstrap distribution
captures the many-covariate bias. In Table 2, we only use the jackknife for bias correction and
variance estimation. Compared with the bootstrap, the jackknife performs much better in terms of
correcting bias, although the bias correction introduces additional noise in finite samples. Finally
in Table 3, we combine the jackknife and the bootstrap, since the jackknife delivers excellent bias
correction and the bootstrap is able to take into account the additional variation. One can see that
the empirical coverage rate remains well-controlled even with 100 covariates used in the first step.

Although the focus here is inference and the size distortion issue, it is also important to know how
bias correction will affect the mean squared error (MSE), a criterion commonly used to evaluate
estimators. Recall that the model is correctly specified with five covariates (i.e. k = 5), hence it
should not be surprising that incorporating bias correction there increases the variability of the
estimator and the MSE — although the impact is very small. As more covariates are included,
however, the MSE increases rapidly without bias correction, while the MSE of the bias corrected
estimator remains relatively stable. Therefore the bias-corrected estimator is not only appealing
for inference — it also performs better in terms of MSE when the number of covariates is moderate
or large.

DGP 2. (Table 4-6) To illustrate the implications of using many covariates in a more realistic
setting, we make some modifications of the previous data generating process. The selection equation
now depends on many more covariates, 1T; = 1 [q) (0.5 221 Zpi — 12.25) > V;}, where @ is the
standard normal c.d.f., and the covariates are i.i.d. uniformly distributed on [0, 1]. Since we do
not change the joint distribution of the error terms, the marginal treatment effect remains to be
me(a) =1 — a.

For estimation, we still fit a linear model for the propensity score. By doing so, the propensity
score will be misspecified regardless of the number of covariates used, and the true MTE cannot be

recovered. On the other hand, this can be understood as estimating a pseudo-true value, which is
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defined as the “MTE identified with a linear approximation to the propensity score”. In simulations,
we center the test statistic at the pseudo-true MTE, rather than the population MTE, which is
obtained from a simulation with 50 covariates and very large sample size (the centering is 0.545
when a = 0.5).

Since the pseudo-true MTE is obtained by using 50 covariates, there will be misspecification bias
when k£ < 50. This is indeed confirmed by the simulation. When the number of included covariates
is beyond 50, the models can be regarded as correctly specified for the pseudo-true MTE. With
large k, however, the many covariates bias will dominate and lead to severe size distortion without
bias correction. The bias-corrected estimator, on the other hand, removes most of the bias and the
empirical coverage is very close to the nominal level.

DGP 3. (Table 7-9) In the final set of simulations, series estimation (see the following table for
details) is used to estimate a nonlinear propensity score. We center the test statistic by the true
MTE, and the misspecification error will decrease (although never disappear) with more covariates
used. To be more precise, the selection equation is T; = 1 [‘I> (Z?:l Zpi — 3.5) > V;}, which
depends nonlinearly on five “raw covariates”, uniformly distributed on [0,1]. To fit the model
flexibly, we gradually include more interactions and higher-order terms of the raw covariates. Note
that when k is small, the bias mainly comes from misspecifying the propensity score, while for large
k, the many covariates bias will dominate. This is indeed confirmed by the simulation results (the
empirical coverage exhibits inverted-V shape without bias correction). With bias correction, the
many covariates bias is much better controlled. Moreover, the two estimators exhibit similar MSEs

when k is small, while the bias-corrected estimator has much smaller MSE when £ is moderate or

large.
Polynomial Basis Expansion.
s(Z;) k sk (Z;)
1 and Z; 61 s°(Z;) and [Z};, Z3;,- - , Z3)]
11 1,Z;and (23,23, , Z2)] 126  s%1(Z;) and 4"-order interactions
21 s'(Z;) and 2"d-order interactions 131 s'25(Z;) and [Z5,, Z5,, -+, Z3)]
26 s*(Z;) and (23,23, -+, Z3)] 252  s'31(Z;) and 5'h-order interactions
56 s26(Z;) and 3*%-order interactions 257 s?°2(Z;) and (28, 28,,--- | Z8)]

SA-8.2 Empirical Illustration

In this section we report the marginal returns to college education with the data used in Carneiro,
Heckman, and Vytlacil (2011), estimated by the local instrumental variable approach. Moreover, we
illustrate the importance of employing bias correction, and how it affects the estimated treatment
effect heterogeneity.

The data consists of a subsample of white males from the 1979 National Longitudinal Survey
of Youth (NLSY79), and the sample size is n = 1,747. The outcome variable, Y;, is the log wage
in 1991, and the sample is split according to the treatment variable T; = 0 (high school dropouts
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and high school graduates), and 7; = 1 (with some college education or college graduates). Hence
the parameter of interest is the return to college education. The dataset includes covariates on
individual and family background information, and four “raw” instrumental variables: presence
of four-year college, average tuition, local unemployment and wage rate, measured at age 17 of
the survey participants. We follow Carneiro, Heckman, and Vytlacil (2011) and normalize the
estimates by the difference of average education level between the two groups, so that the estimates
are interpreted as return to per year college education. The summary statistics are given in Table
10.

Standard linear regression (OLS) yields point estimate 0.072 (standard error 0.007), and two-
stage least squares (2SLS) using the aforementioned instruments yields 0.155 (standard error 0.048).
Argued in Heckman and Vytlacil (2005), the 2SLS estimate is hard to interpret in practice (unless
the instrument is binary) for two reasons. First it does not provide information on treatment
effect heterogeneity, which is crucial for many economic/policy questions. Second, the 2SLS is a
complicated weighted average of the marginal treatment effect, which many not reflect the effect
of any policy experiment. We employ the local instrumental variable approach to estimate the
marginal treatment effect, as well as the bias correction technique we proposed in this paper.

Different sets of covariates are defined in the following, for future reference.

(i) linear and square terms of corrected AFQT score, education of mom, number of siblings,

permanent average local unemployment rate and wage rate at age 17;
(ii) indicator of urban residency at age 14;
(iii) cohort dummy variables;

(iv) average local unemployment rate and wage rate in 1991, and linear and square terms of work

experience in 1991.

(v) the four raw instruments: presence of four-year college, average local college tuition at age
17, average local unemployment and wage rate at age 17, as well as their interactions with

corrected AFQT score, education of mom and number of siblings.

(vi) interactions among corrected AFQT score, education of mom, number of siblings, permanent

average local unemployment rate and wage rate at age 17.

(vii) interactions between the cohort dummies and corrected AFQT score, education of mom and

number of siblings.

Outcome Equation

Following Carneiro, Heckman, and Vytlacil (2011), we make the assumption that the error terms
are jointly independent of the covariates and the instruments. Then we have nyrg(a|x) = OE[Y;|P; =
a,X; = x|/0a, and

E[Y;|P = a,X; =x] =x"~vg + a-x" 80+ ¢(a)" 6y,
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where P, = P[T; = 1|Z;] is the propensity score, and ¢ is some fixed transformation. To be

more specific, we use series expansion of the estimated propensity score, with different order of

polynomials (note that a linear term of the estimated propensity score is included in a - xT):
p=2 ¢(a) = a? Table 11
p=3 ¢(a) = [a?, 3T Table 12
p=4 o(a) = [a%, a®, a7 Table 13
p=>5 o(a) = [d?, a3, a*, d°]T Table 14.

We use the same set of covariates X; for the outcome equation as in Carneiro, Heckman, and
Vytlacil (2011), which includes covariates (i)—(iv).

Selection Equation

The selection equation (i.e. the propensity score) is estimated with either a linear probability model
or Logit model, and the dimension of z; varies from 35 to 66. This is comparable to the simulation
settings. We evaluate at the average values of the covariates, i.e. we report 7urg(a|x) with and
without bias correction, for a € {0.2,0.5,0.8}.

For selection equation, we consider five different specifications for Z;. The first one is most
parsimonious, and corresponds to columns (1), (6) and (11) in Table 11-14, which includes (i)—(iii)
and (v).

The next specification of Z; include certain linear interactions, and corresponds to columns (2),
(7) and (12) in Table 11-14, which includes (i)—(iii), (v) and (vi).

Another specification of Z;, corresponding to columns (3), (8) and (13) in Table 11-14, which
includes (i)—(iii), (v) and (vii).

The next specification encompasses all above, given in columns (4), (9) and (14) in 11-14, which
includes (i)—(iii) and (v)—(vii).

Finally, for comparison purpose, we also include the specification used in Carneiro, Heckman, and
Vytlacil (2011), corresponding to columns (4), (10) and (15) in Table 11-14, where the propensity

score is estimated with Logit regression employing (i)—(iii) and (v).
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SA-9 Proofs

In this section we collect the technical proofs of lemmas, theorems and corollaries.

SA-9.1 Properties of Il = Z(Z'Z)"Z"

Recall that IT = Z(ZTZ)fzT is the projection matrix, with its entries denoted by 7;;. Then the first conclusion is
that

tr[II] = k.

And since IT is a projection matrix, one has IIIT = IT, which means
Tij = E TieT 50
¢

Also, m;; = mj; (i.e., IT is symmetric), and 0 < 7;; < 1 from the idempotency of the projection matrix.
Next consider the trace of TITT = IT?:

k= tr[IT%] = ZZW% = Zﬁi + Z T,
i g i 1,5, 7%

which implies that
Zﬂ'?igk7 Zﬂ'gjﬁk-
i i,

2

Next we replace 7 by > j Tij» Which gives

k > Zﬂ'?i = Zﬂ'ii (Zﬂ';) = Zzﬂ'iiﬂ'?jv
i i J J

i

hence
3 2
E i < K, E Ty < k.
% i,

Now make a further replacement,

2
kZZTr?,-:Z (ZW%) :Zﬂ'i‘+ Z ijJr Z 7Ti2j7fi2£-
i 7 i

i i,5,i£] i,4,L,5#L
One direct consequence is that
Zﬂi‘ﬁky Zﬂfj <k, Zﬁfjﬂzzsz-
i i,7 1,7,€
We summarize the above in the following lemma:

Lemma SA.18.

Let IT be a projection matrix with rank at most k, then:

(i) II is symmetric, nonnegative definite, and IT? = II, which implies 7;; = D e TieTje.
(ii) The diagonal elements satisfy

0<mui<1Vi, and Y my=tr[Il] < k. (E.34)
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(iii) The following higher order summations hold:

Zﬂ-?i <k, ZW?]' <k,
i 4,7

Zﬂ—?igzﬂ—figka Zmiﬂfjﬁzﬂiﬁk’
i i 0,5 i

Zﬁﬁﬁzﬂiﬁk, Z'ﬂfjgzﬂ_iskv 27‘—2]7‘_1Z<Zﬂ_u<k
i i 0,5 i

i,5,€

SA-9.2 Summation Expansion

We first consider the expansion of (3, ;. aij)?, where ai; # aji.

2

E aij = E aijai’j’

1,§,17#] i,j,i'/,j' ,
i#g, i'#j

E QijQqs jr —+ E Qij Qg —+ E a;ja;r; + E Qija;; —+ E [ —+ E a” —+ E ;5055

vJZvJ JJ :]1 »]J ,Jl
distinct distinct distinct distinct distinct 173] l#]

Note that the two terms 3 ,; ; ./ aijay; and Y ; ;v a;ja;; are identical by relabeling, hence
distinct distinct

Lemma SA.19.

E aij | = g Qijaq g + E aija;j + 2 g @ijairq + E Qijairj + E llzj+§ @ij Q.

4,351 ] i,5,4" 5" i,5,3" i,5,4" i,,4"
distinct distinct distinct distinct Z#J w#]

A special case is when a;; = a;; so that the two indices are exchangeable. Then

Lemma SA.20.

(4, j)-exchangeable Z aij Z aijay i+ 4 Z aijag + 2 Zam

1,3,4#] i,5,4 5" i,5,1"
distinct distinct 7«#]

Next we consider (Z ige aibije)?, where bije = by, i.e. for b the last two indices are exchangeable.

distinct
convenience define the following

Z bije, ¢ = Z bije.
0,378 gt
JFLF L, FE
Then

¢ =d; —QZbW+2bm_d =23 by

J,J#i
And the decomposition becomes
2
2
22
a;b ij e = a;C; = a;c; + a;Q;1CiCyr .
i,5,¢ i i IRTRE=Y
distinct
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To make further progress, consider

2 2 2
J,Jj#t J 5 #L JrJF#i J L, j#L o0 £
Z bz]éb1]/zl + 4 Z bzgéb”]/ + QZ b”g + 4 Z b”J + 4 Z bujb“g —4 Z biﬂb“gl,
3,83 3-2,5" JyJ#i I G0,
distinct distinct J?S[ VEIREINED4 e 0 A

and

cicy = E bije E birje | = E bijebirjrer +4 E bijebirjer + 2 E bijebirje.
J,6,3#L 58,57 G450 4,6,0 gt
distinct distinct J#e

Therefore we have the following

Lemma SA.21.

2
(4, £)-exchangeable E aibije
dlStl‘IlCt
= a; bz]ébz]’Z’ + 4 bzgeb”] + 2 bz]f + 4 az bu] + b”]b”g
@ 3,l,5" 3:0,5" 3yi#i gl
distinct distinct J?é[ JFLF£LTHAL
2

—4 g a; E bijebiier | + E a;a; E bijebyrjre | +4 E a;a; g bijebisjer

i 5,28 i3 i 3.L.5 e 1,474 j.Le

VEINAE) distinct distinct

+2 > aay Zb,ﬂbw . (E.40)

[RURToY
J#é

SA-9.3 Theorem SA.1

Since @ is tight, let K be defined such that P [\9 — 0| > K} < n for some 1 > 0. Then for an arbitrary § > 0
P[|é—00| 25] gn+P[5g 10— 00| gK].

Define G(8) = G(0, 1) = [Elm(wi, u;,0)]| and G (8) = G (0, 1) = [n~" 3, m(wy, fis, )], then 89 = mine G(0), and
Gn(0) < infg G, (0) + 0p(1). Further define (8, K) = infs<jg—6,|<x G(8) — G(0o), then (5, K) > 0 for all § > 0 and
K < o0, since we assumed 0 is the unique root and m is continuous in 6.

Note that |§—8o| > § and |§—8,| < K implies that either |G(60)—Gn(80)| > (8, K)/340p(1), or |G(0) -G (0)] >
(8, K)/3 + op(1). Therefore

P[5§é—00|§K}§P{ sup |Gn(9)—G(0)+0p(1)25(6,K)/3]
[6—00|<K

<1 s (G(O,) — G(O) > £(6,K)/6
[6—60|<K
maxy <j<n g =il <A
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+P | max |@i — pi| > A +P sup |G (68, 1") = G(6, 1) + 0p(1) < (5, K)/6
1<i<n |10—60|<K
maxy<i<n [#F—Hi| <A

By Assumption A.2(1), one has limsup, P [maxi<i<n |fts — ps| > A] = 0 for any (fixed) A > 0. Further, due to
Assumption A.1(4),

lim sup P sup |Gn(0,1)) — G(6,1")| + 0p(1) < £(5,K)/6| = 0.
n 1660 | <K
maxy<i<p |H5—Hi| <A

Therefore

lim sup P [|é —6¢| > 5] <n+limsup1 o seul‘)q( |G(8, 1) — G(8)| > <(6,K)/6
n n —0bol=
maxy<i<n |pf—pil A

Finally, note that K implicitly depends on 7, while the choice of §, 7 and A\ are mutually independent. Hence we
could first let A | 0, then the indicator function will be identically zero for all n (use the dominated convergence
theorem). Then let n | 0, we will have the desired consistency result. |

SA-9.4 Lemma SA.2

We apply Taylor expansion to the GMM problem, which gives

op(1) = [i 3 %m(wi, i, 9)

i

.
1 .
Qnﬁ El m(wi, fi;,0)

1 0 T 1 . 1 8 o .
= [nzwm(wi,m,e)] Qn (\/ﬁzim(w,-,ui,eo)—i— nzwm(wl,ul,e)} \/E(O-Oo)),

where 6 is (possibly random) convex combination of 6 and 6. Then we have
; _ aTo N1\ -IngT 1 -
\/ﬁ(e - 90) = ~(VEQ, M)~ N2, Z m(wi, jis, 00) + 0z (1)
- 1 A
= —(M{20M,) 1Mgﬂoﬁ Z m(w;, fi;,80) + op(1),

where

~ 1 0 oA - 1 0 .=
M, = > ; ﬁm(wiwn@), M,, = o Z ﬁm(wznuu@)-

i

In the above, we used the fact that both M,, and M, converge in probability to Mg. This is easily shown by
noting that (c.f. Assumption A.1(5))

~ 1 0
M, — o Z ﬁm(wiwu@o)

i

< (% ;Hf’é(am/a(a)) : (@%Xn s = sl + 16— 60l)” = 02(1),

since fi; is uniformly consistent and 0 is consistent. And note that n >, 0m(wy, i, 90)/80T —p Mo by the law of
large numbers. The same argument applies to M,,. |
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SA-9.5 Lemma SA.3

SA-9.5.1 Approximation Bias

For simplicity, let m; = m(w;, s, 0o), then

m,(m Zm]n,) \FZE m;|z;] (n, Zm]m) m; — E[m;|z;]) ( Z'fr”n])

and we call the two terms (I) and (II) respectively. For term (I), we use projection matrix property, which implies

2772( [rn;]z;] — Zﬂ—lj m]|ZJ] <\f\/ \/ Z)Eszz Zﬂ—lj mJ|ZJ

By further splitting the conditional expectation E[m;|z;] into a linear projection and an error term,
1 5 1 2 1 5 /1 2
RSN ED SN DB [T LA S NN D DU D i<
i j i

= 0r (\JuEIRIE(C. ) = o 1)

The second term (II) can be bounded with conditional expectation and variance calculations. First note that since
7; is the error from linear approximation, this term has zero conditional mean:

s [ S e - )] = Jy S simei (- o) <o

Next we consider the conditional second moment:

f Z s 2]) (1 - ngm)] 3 Z ( Zw) [Jxin; — Efxin; ][]
= -~ Z (m - ijnj) s an = Op (E[n7]) = or(1),

where for the second line, we used the assumption that m; has uniformly bounded conditional variance. |

Viiz)

SA-9.5.2 Influence Function and Asymptotic Bias

The conclusion will be self-evident after two decompositions. First rewrite m(w;, s, 80) = m(wy, i, o) —E [m(w;, w4, 00) |2:]+
E [m(w;, ps, 80) |z:] as the conditional expectation decomposition. Then

1
®9 = L5 (ZE S I >
\f Vn 4=

where we use u; = m(wy, s, 80) — E [t (w;, w4, 8o) |2z;] to save notation. Then

1 1/2
% Z Uﬁﬂij] )
i3

where we use E[z; and V[. |z to denote the expectation and variance conditional on {z;, j1; }1<i<n, respectively. Then

Ef.z) |: Zuzejmj] = %ZbLﬂTm
i

with b1 ; = Epzj[wiei] = Ep z)[m(w:, i, 0o)e:], since

+O0r | Viz

1 Z 1
Ry uisjm]- = ]E[\Z] Ry Zuisjmj
vn i vn i,

7 75 j = E[.‘Z] [uisj] = E[.‘z] [ul] . E[-lZ] [Ej} =0.
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Next we estimate the order of the conditional variance. To this end, consider

T
1 1
E[ z) <\/ﬁ Z Ui€j7rij> (\/ﬁ Z uigjﬂ'ij>
i, 2%

E R -

[[12] WUy E5E 5/ T35 Tt 5/

1,5,4" 3"

_ 1 E T R A
= g [[|Z] [WiWy E4E4/ T3 T4/ 4/ (Z =7t =) )

Y
7,1
distinct

Z E[.‘z] [uiuzajajwijﬂ'ij] (1 =1, ] = ]/)

4,7
distinct

1 . g
+ Py Z E[.‘z] [uiu;l-—ajamijﬂ'ij} (i= ii= l/)
i,j

distinct

1 T S :
- Ep. [111111 u] =j=1i =7
+n% [z] |Wiu; gi€imam i=j=i=73")

1
n

S|=

+

T T
1 1 1 1
:EHZ] (ﬁ Zuisﬂr”) (\/ﬁzuiéjﬂ'zj) _]EHZ] \/ﬁzulfjﬂij] E[.|z] |:\/ﬁ Zuiejmj]
0,7 %) %) 0]

1 Z T 1 Z T 1 Z T 1 Z T 2
= E E[-|Z] |:ll¢lli 5jsjmj7rij] + ﬁ EHZ] [uiuj 6j€¢ﬂ'ij7‘rij:| + E E[.‘z] |:ll7;lli EiEiTriiﬂ'ii] - % bl,ibl,iﬁii-
) ) i i
distinct distinct

Due to Assumption A.1(7), the above terms are easily bounded by

1 T 1 2 k
" Z Ep. |z [uiui 51517rij7Tij] N P Zﬂj < n
2, 3.
distijnct /
1 T 1 2 k
- Z Bz [uiujfjfmjmj] 2 EZM s
,] 7
distinct
1 1 k
- ZEHZ] [uiuZTEiEiﬂ'iiﬂ'ii] =3 o Zﬂi < o
k3 K2
1 T 2 1 > _k
n Zbl,ibl,ﬂfu‘ N n Zﬂ-u < w
7 K3
which closes the proof. |

SA-9.5.3 Variance Simplification

For notational convenience, denote a; = E[m(w;, i, 00)|2z;:]. Then it suffices to give conditions such that

% Z [ai — ;ajm'j]& = op(1).
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Note that the conditional variance of the LHS is (use Assumption A.1(7))

[aifZajmj]sl Za]ﬂ'” = 72 a
J [
2 2 2
—+ ’I‘zi—Zajm]- ) = EZ Z‘Z FZ] Tij
j i

2
<,

~

Vijz)

o

—TIz;+Tz; — Zajmj
J

2

IN

a; — I'z; a; —

(Projection)

= 01117(1)7

where the last line shows why the assumption in Lemma SA.3 is sufficient. Note that by projection, I'z;, = Zj T'z;m;;.

SA-9.6 Lemma SA.4

SA-9.6.1 Approximation Error

For the current proof, we use m; = m(ws, ;, 0o) for notational convenience. Then recall that fi; — pu; = Ej Tij€5 —
(mi =32, mijn;). Then

(E.10) f Zml (Z mijes — (ni — gmm)>
1 . ’ 1 . B .
:ﬁZmz (;mﬁ]) +ﬁ¥mz (m?mm) *ﬁgmz (;Wij5j> <7]i;7ﬂ'ﬂ7j> :

(1 (11) (111)

We first deal with (II). Again we make a conditional expectation expansion of m;, which implies

\/,ZE[mz‘Zz (7]1 Zﬂ'z]"ﬂ) 2\FZ m1|zz (m _Zﬂ-ij’qj> .

(I1.1) (11.2)

)|

(I1.1) has the simple bound:

(IL.1) Z | [ ]| <m - Zwm) 2 % Z (m - Zﬂijm) < % ng = O=(VnE[ri]) = op(1),

where we used the assumption that m; has uniformly bounded conditional expectation.
For (I1.2), we employ conditional expectation and variance calculation. Note that it has zero conditional expecta-
tion:

Ep iz |:2\FZ — E[r;|z;]) (m—?wm) :| \FZE m; — E[r|z;]|2] (771 Zmﬂh> =0.

J

The conditional variance is bounded by the following:

Z(m ZM%) = g

7

Viiz

4
1 .
N > E[jtiy[*|z] <m - ijnj)
i i

where in the second line we used the assumption that m; has uniformly bounded conditional second moment, and
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we use 1; = 1; — Zj mi;m; for simplicity. Next, note that

% ,77?+,Z 0 (\FZ ) <\F2m> = op(1),

i 1,5,i#]

so that we conclude the previous conditional variance is asymptotically negligible.
For term (III), we first compute its conditional expectation:

R B
@ () (- Sl
< \/ﬁ\/i ZWfJE[fhiEi\Zi]P %Z (m - ZMW) 3Vn %ZW% %Z (ﬁz‘ - ZW%‘)

o) )0

Here for the second line, we use the assumption that E[th;e;|z;] is uniformly bounded. Hence to bound (III), it
suffices to consider the conditional second moment, which is bounded by the following (where 77; = n7; — > y M5 )

1 .
7 Z mi B[, e 2] (m - ; Wijﬁj) ‘

1 gy .
Epjz | D e [xiy |exeemiemsernin;

i,d,k,0
1 . . o
- n Z Enmi‘|zi]E[|mJ’HZJ']E[EE‘ZZ]WMW]'M%W (IIL.1: k= ¢)
n N4
disytjfnct
+ n Z Effri;||z]E |mJ‘EJ|zJ]7TZ]7TJJnZ77J (II1.2: j=k=1{)
dlstmct
1 . ) o
+— 2; E[|r; ||z E[e7 |ze| 770777 (IL3: i = j, k = £)
diszt’inct
+0]P’(1), (Z:k,]:f)

where the last op(1) is the squared conditional expectation, and has been handled earlier. (II1.3) is the simplest,
which has bound

1 2 .2 1 L2 1 L2 1 2
( 3) ~ o . e n - TiiT) > n - i = n El g OJP’( )

(I11.1) is also easy, since by projection property, one has (it is easier to write it into a quadratic matrix form)
1 . . . 1 . 2.2 o 1 2 _ 1 2
(L) 3 = > Btz B[t |z | miemernin; < -~ > [Elfwig[z:]*57 3 S s > ni=oe(1)
i,3,¢ i i i

(II1.2) is bounded by the following:

(IIL.2) ZE |m]“€J|ZJ 53 ZE | |23 |77

2
1 .. . 1 .. .
< \/’I’L Z(E[lm]‘€?|zj 2 ]2377]2 - Z (ZEHmZHzZ}m]m)
J 7 i
L I, 1 ) - -
3 52% ;Z]E[lmi\|Zi]7fijm]E[|mé||Zé]ij

J 31,8

1 1 . . . o
- \/ Ly JX 5™ Bzl
J

i6

o4



IN

[ [

IA

which concludes the proof.

SA-9.6.2 Asymptotic Bias

Again we define m; = m(w;, i, 0o) to save notation. For the proof again we consider the expansion

i,5,€

72\/52111; (2: ijaj) 2f g nlﬂz]”zéfgaé
i J
Z i/tig ”El{i] 2\/* g mﬂ“ i

b Z m €€ —l——l e +7
= iTijTieEGEL z7T”
2V gt 2\/52',331'#3' 2V, 0,177
distinct
II III (Iv)
pe (IT) (I11)
Expectation

It is easy to see that both (I) and (III) have zero conditional expectation. Hence we consider (II) and (IV)

Qf Z Ef.|z) rnﬂr”fs] = Z bzzﬁT”

zﬂ#a

Bz [(ID)]

4,5,87]

where the last line uses (E.35). And

Ep iz [(IV)] f Z ba,iims;.

Variance, Term (I)
First for (I) we use (E.40) with a; = m; and (ignore the 1/2 in front) b;;¢ = mijmice ee, and

2

1 ..
E[-IZ] ﬁ E ;755 Ti0€5EL
i,5,L
distinct

— Z Z ]E[ |1Z] |:mz m, ”g] Z Z ]E[ |1Z] |:m1 ml ”J:| + — Z Z ]E[ |Z) |:Il’lZ /b”[bz ]l] .
LA ES) 1,4/ i#i! §,L,j#L

i g,b,5#L
(1.2) (1.3)

(11)

Next by (E.37) and (E.36), respectively,

(Il ZZWZJZQS%ZWZQZS

ROV E i

1 1 :
2) 3 E;”Eﬂf?g < 527@ <

S|

S|

7

And
(13)—2 E Y0)] X0/ 7T T30 Ty Tt 1 €265 -2 E m; m eje
<) = [-12] i Mg i T/ Ti/ G Ty 51 €5 €50 | = n [-12Z] i/ Tig Tig! T/ j T4 57
i1/ i §,30 i ii’ 15,5
distinct

4 W T 2 2 2 8 T 2 2
+ E E E[-IZ] [IIIz mirmimi/m/ifsisi/} + I E E[-|Z] |:Il’1Z mi/TFiiﬂ'Z'jTl'ii/ﬂi/jEiEj] .

iyi i,
distinct distinct
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Define ¢; = E[ti;|z], d; = E[¢}|z,], and e; = E[e}1i;|z;], and with (E.40) the above becomes

2 Z T 4 Z 2 T 8 Z T
(13) = E Tij T4/ Tyt jT;0 5/ C4 Ci/djdj/ + E i T4 it i €4 €41 + E T4 T Tiq/ Tl €5 Ci/d]'
i1’ 5,5 i1’ i1,
distinct distinct distinct
2 T
= — T T/ T4/ §T04 5/ Cy Ci/djdjl
i3/, i 557,575
4 Z 2 T T 8 Z T
+ E T3 T30 it 40 (ei e, — C; diCi’di’) + g T3 T T g/ T3/ 5 (ei — Cidi) Ci/dj
i, R
distinct distinct
2 Z T 4 Z 2 T T
= — T T4 T4l § T4 51 Cq Ci/djdj/ + — i3T50 T0i 4/ (ei e,y —C; diCi/di/)
n n
i,4,5,3" ii
distinct
(1.3.1)
(1.3.2)
8 T 2 2 2 T a2 2 2 2 2
+ o E T3iTij g/ Tyl (ei — Cidi) cydj — I E E ;5 5Cq Ci/dj - E E Wijﬂij"ci| djdj/ .
i,i’,j i1 i#i g i .5
distinct
1.3.4 1.3.5
13.3 (1.3.4) (1.3.5)
Then use (E.35)
2
2 T 2 1 T2
I..l:*E ....,.,,c,c,._:f§c.c. § <  max c,c,,§ E
|( 3 )‘ n T T4 T4/ 504 5/ Cq ’L/djdj/ n i Ci/ : 7T1]7rz’1d.7 > lgi,?’gn‘ i z’|n : ﬂ-l]ﬂ-’bljd]
1,4,5,5" 1,1 J 1,4’ J
2
T2 T2
= max |CiCi/‘f E Wijﬂij/djdj/ = max |Cici/‘f E djdj/ T35 M5!
1<i,i’<n n 4= 1<i,i/<n n 4 Z
i,4,5,5" 3,37 i
’ k
T 2 T 2 2
< max |c;cyddi|— E E T | < max  |e;cpdidy|— E T 3=
1<4,i’,5,5'<n n - 1<i4,i’ 5,5’ <n n n
i

3,3’ 3,3’

And by (E.36)

4 2 T T T T 4 2
[(1.3.2)] = - E T T Tyt 0 (ei ey —c¢; dici/di/) < max |e;jey —c¢; dicifdi/|5 E T T Tyt 0
./
1,2

1<i,i’<n /
s )
distinct distinct
4 k
S max \eiTei/ — cdeici/di/|f E 7Ti2i’7Tz"i’ ;j —.
1<i,9'<n n / n
1,4
distinct

And by (E.35) and (E.37)

8 1
|(I.3.3)‘ = E Z T3 T T4 T4/ 5 (ei — Cidi)T Ci/dj j E Z ‘Ci/deﬂ'i/j‘ Z (ei — Cidi)ﬂ'iiﬁijﬂ'ii/
i3] i/,5,i' #5 R
distinct £ iEg
2
Vk
E Z (ei — Cidi)ﬂ‘iiﬂ'ijﬂ’iil ~ T Z (ei — cidZ)T(ej/ — Cj/djl)7‘(‘7;»;71'»;]'71’”/71‘]-/]-/71‘]-]-/7Tzl]/

Ly
;275757

vk vk

=— (ei — cidi)T(ey — eyrdy)miamiymyry 3 ==

56

3 e



And by (E.37)

|(I.3.4)|— — Z szﬂr/c clfcl2 < max ¢ clzd2|f z Zﬂ'u ”N,.

1<i,¢/,j<n
i1/ i#1 g RN T ]

And by (E.37)

I(1.3.5)] = ZZMWU,\CJ didy | < max ||ci\2djdjl|%zzmﬂr L <k x

1<4,5,§'<n

LA i3
Variance, Term (II)
Then for (II), one has (by using (E.38))
2 2
Ef |z Z iyrie; || - Z Epjz) [thimse]]
1,5,4#] 1,J,1F#]
2
1 T.. 2 2
= E Z EHZ] [mz mz/ﬂ”ﬂ'l/]/{-:]& :| Z E[ |1Z] mmwsj}
i,i,5,5" 1,§,17#]
distinct
(I1. 1)
1 T.. 1 LT 2 2 4
+ - Z E iz [|m1| 7rw7r”/s 5 / —&—f Z El z [m mlzmﬂruls €5 } I~ Z El iz [mi milmjm/jsj]
1,5, i,i',j i,i',j
distinct distinct distinct
(11.2) (11.3) (11.4)
1 L2 4 4 1 T 4 22
6,5,i#] 4,5,i#]
(11.5) (11.6)

With (E.37) it is easy to see (together with the uniform bounded moments assumption) that (I1.2)—(11.6) are of order
Op(n~ '3, 77;) = Op(k/n), hence asymptotically negligible. As for (IL.1), note that

1 . . 2 . ..
(H.l) = - Z ﬂ?jﬂfj/]E[.|z] [miE?]TE[,‘Z] [mﬁ?/} - Z W?jﬂfi/E[.‘z] [miE?]T]E[,|Z] [mi/s?]

i,5,5" i,i’,j
distinct distinct
1 4 . 27\2 1 4 . 29T .2
- E , whmh B [0ied] Bug [heel] - = Y0 @l (Brg [hied))® - = Y wliBiz [sued] " Bz [syel]
ii g 1,5, i,5,i7#5
distinct

Therefore we have (I1.1) is of order Op(n™" Y, 75) = Op(k/n).

Variance, Term (III)

Next we consider (III), and still (E.38) implies
2
4 8 LT 2 2 2
E.z) \f Z W05 TT3E €3 = Z E(z) [|ml\ mﬂrue €5 ] + - Z E.z) [mi mjﬂijﬂiiﬂjjgigj] ,

i,J,iF#] i,7,distinct i,j,distinct

where the two terms are denoted by (II1.1) and (III.2), respectively. For (III.1) it is bounded by

|(IIL.1)| ZMZ% = Zwi,

i KE)
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which is bounded by k/n due to (E.36). Similarly

1 1
[(II1.2)] 3 - E Ty < I E i = O(k/n),
,J

¥

due to (E.36) and m; < 1.

Variance, Term (IV)

Finally we consider (IV), and the variance is

E.in [(;ﬁzm) ] . (;ﬁ ppute [mmze?])

2
1 LT 1 .. 1 .
= H Z EMZ] [m;rmjﬁfiﬂ?jafé‘ﬂ — <\/ﬁ ZEHZ] [mﬂTié‘?]) + ﬁ ZEHZ] [|1’nl|2 71'?1-5;-1] .

1,517

2

And both terms are bounded by O(k/n).
The last step is to show that one can essentially replace fi; by s in (E.10). This is trivial due to Assumption
A.1(7), and the consistency assumption A.2(1). [ ]

SA-9.7 Theorem SA.5

By the condition k¥ = O(y/n), all terms of order Op(1/k/n) can be ignored asymptotically. Also the bias term has
order B = Op(k/+/n) = Op(1). In particular, both (E.9) and (E.10) are of order Op(1). By Assumption A.2(1), the
remainder term in the quadratic expansion (after (E.10)) has the order op(|(E.10)|), which is negligible. [ ]

SA-9.8 Theorem SA.6

We first make the following decomposition:
\ill :E[‘i’1|Z], @2:@17E[@1|Z]+‘i’2.

Then note that \il1 is mean zero, and \ilz is conditionally mean zero (on Z). One special case is that \ill = 0 almost
surely, which will happen if the moment condition for the second step is actually a conditional moment restriction.
In what follows, we assume ¥, is nondegenerate.
By the usual central limit theorem, one has
—1/2 .

(VI#a)) T~ N0, 1),

Next we consider the large sample distribution of ‘i’z, which requires triangular array type argument. Let a be a
generic vector, and consider

1
- ZEHZ]

(ai + bi)g]l [|az + b1| > QEM :| s

where

a; = o (m(wi,pi, o) — E[m(w;, ui, 00)\21]), b, = aT(ZE[m(W]-,,uj, 00)|Z]’]7Tij)€i.

J

Note that

1
- ZEHZ]

which is a sum of four terms.

1
(ai + b:)*1 [|a; + bi| > 2ey/n] ] 3 - ZE[-\Z]

<a? +b§) (11 llai| > ev/n] + 1 [|bi| > ev/n] )}

o8



The first case is the easiest:

ZE L1z |:al |a1|>5\/_]” ZJE[% |a1|>5\/_]]

where the first equality is true since the summands are nonnegative, and the last line comes from the i.i.d.ness of a;.
Therefore

*Z]EHZ]

a1 |az>5\/jj|—o]p()

For future reference, define b; = o' ( > Elm(wy, pj, 00)|zj-]mj). Then the second case becomes (where we used the

union bound)

7ZE i [al |b|>s\f] ZEHZ] ZEHZJ

the last term in the above display is op(1) since it has expectation (note that it is nonnegative)

lirrlnIE[ Z]E[ 2]

=E [a? lim 1 [|e;| > log(n)]} =0,

a1l [\b|>€f/log ]

a7 1 [|es| > log(n )]]

a1l [|e;] > log(n )]” :liTrlnIE

all [|e] > lOg(n)]]

and interchanging limit and expectation is justified by dominated convergence, and the fact that E[a?] < co. The
other terms is handled by the following:

*ZE 2]
= - Z]l [|l~)l| > Ex/ﬁ/log(n)] .

a1 [[bi| > ev/n/ log(n ” Zn[|b\>sf/log< )] Bt mla?]

The first line comes from the fact that b; is constant after conditioning on Z, and the second line is true since E. |z [a?]

is bounded. We show it is op(1) again by taking expectation, and the fact that b; is the projection of random variable
with finite expectation.
The next case is again very simple:

1

-2 Bz
1 .

< <1r£1ax Ef)z) |:E 1 [lai| > E\/_]:|> - be =3 (1‘£?<XnE[~IZI {s?l [la:| > E\/ﬂ:|> — 0.

The first inequality comes from the definition of l~>i; the second is Holder’s inequality; the third inequality uses the
fact ), b = O(n); and the final inequality is true since we assumed bounded conditional moment.
Finally, the last case is

1 ~
b?ﬂ [|az\ > E\/T_L]:| =3 o Zb?EHZ] |:€§IL [|az\ > E\/ﬁ}:|

%ZE“Z] [bfﬂ [lbi| > am] 3 %Z?ﬁn [16:] > ev/n/ 1og(n)] + 02(1) = 02(1),

since b; comes from projecting a bounded sequence.

To summarize, we have the following two convergence results: (1) 0, converges unconditionally to a multivariate
normal distribution; and (2) conditional on Z, W, converges to a multivariate normal distribution (more precisely,
conditional on Z the distribution function of ¥y converges to that of a multivariate normal in probability). The
following remark shows how joint convergence can be established (not that it is not true in general that one can
conclude joint convergence from marginal convergence)

Remark (From marginal convergence to joint convergence). Here we consider one special case where it is possible to
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deduce joint convergence from marginal convergence. Assume X,, ~ N (0,1) and Y,|Z, ~p N(0,1), and X,, € 0(Z,),
where Y,,|Z,, ~»p N(0,1). Then, [X,,Yn]" ~» A(0,1).
This follows because

P[Xn <z,Y, < y] = JE[IL [Xn < z]P[Yn < yIZn}]
_ ]E[n[xn < 2] (]P’[Yn <y|Za] - @(y))] +P[Xn < x]‘b(y)
— ©(2)®(y),

using the dominated convergence theorem and the assumption that P[Y, < y|Z,] —p ®(y). _

Hence we are able to show

(vid]) s (o] 1o
(V[\iﬂz])”“% - QO} {0 ID

and the desired result follows by considering the linear combination

(v viaiz)) | (@) (viglz) ).

SA-9.9 Additional Details of Section SA-4.3

Given the sample estimating equation,
0=> ( > Qi]’f(xwﬂjyé)) (yi - f(Xi,ﬂué)),
i J

Taylor expansion gives

0= Z (Zqijf(xywﬂj,@o)) (yi - f(xivﬂi790)>

7

> [(Z%F(Xavﬂmé)) (yz - f(xi,,ai,é)) - (Z(hjf(xj,ﬂj,é))f(xi,ﬂi7é)1—:|:| (9 - 90)»

1

+

where 6 is some convex combination of @y and 6.

SA-9.9.1 Linearization

Consider the following:

%Z (ZqijF(xj,ﬂj,é)) (yi - f(xi,ﬂi,é)) - %Z (Zq”Fj) (yi N fi)

%Z (Z%(F(Xmﬂwé) - Fj) (yz' - f(Xmﬂzsé)) %Z (Z%Fj) (f(Xuﬂmé) - fz') -

i

< +

(©9) (11)

Then
D1 < |2 37 (0P ) e o) (s - il +18 - eo|)“’
< OPT(I) > (Zqiij)H?"s(f) < oﬂ»(l)\/i > 'F”Q\/:L SR () = ox(1),

i
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where we used the assumption that |F;| and #°(f) belong to BMa. For (I),
% Z (qu(yj = f(x5, i, 9))) (F(Xu f1i,0) — Fz)

Z (un ~ g, 0)) ) HE (F) | < oﬂ»(l)\/iDyi - f(Xnﬂué)IQ\/:LZIH?’é(FV
1>\/ o2 (e = £l 2l = IR () + |H?’5<f>|2)\/ S A2 = oe(1),

()

IA
o)

where we assumed that u;, H*°(f) and H(F) belong to BMs. Then (recall that u; = y; — fi)

E [i Z (;qiij)ui

X, z] -0
and the conditional variance is
1 1 2_ 1 2
EZ(ZQUF]')U@ iﬁZ‘Zqz‘ij SEZIE\ = or(1),
i P i g i
where we used the assumption that V[u;|x;,z;] is uniformly bounded and that |F;| € BM;. Therefore we have
% > (Z%F(Xw fij 9)) (Z/z‘ = [, fua, 9)) = op(1).
i J
Using similar technique, we can show that, provided that |;| and H?"s() are in BMs, one has
= Z (Zng (%513, 0) ) E(xi, 11, 0) " = %Z (Zqijf-)fT +0s(1)
zfz(zqw E[f;|z;] )fT+ Z(Z%E[f 2 ) £ -+ ox(1)

= — Z f; — f ‘Zl —l— O]P( ) —p EV[lezlL

X, Z]

where for the last line, we used the assumption that the conditional expectation E[f;|z;] can be approximated by
some linear span of z;, relying on the same argument used in Lemma SA.3. As a result, we established that

Vin(BVIE|]) (8- 00) = [;ﬁ > (D e 15.00)) (i — i, i 80) ) | +02(1)
= [\/lﬁ ;f(xm fui, 60) (yi = f(xi, i, 90))} (I11)
- {\/lﬁzz: (zj:mjf(xj',ﬂjﬁo)) (yz' —f(Xz',ﬂueo))] (IV)

+ O]p(l).

SA-9.9.2 Term (III)

Note that (III) can be handled by employing the same techniques and regularity conditions employed in Theorem
SA.5 (and the corresponding lemmas), by matching the notation: m; = f;(y; — f;), hence we do not repeat the
derivation. The following holds:

% ;f(xi, ﬂi, 90) (yi - f(Xi,ﬂi, 90 ) \/» Z (f U; — f fZ|Z7,] Z) + % ZE[EUZEZ — flf252|zl]7r”

1 1 . .. 5 .
+ % Z ( — 5]E[fzfz|zz] - E[fifi|zi}>E[gj|zj]7rij + op(1).

i
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SA-9.9.3 Term (IV)

Next we expand (IV) with respect to estimated f.
7 2 (s 00)) (s 0 80)

_ ;ﬁ;(;wijfj)ui (i)

3 () - (St ] o) o

. > L [fi(zjjwj) () f] (o)’ -

+ = LY (s = 1) (5 — s )i (iv)

+ op(1),

where again the remainder term (higher order expansion) is negligible since it involves cubics of fi; — u;.

SA-9.9.4 Term (i)

Term (i) has the following further expansion:

. 1 1 1
) = 7 ;E[fj\zj]umj + NG > (5 — E[fj|z;))uimy; = 7n ;E[fﬂzilui + op(1),

2%

with the same argument used in Lemma SA.3.

SA-9.9.5 Term (ii)

For (ii), we consider the following:

(ii) \F Z fiujmij ( uz) \/» Z f fﬂr” ( 2) .

(ii.1) (ii.2)

We note that (ii.1) has essentially a quadratic form, hence the same technique of Lemma SA.4 can be applied with
the obvious notation matching m; = f;, which implies the following:

(ii.1) \/» Z fiujepmizmin — \/» Z fiujnemijqin

i,5,k 1,7,k

1 p 1 .
= 7% > fwemym ton(1) = = 3 S Blfiuse; |,z + oe(L),
4,

4,k

so that this term has bias contribution. Note that the term involving the approximation error 7; is negligible, since
its conditional mean has order:

Epjz) foummgqm 5%27&2'2%%
i J

1,7,k

which is negligible provided that v/nE[n?] = o(1) and |fiu:| € BCMa. The conditional variance has order

If:|? (Zm]uj) ] (where 7; = unm

Viz) fzfzummgqm <fZﬁ3JE

1,5,k
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Next

(i1:2) = ——= > Elf|z;] fimij (fu Mz)—% D (& = Elf]z5]) fimig (i — pi) -

i,J 2%

1
NG

(ii.2.1) (ii.2.2)

Note that (ii.2.2) can be handled in the same way as (I1.1). That is, by employing Lemma SA.4 with rh; = fi:

. 1 ; 1 ;
(ii.2.2) = T ”Zk(fj — E[fj|25]) fiexmijmir + op(1) = 7 ;E[fifjeﬂzi,zj]wfj + op(1),

which has bias contribution. For (ii.2.1), we assume the approximation error satisfies: \/HIEHC“\Q] = o(1), where
E[fi|z:] = Az; + (¢, and E[¢; ;2] ] = 0. Then Cauchy-Schwarz implies

(ii.2.1) 77—ZE[f|zz fifi — i) + op(1).

We emphasize that the above is not necessary, but greatly simplifies the final formula. Now we can employ the same
technique of Lemma SA.3, which shows that (ii.2.1) has both variance and bias contribution:

. 1 ;
(ii.2.1) = ~Tn ZE[fz|zz]E[fz|Zz] € — — Z]E[f |2 | E[fiei|zi)mii + op(1),
©,J
where again we assume E| fz\zl] can be approximated by linear span of z;.

SA-9.9.6 Term (iii) and (iv)

The same line of reasoning can be employed to show that both (iii) and (iv) contributes to the asymptotic bias, by
conditional expectation and variance calculation. To avoid the tedious and lengthy derivations, we only calculate the
conditional expectation.

Term (iii) is again split as

(iii) Z fzu]ﬂ'”( uz) Z —f; fl7r”< ’uz)27

(iii. 1) (iii.2)

First,
1 1

1. 1 . 9 3
(iii.1) = ~n ijzké Sliujeneemijminmie = 7 Zz]: S Elfiujejlz;]m; + or(1),

which is a bias contribution. Next,

(iii.2) = f Z f szkEZﬂ'z;ﬂ'zkﬂ'M

zgké

1 1 i
\f Z (fi]z:) fzaksfﬂ'zkﬂ'zl + % Z §(fj — E[f;|z;]) fickeemijminmic

ik, Z i,7,k, 2

fz f|ZZ fl jIZ“ZJ]T"z] ﬁZ§E[fifj€?|Zi7zj]7rfj +OP(1)’
4,7

which is again a bias contribution.
Finally for (iv),

. 1 P
(iv) = NG > fifieneemiminme

,4,k,€
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1 . 1 . 1 .
= ;E[fifﬁi&ﬂzivZj]mjmmjj o ;E[fifj&aj\zm z;]m5 + 7n i]z‘;[fifj&ﬂzia zj, Zk] i Tik ik + 0p(1)

1 . 1
= ﬁ iZjE[fifjé‘i&ﬂZ,‘,Zj]W?j + ﬁ

Elfifjeh|zi, 25, ze]mijminmjn + op(1).
e

75

Here we make a complementary calculation:

1/2 2\ 1/2
Z |7Ti]'71'¢¢7rjj‘ S <Z 7T7;7;> (Z <Z 7T7;j71'jj> > (Cauchy—Schwarz)
2%} 4,5 i J
1/2 1/2 1/2 1/2
_ <z ﬂ> S mmma | = (z w> (z mm) ,
i ijrk i i,
which shows that the bias contribution from (iv) is indeed of order k/+/n. [ ]

SA-9.10 Proposition SA.7
Here we do some calculations. Note that in this example, w; = [YiT, T;, XiT]T, wi = P; and z; = Z;, and

Tih(Y,,X;, 0
m(wi, i, 0) = %,

hence the two derivatives (with respect to p; = P;) are

T:h(Y:, X, 00)
_ 2 7

Tih(Y;, X4, 00)

m(w;, 5,00) = 3

1.
(Wi, i, o) =

To compute the bias term, we need the following:

T;
P2

k3

T:h(Y;, X, 600)
P?

k3

E [Ii’l(Wi,,ui,e())Ei‘Zi] = -k [ Ei E;

Th(Y:(1),X,,0
|- o[y fa] o

k3

8

. 1-P
- gi P’L )

which is by ;. Similarly, one can show that

1.
bQ,i]' =E {§m(wi,,ui, 60)5? 5?

T:h(Y:, X, 00

K3

Zi7zj:|

Zi,ZJ] :gijpigs]'

k3

p3 &

7

e [Tih(yi(n,xi,oo) 2

Finally we consider the variance contribution, which utilizes

T;h(Y;,X;,00)

E[m(w;, pi, 00)| 2;] = —E { P2
J

1
Zj:| =785
J

SA-9.11 Proposition SA.9

6 has the expansion

~

+ 0]117(1).

>

7112: : (Yi(t2) — Yi(tl)) —Ti6o

ﬁ(é_9°> - \/EIP’[Jl“i =1] 2

i
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To calculate the bias and variance, note that the estimating equation depends on the first step through (7; — P;) /(1 —
P;), hence it suffices to consider its derivatives with respect to P;:

0 (Ti-ph_ Ti—-1 182 T, — B  Ti—1
OP; 1-P; o (17PZ.)2’ 28Pi2 1,151. - (17PZ.)3'
Therefore the first bias term is
T’L -1 _ T7; -1 : v _ : o )
bii = E {@_ip) (Yilt2) - Yil))(T: - P) xz] —E [ L (lt2) ~ Yite)) (i — P Ti = o,xz}
P P,

)

T, =0,X| = TE[Yi(o,tg) ~Yi(th)

1—

T, = I,Xi],

where the last line uses Assumption A.DiD(1). Note that the first bias term essentially reflects the trend component.
The second bias term is

_ Ti=1 (vay_y X X —ml—— Y (v —v _PVIT —0.X. X,
bay =E [ gy (Yile) = Yie) ) (@~ B) xz,xj] =E [ =y (Yil) = Yien) (@, - B T =0, xl,x]} ,
which gives

P?
i = — 55 E[Yi(0,12) - Y; Ti =1,Xi],
bt = ~ o B0, 82) = Yilt) )
or when i # j,
P.(1—P; . .
boy = = BBy, (0,6) - Vi) T = 1.X.). (i # )
(1-P)
And again, this depends on the trend component. To simplify, note that it is
e E[(T‘J'_Pj)ﬂTi:O?thj} g g o )
b2,z] — (1 — Pl)2 ]E [K(O,tQ) K(tl)' T»L = 1,X1]
Finally, the variance contribution of the first step can be computed with the following;:
T, -1 _ 1 — ,
B 0 e (50 = ¥i(0) | %] = -5 B 0) = el T = 1.1,
which gives
- 1 1
Uyg= o ——E[Y;(0,t2) = Y;(t1)| T; = 1,X,] i | &:-
2 \/’E]P)[Ti—l]zi:[zj:lpj [Y;(0,2) ()] T; X mij| e
|

SA-9.12 Proposition SA.10

Since the estimating equation depends on the unobserved probability pu; = P; only through x;, we have the partial
derivatives (with respect to u; = P;)

oo O o Y(l=Dy)  (-T)Di . _ 0 2T;(1 - D;)  2(1—T;)D;

oP; (1- P)2 P?

(3

) A P

7

hence

m(w;, pi, 0o) = 5%62'(90) (Yi - ei(eo)) (— ngl(li_ng) + (a _Pji;i)Di>

v, 00) = e00) (¥ — eston)) (- D) - L2200,

12

To characterize the bias, one has to use more delicate arguments, and we do this for each term separately. Recall that
g; = D; — P;, and by Assumption A.2(2), conditioning on Z; alone will be asymptotically equivalent to conditioning
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on both Z; and P;. For notational simplicity, define
ei,(.) (9) = 6(Xi,TZ‘(O)7 9), o = 0, 17

for the two potential treatment status. Then observe that

. 19} T;(0
m(wi, pi, 0o) = 8061 (0)(00)( /(1) — e5,(0)(00) )
8961 <1)(90)(Y — €i,1)(6o) ) ,
1. 0 Tz
im(WnMu@O) ~ 29 (o)(90)<Y — €i,(0)(00) )
19}
89 ——€; (1)(00) (Y (0 — €; (1) 00))
To understand the source of the bias, we first consider one piece:
T:(0)(1 — Di)
E [** ,(0)(00) (Yz — €,(0) 90))W5i Z;
_ P
=E 61 ,0)(60) (Yz — €i,(0) 90)) i(0)| Zi| 1= 2
- P
—E eNmeoﬁz —Qm)%g «wzhnm):ﬂuﬁI_H.mnm):nuna]
—E|Ze @f —e 9))1®) Z:,Ti(0) = T,(1) | - PT3(0) = T3(1)|Z4]
- 80 1(0) i 1(0) 0 1- P, iy i i = 1q i

T: P,
1-P,

=K :%61(90)(Yi - 61‘(90))

Z.,T.(0) = Tiu)} PIT(0) = T.(1)|Z],

where the second and the fourth line follow from Assumption A.LARF(2), and the third lines uses the fact that there
are no defiers, and for compliers, the conditional expectation is zero. Similarly, we can establish the following:

:

1-P;
P

[ 589 “ (1)(90)( i(0) — ez‘,(l)(eo)) UiTpﬁilgl))Dlaz

=5 | e @0)(¥ - 1)z

1-P

[

)~
-B -aeezu)(%)( Yi(0) — eui0)(00)
o)

[ o
=E _%ei,(l)(eo)(yi

ei,(1)(6o)
Z..T.(0) = Tiu)} PIT(0) = Tu(1)|Z:]

a
a n(l))‘ 2..7:(0) = n(l)]
(1

— ei,)(80) ) =— Ti(lgi)(l - P)

)
)
)
)

P

T (1-T)(1—P,)
=E -%ei(eo) (Yz - ei(OO))

2 T0) = (D) | - PIT(0) = T2,
hence the first bias term takes the form:

bii=E [69 (80 (Vi — es(60)) (fiplli ¢ =T Pi)) ‘ Z:,T,(0) = ﬂ(l)} PITi(0) = T:(1)|Z:].

For the other two cases, we use essentially the same technique:

T(0)(1 - D) »
(1—P)3

:E{éi (00) (Vi - @w@)g%gé%i

IE{ 880& (o)(eo)( Yi(1 )—eiv@(‘%))

Zi,Z]}

Z..2,.T:(0) = m)] PITA(0) = T4(1)|Z4],

and

E { 68061 (1)(90)( 3(0) — 61‘,(1)(90)) %5? Z;, Z]':|

i
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= [~ 2 eston) (v - eston)) L2

k3

=5 -t ct) (2 502
-P[T3(0) = Ti(1)|Z:].

2..2;.T.(0) = m)] PIT0) = T:(1) |2,

which gives

For the variance, we need the following:

E {—%euo) (60) (Yz‘(l) — €i,(0) (00)) W

— 5 |~ 5es(00) (¥ - e(60)) 75| 20 70 T()]P[T() ()2,

and
{806””(00)( ~eun (@) E Zi]:E{aee“”(go)( (0)—€i7<1>(90>)1_T?(U’Z1]
E{a% £(00) (¥i - <9°>)*T\ZJ<O> T¢<1>}-P[Ti<o>:n<1>|zi1,

hence

B v, 00)12:] = B | 1s(00) (v~ x(00)) (157 = 115 )| 2070 = 1) | - PI0) = )12,

which will be part of the asymptotic representation. |

SA-9.13 Proposition SA.11

To match the notation used in the general result, note that r; = T; and pu; = P;, which we will use in the following
calculations.
The derivation of the bias and variance is pretty straightforward. Note that

m(wi, ui, 0o) = (XZ,PZ,OO)( — (X, PZ,GO)) - %ei(Oo)(Y; - ei(eo))

0
o0
hence

4 9
80 (X’La Pz,eo)(Yi - 6(Xi,Pi’00)) — 8796
0

= %éi(eo)(Yi - e¢(90)) - 8%961'(90) - ¢i(00)

(Wi, i, 0o) = (X, P, 00) - (X, P;, 00)

) o . 0 . .
1ia(wi, jii, 60) = 55 €(X, P¢,90)(Yz‘ - E(Xz’,Pz‘veo)) — 256X, Pi, 60) - €(X, Fi, 60)
1o}
7%6(&,3,00) é(X;, Py, 00)

= %éi(%)(Yi — 61(00)) — 2%@(90) - €;(00) — %61(00) - €1(60).

Then we can compute the bias terms,

& Z"] - E[aae

(Bo)YSZ

=5 [ (i~ c00) - Syt 410] 2

_E [%éi(eo) [T:Yi(1) + (1 = T3)Yi(0)] e

z]

from which one can get the desired result. Similarly we can derive the formula for by ;;. Note that it suffices to
consider the case i # j, as the terms involving 7% is asymptotically negligible:

1 0 . .
bgyij = *E[[ — 2%(31‘(90) . ei(oo)

€:(60) - :(60)]
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= —% (2%61(90) . 61(00) =+ %6,(00) . 61(00)> P,'(l — PZ)

Finally, one can also recover the variance term in a similar way. |

SA-9.14 Proposition SA.12

To derive the bias and variance, we maintain the “dot” notation to denote the partial derivative with respect to u;,
which has to be estimated in the first step. Then X; = —es = [0, —1]T. Hence

d
8/1,1‘
= —ex /(X! 00) (Yi - L(XIBO)) + 70X L (X 6o) (m - L(X,Teo)) XL (XT00)2.

i (wi, i, 80) = {xiL’(xjoo)(Y,- - L(xjoo))} - XiL’(XiTOO)(Yi - L(ono)) + XiXiTGoL"(XZTOO)(Yi - L(xjoo)) — X, X7,

Thanks to Assumption A.CF(1), the first bias component is
b1, = E [ta(wi, i, 00)ei|Zi] = —E[yoX, L' (X] 00)%e:|Zi],
and for the variance component ¥,
Eltn(wi, 15, 00)|Zi] = —E[oX: L' (X] 80)*|Z4].

Using similar logic, it is not hard to show that the second bias term takes the form:

M1 . 10
bg’ij =FE _§m(wi,,ui,90)e? Zi7zj:| =K I:Eal,l,,b [—egL/(X;rBo)(Y;' — L(XIHO))} SJQ' Zi,Zj:|
10 e To (v T 2 o 10 1 o ieTp2] 2l o
+E [5@ ['poZL (X] 90)(31 L(X] 00))] &2 z“z]} +E [2—% [ ~oX: L' (X 60) }sj z“zj}

2
=E %@L’(XIOO)%JZ- - %OXiL”(X,-THO)L’(XiTQO)s? — XL (X]60)e2

zi,z]} .

SA-9.15 Proposition SA.13

To simplify notation, we let E¢, [[] = E[-|L;,¢,, K1y, Airt,]. Note that it is not the expectation conditional on the full
time-¢; information.
The first derivatives of m with respect to v1; and ps; are

Kit1922,i,, Kit, 92,000 — Kits
1y (Wi, V1 — 21147, p2i; 7, 0) = | Aity 922,y (%,t2 + Ui,tz) — | Ait1 92,60 — Aists | 921815
L —823,i,t1 L —83,i,t1
and
Kot 912,64 Kit 92,060 — Kits
o (Wi, V1 — 21146, f2i, 7, 0) = | Airty 912,66 (Vi,tz + Ui,tz) — | Ait1 920,61 — Aty | G1yisty -
L —813,i,t1 L —83,i,t;

Then conditional on the corresponding covariates (and note that z1; D z2;),

Kt 92,60 — Kty

Elmg (Wi, v1i — 21147, p2i, 77, 0)215] = — | i1 92,660 — Aists | 92,110
—83,i,t1
Kit1 92,560 — Kity
Elme (Wi, v1i — 21147, 21,7, 0)215] = — | Ait1 92,660 — Aits | 91,081 -
—83,i,t1

Note that we can drop the conditional expectation since both K¢, and A;;, are determined by time-¢ information.
One example would be K¢, = K+, + I, if there is no depreciation, and A; ¢, = Ai¢; + 1 if t2 — 1 = 1 and the
unit of aging is calendar year.
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Next we consider the two linear bias terms. First we consider the conditional correlation between 1 (w;, vi; —
z11i, H2i, 7Y, 0) and €1, = Uiy, . Since both K, and A, ., can be regarded as deterministic functions of time-t
variables, it is true that

Kt 922,14
Aty G22,,t E[(Vi,tz + Uit ) Uity
—823,i,1

Zlij|

b1, = E[ml(wi7 V1 — 2114, H2i, Y, 0)eni (L, I, K, A)i,h]

Ki 1922,
Aity 9220t COV[Vz‘,tz,Ui,tl
—823,i,t1

(L,I,K, A)m] .

To prove the last line, note that E;, [Ui,t2 Ui,tl] = 0 by applying iterative expectation tp U; . On the other hand, V; 4,
may not be orthogonal to time-t2 information, and hence it is generally impossible to conclude the last line is zero.
With the same logic, we have, for the other linear bias term,

Kt 912,04
b1,2,i = E[a(wi, v1i — 21147, H2i, 7, 0)e2:|Z1:] = | Aitr g12,6,1, | Cov [‘/i,t2,xz',t2
—813,i,t1

(L, I, K, A)i,tl] .

And we note the above bias is generally not zero, since both V; 4, and x;,:, depend on time-t2 information.
For the quadratic bias term, we compute the second order derivatives

1 (Wi, Vi — 21147, #2457, 0)

Ki 159222, .t Kit1922,i,t1 Kt 92,06, — Kty
= | Aiag222,i,t1 | (Vigto + Ui,tz) =2 | Ai 922,000 | 92,6610 — | Ait1 92,00 — Aists | G220
—8223,i,t1 —823,i,t1 —83,i,t1

Moo (Wi, V1s — 21157, 23,7, 0)

Ki 911244 Ki 912,614 Kit192,i,6, — Ky
Aty 912,604 (Vi,tz + Ui,tz) =2 Ay G120 | 91 — | Astr 926,60 — Aty | 911,08, -
—8113,i,t; —813,i,t; —83,i,t1

M2 (Wi, V1 — 21137, H24, 7Y, 0)

Ki 912200, K, 922,i,t, Ki 912,66, Kit1 92,60 — Kits
= | Ait, 912201, (‘/i,tg + Ui,tg) — | Ait 922,56, | 91,660 — | Ait 912,680 | 92,660 — | Aie1 920000 — Aity | 912,60,
—8123,i,t; —823,i,t; —813,i,t1 —83,i,t1

Hence the three bias terms are

1 Ki 1,922, Ki, 92,06, — Kty
b211,:; = ~5 2 | Ait 922,68, | 92,660 + | Aie1 92,000 — Aity | 922,600 V[Ui,tl (L, I, K, A)z‘,zl],
—823,i,t, —83,i,t1
1 Ki 1912, Kit192,6,6, — Kito
b2 225 = ~5 2 | Aty g12,ier | 91t + | Aier 926,60 — Aigts | 911,661 V[X’Lfa‘(L,LK, A)i,t1]7
—813,i,t1 —83,i,t1
Kit,922,it, K912, Kit,920,6, — Kito
b212,ij = — < — | Aie1 922,060 | 910,00 — | Aitn 912060 | 92,560 — | Adyer 92,660 — Aits | 912,46, p Cov |:Ui,t17Xi,t2 (L, I, K, A)i,tl]-
—823,i,t, —813,i,t; —83,i,t1

Again if U; ¢ is purely measurement error, the bias bg,12,;; will be zero.
The last step is to recover the influence function. Since we use series expansion, it takes relatively simple form.
The first piece, ¥4, comes from the moment condition, which is

1 Kit1 92,06, — Kty

1
—3 Z m(w;, fi1q, fl2i, 00) = %20 Z At 92,66, — Aits (Vi,tg + Ui,t2)~

v,
vn —83,i,t1
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The second piece, ¥y, can be decomposed into three, and two of them correspond to contributions of estimating vy
and puo; in the first step,

B 1 Ki,tng,i,tl - Ki,t2

\1/2,1 = 7%20 Z Ai,t192,iwt1 — Ai,tQ 92,i,t1 Ui,tl,
i —83,i,t1

~ 1 Kit192,it, — Kity

Wy o = —ﬁzo Z At 92,000 — Aty | 91,011 (Xi,t2 - Pi,tl)-
¢ —83,i,t;

The final piece is the contribution of estimating (B in the first step. For this purpose, we use results in Section
SA-4.2. Then

_ 1 1 ~
Topy= 50 E|L;
23T MEV[Lig, (I, K, A)i, | >3 [ 1

(17 K7 A)i,tl] Ui,tl .

i

SA-9.16 Proposition SA.14
SA-9.16.1 Part 1

For the ease of exposition we ignore (asymptotic negligible) remainder terms in the proof. Then 0 has the expansion
- 1 1 .
\/ﬁ(a_oo):ﬁg:ari_ﬁg:bi(ui Zcz z P
where to save notations we used
T T
a; = — (Mo QOMO) Mo Qom(w;, pi, 60)
T R .
bi = — (MJQoMo)  MEQoria(wi, s, 60)

1 -1 ..
C; = —5 (MgﬂoMo) Mgﬂom(wi,m, 90)

Denote the leave-j-out estimator by ém7 it is easy to see that

\/ﬁ(ém_eo):\fz +\sz((1) ) ‘/HZCL(ME” Ni)Q.

4,177 1,17

Recall that the jackknife estimator is defined as
Z A(J)

and with some algebraic manipulation,

(n=1)-vi (87 =0) = =3 57 b (i = 1) M

JooiAs
1 TG 2

+ NG ; Z%;J Ci <1 — jr“ ) (HJ T]) (1I)
2 o N

+ \/ﬁzg“ﬂ (s = i) (1 = ) (111)

By Assumption A.2(2), we could ignore the approximation error. And (I) becomes

Zzbl_ﬂ (u; Hy + 1 — m)

Jooi#]
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fzzb 1—7r (Zﬂﬂf@) fzzb

JooiiFE] Jooii#]

5J +op(1).

(L.1)

Then we have the following conditional expectations:

ZZl

J oA

EHZ

K. z) [bie:]

— ,% (MEQOMO)_l M, Qo [Z b1,imis

Ep 1z [(1.2)] = 0.

To further simplify, note that

N PRE S)S

J 7t i |4, JF

' % Z E[-lZ] [blal]

1
+ % EZ: EHZ] [biei]

17771]

(1.2)

2

i
E J
— T4

1—m;
3. I

E 7Tzz -

— Tii f\/

One could conduct variance calculation, which is tedious yet straightforward. Now we consider (II), which has the

following expansion:

ZZcz(1T;“)2(/1j—ﬂj+ﬂj—7“j)2—\/152

Jooii#Ad

T4 2

1,

E C; (1 J ) E TjeTjmELEmM
EE Z,m

ST Y e (R

(IL.1)

)2 (ZZ: W@EJ) +op(1).

2
7Tw7rﬂ < ZWJL”TJJ = op(1),

7 g iz N T
(1L.2) (I1.3)
Therefore
Ly sy )l Loy
Bz [(AL1)]] = | = Bum eet] (122 ) | 3
fz,j,i#j £ 1—7T]] \/EZJ'Lyéj )
and
1 Tii 2 1 Tii 2
Ep. iz [(IL.2)] Efz [cie] ( Y ) == Eyzg[cie] (7”> + op(1)
(12 nzj:# et [eis] (7= ﬁZJ et [eies] (7=

—1
OQQMQ) MEQO |:Z bgyijﬂ'?j

0,3

"
(MngMo) o M;{ Qo [Z ba.i;T

%)

and using (E.36) again,

|Ep iz [AL3)]]| =

Z ZE [-12] CZEJ ( .

1—mj;
J oA 7

Finally (III) has the expansion:

Joii#Eg £,m Joii#Eg

ZE[ 1z [ci€;

+ op(1),

2
7,] J]

(1 —mj;)? * OP( )

(E.36)

2
1 2
) mii| Zp == > mymi; = op(1).
Vn =

(111) \f Z Z p— 71'” Zﬂwﬂ]mé‘zé‘m —— Z Z e p— 71'” <Z 7Tuz€e€]) +op(1).

II1.1
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Again we consider the conditional expectations:

7rij77ié77jé
|z] HI 1] f Z Z ZE[ 4 CZEZ 71 e 5

JjoaiFEj L
2
EHZ] [HIZ] = Z Z ]E[ |1Z] CZE] 1_ T
J oA i
Therefore using (E.36) and ;5 <1
T3 0T ie 2 2 77-25
Ep. iz [TIL.1] + Ep. iz [111.2]| = E[. cls gf— Er.iz |cie G + op(1
’ Lz [ ] 1z | H \f; [1Z] 7] [ \/5; Lz [ Z]l—mz p(1)
T35 TieT 50
= Er 1z [cicl LA - Er z) |cier| mijmiemje| + op(1)
f;|] ]1_71..7_]_ f;|] ]J17
AT 10T
- E gz [cied] TETCmitMIT | 4 (1)
f%: bz [eid] =T
) 2
<y L 2 TijTjeTjj
7TZJ7TJ€7"JJ7"U’7"J’Z7"J =p i ., - @ . = op(1
\/M 3i’ (1 —mj5) 1_7"]’]’ \f\/zﬂnﬂ“ﬂ "V or(Vh) = ox (1)
Therefore we showed the desired result. |

SA-9.16.2 Part 2
First note that the jackknife variance estimator takes the form:
~(j ~()\ 2
(n— 1)2 (0(J) _ 0( )) :
J

where for a (column) vector v, we use v to denote vv' to save space. Then the variance estimator could be rewritten
as

V==Y (67 -8) - L (B) -3 (67 -6) 0 (1)

J J

Next recall that

HU) 4 1 - 1 1 . 1 N 2
0= 5 (0-0) i ) e ()
N——

(D (I1) (IIT) (Iv)

)t S () () 2 S e ) ().

1,0£] 1,0£] 1,0#£]

(V) (VD) (VII)

Therefore we have to consider the square of each term, as well as their interactions. As the proof is quite tedious, we
list the main steps here. First we would like to recover the variance terms in Theorem SA.5 with

(n—1) Z (I1)* = V[¥1] 4 op(1), (n—1) Z (ID)(V)" = Covyz[¥1, ®a] + 0p(1), (n— 1) Z (V)? = V29[ P2] 4 0p(1).

J J J
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Furthermore, all the other square terms and interactions are asymptotically negligible. We use the following fact
repeatedly: For two sequences {u;} and {v;},

T () =

(-1 (1) = ni - 2(9—00)2 < (9—00)2 — op(1),

J

iTij Uj

Term (I):

by consistency. Then it is also easy to show that for 1 =1II,--- , VII

(n—=1)> MM

J

n—14%4 o ‘n—1
J

since the summands are bounded in probability uniformly in j.
Next term (II):

(n—1)3 (1) = nilzaf-,

J

which is asymptotically equivalent to V[W¥1] in Theorem SA.5. Now we consider the interactions:
1 N
)(n ~1) Z(II)(HI)T‘ - ‘ﬁ Zajb}(uj - )’ < op(l) - —— Z la;b] | = op(1).
J J

Similar techniques can be used to establish the following

(n=1))_(IDAV)" = o0s(1).

J

The interactions between (II) and (V), (VI) and (VII) are more involved. We first consider the interaction between

(II) and (V):

(n-1)3 ) = —% Saje; 3 b (1) (Assumption A.2(1))

j J iy LT
== ZajEj Z bimi; — Zajz-:] Z b; WZW” + op(1)
i,i#] i,i#] i
= — Zajsj Z b;mi; + op(1

1,177

which is asymptotically equivalent to Covy,z[¥1, ¥2]. And by symmetry, (n — 1) Zj (V)(II)T is equivalent to
Coviz [P2, ¥]. And as a short digression,

2
1 2 _ .
EED SRS ] Palre Rt
/ 1,17
2 2
- 2 Tij 1 2 )
_n—lzgj ZE[\Z 1—71] +n_lz<€j Z(b Efz[b })1_%]
! b7 J 1,07
T
1 ) .
+n—1Zj:Ej 1%E|Z][b] i%;j(bi—IE[A\z][biDl_mj + op(1),

where the first term in the above display recovers V. z [P,], while the rest two are negligible by conditional expectation
calculation. Therefore we recovered the asymptotic variance.
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Back to the interaction terms,

2
e N 2 1 2
’(n—l S an (v ‘_‘—§ a > c (ﬁ) (uj—rj) ‘@pn_l 7% = op(1),

1,9#] i,

and

=0 S @OV =2 S (s ) 3 el T (- )

J J 4,17

2 N T N
=P ‘n 1 Zaj (Hj - Tj)ci Tij (Ni - Nz’)
2,

21.\/Zj:|aj|2(ﬂj \/Zc]P i — u;) < op(1) - \/Z|aj ._TJ) \/W_OP

With a quick inspection, the above method also applies to the following interactions

(n—=1)> V) =op(1), (n—1)> @IVD) =o0p(1), (n—1)) (IN(VI)" = op(1),

(Assumption A.3(2))

(n—1) Z av)y (V)" =op(1), (n—1) Z aV)(VD)T = op(1),  (n—1) Z (IV)(VID)" = op(1).

Next we consider the squared terms involving (III) and (IV):
2 1 2( +
(n= 1)) = LS () (i~ ) < e 1Zuo|
J J

(=) Y (V) = 5 3 (s — ) <ot —Zm = o1

J

What remains are (V)(VI)", (V)(VII)T, (VI)?, (VI)(VI)" and (VII)?.

T
3 Te; 2
- W] = |1 mem( ) (D (m) [+ oe(1) 2o | |2 S = oo().
J N j il
And
T
B T _ | 2 Ty (e ) o ‘
o= 0S| [ 255 (5 b () ) (35 e () ()
J J 5,17 £, ]
2
1 4 T4
=< e — 5, — -
SN P (/U’J 7“]) Zvce [ (M M) op(1),
J INES]
where the last line uses Assumption A.2(1). Using techniques in the above results, we can show
(=1 (VD =o0e(1),  (n—=1)Y (VI? =op(1),  (n—1)> (V)(VID = op(1),
J J J
which closes the proof. |

SA-9.17 Lemma SA.15

Recall that a7 = fi; + >, mijej(r; — fi;), and P*[-] denotes probability conditional on the original data. Since the
bootstrap weights have zero mean and sub-Gaussian tail, the Hoeffding’s inequality (Vershynin, 2018, Theorem 2.6.2),
conditional on the original data, implies

> t]

>t| <n- max P*

Tijes
Z €5 ( 1<i<n

e (r

P* 15| > t| =P~
a2~ o 2 [m
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<n- max 2ex cr
122, AP T > (g = f15)?
< a 2e ot
n - max 2ex -
1SS TP TP (S ) (maxi<icn (ri — 1)?)

=n- max 2ex e
= B, 2 oxXp M27Tu(maX1<z<n( = [1:)?)
ct?
<2exp | — +lo
- p( MQ(maxlgign Wii)(maX1<z<n( /M) ) g( )>

where M = inf{t > 0: E[exp(e?/t?)] < 2} < 0o, and we also used the fact that > 77, = mii. Therefore, for all
t >0, P*[maxi<i<n |ff — fti| > t] = op(1) provided that

1
(e o) (s (i = 0)”) = o2 (o).

Since the conditional probability is always bounded by one, the unconditional probability converges to zero by
dominated convergence under the above condition. Finally, note that

i — )" < i)’
11;11;2(”(7" i) <2 max € 42 mﬂxﬂ(u i),

so that the desired result follows from the assumptions of the lemma. |

SA-9.18 Proposition SA.16

First we note that consistency can be established with the same argument used for Theorem SA.1, hence is omitted
et .
here. Given consistency, we are able to linearize the estimating equation (E.33) with respect to 8 , around 6:

ﬁ(é* - é) N (1 + ow(l)),

1 * A% D
%Zm (Whiuz?e)

where for notational simplicity, we define m*(w;,-,-) := (1 + ef) - m(w;,-,-). We further expand the above with
respect to the bootstrapped first step:

1 * A% A\ 1 * P
1 2% ~ D ~x ~
+ % Z v (wi i, 0) (i — s ) (B.42)
2
Z “(wi, it 0) (it = i)+ 0x(1). (E.43)
Analyses of the above terms are similar to those of Lemma SA.3 and SA.4, with more delicate arguments.

SA-9.18.1 Term (E.41)

Lemma SA.22 (Term (E.41)).
Assume A.1, A.2 and A4 hold, and k = O(y/n). Then

k
E 41 Zel . Wi,ui,eo) + Op (\/Z) -|-O]1»(1).

Note that

1 * ~ N 1 * ~
(E.41) \me Wzv//'ue = % Zei ~m(wi, i, 0) + op(1) = % Zei ~m(w;, fii, 60) + op(1).
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The second equality uses (E.5), while the last one comes from the argument that
1 s 0 I NN 1 . 0 .z . 0
ﬁ zi:ei . %m(wi,uhe) (9 N 90) e n zi:ei ’ a?m(wivﬂi79) —p E [ei . %m(wnﬂz‘,eo) ;

given Assumption A.1(5). To further understand the last term, we still need to expand it with respect to fi;, yielding

= 3 et mlwi, i,00) = = 3 el -m(wi, s, 60) m
1 . N
+ 7 ZZ: e; - (wy, g, 8o) (Mi - Mz‘) (11)
1 1 . 2
+ % i €; Qm(w’ulhy 00)(/“ — Nz) . (1 + 01?’(1))' (HI)

(I) apparently contributes to the first order. For (II), note that it can be simplified using exactly the same argument
used in Lemma SA.3 and SA.3. Equivalently, assuming A.1 and A.2, then

(II) = Op <\/§> =+ O]p(l).

By the same argument, (III) can be simplified with Lemma SA.4 and SA.4. Namely, assume A.1 and A.2 hold, then

(HI) = Op (\/E) -+ O]p(l).

|
SA-9.18.2 Term (E.42)
Lemma SA.23 (Term (E.42)).
Assume A.1, A.2 and A4 hold, and k = O(y/n). Then
1
(E.42) \F Z <Z]E m(w;, i, 60)|z;] m]) eiej + 7 > b i+ 0x(1),
where by ; is given in Lemma SA.3. _

For (E.42), we first show that it is possible to replace 0 by 6o, provided dm /90 is Holder continuous in p; and 6:
(E.42) fzm Wz,quo)(uz uz) Zao (Wi, fui, )(m fui)\/ﬁ(OfGo),

where the second term is bounded by the following

Z g™ (Wi s, 0) (71 — fis) v (6~ 60)

where the last one uses the uniform consistency of ji; and ji;. Hence

e %Z ‘%m*(wiaﬂué) (u Mz)

mwzﬁzwmwmm%@+wJ
= jﬁ;m*(w“ﬂi’eo)(;ﬂ'i‘jaje;) \FZm (Wi, fii, 00) (ij — 1 e]) +op(1).

@™

For (1),

E* [(D(UT] = —E" | > " (wi, i, 00)t" (Wi, fuir, 00) T (f1; — 13) (fijr — pa V€S €fmigm s

L
LECEVEV)
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1 . . . N N
== > wn(wi, fui, 00)tia(wir, fiir, 00) (A1 — 1) mij i (I1)

i,4',5
distinct

2 . N . N N N
+o Z (Wi, fii, 00) (Wi, fiir, 00) (i — i) (fuir — frar)Taimire (I1I)

.
1,1
distinct

2 . N . . N
+ I Z (W, fli, O0)th (Wi, fis, 60) " (f1; — Mj)27T¢2j 1v)
dislt’ijnct
C . . . . N
+ =5 > (Wi, fi, 80)(wy, i, 00) " (= 1) T (V)

1,7
distinct

C . N . N N
+ *2 > wi(wi, fui, Qo) (w, f1i, 00) (s — i), (VD)
dlStZiDCt

where C; and Cs are related to the third and fourth moments of e;. Then for each term,

. 1 . . . -
)< (e V= d®) - Iainowe i, ) i s 0) i
di;‘gnct
— |m(w;, fis,00)]” = op(1), (projection and Assumption A.2(1))
n =

provided m is Holder continuous in p,. (III) can be handled by observing that

2 2
2
|(TIT)] < <\}ﬁ;|m(wi7ﬂi790)|mi | i —ui|> < op(1) <\FZ|m W17Mz790)|7l’u> = op <k >
Similarly
2 k
(V)] < op(1) - = 3 [rin(wi, i 60) "y = 0 ( ).
dislt,i]nct
and
o 1/2 1/2
‘(V < 7 <Z|m WZ7M1700)| ) <Zl’n Wlnuheo)‘ | 1| 71-JJ>
1 k
n -\/ﬁ-\/E-oﬂ»(l):oﬂ»( )
n
Finally,

k
001 < 2 57 o 00 i P = e ().
To summarize, we have the following

(E.42) = \FZm (wi, iz, 80) (ZT(”&‘JGJ)-FO]P (%w)
- ﬁ zi:m*(wi,m,oo)(zmjsje;) + o <% v 1) ,

where the second line relies on almost the same argument. Finally, we can apply the same techniques used to prove
Lemma SA.3 and SA.3, yielding

k
(E.42) \/» Z <ZE[m wj7u],90)|zj}7rw> cie; + f Zbl i Tii + op <T v 1)
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SA-9.18.3 Term (E.43)

Lemma SA.24 (Term (E.43)).
Assume A.1, A.2 and A.4 hold, and k = O(y/n). Then

(E43 fzbZ ij 71'” fzb2 i ﬂ'u E[ez }+0]P( )7

where bo ;; is given in Lemma SA.4. -

First note that

(E.43) 721 wz,uwé)(ﬂf _ﬂi)Z

\FZ St (wi, i, 00) (7t ﬂi)Z%Z% (1" (wi 7, 0) — x* (wi, s, 00)] (7 uz)Q,

()

\»—AM

where the second term is easily bounded by

[ n*(wi, i}, 0) _fh*(wivuivgo)] (ﬂf —ﬂi)z

SﬁZi(lJrei)‘H?'é(ﬁl)-(Iﬂ?*uilJrI@*Bol)“‘IﬂﬁfﬁnIQ
< op(1 \FZ (1+e) - HO () - |af — fuil . an

Compare (I) and (II) and note that Assumption A.1(7) imposes the same restrictions on rn and H®°(rh). Hence
generically, (II) has the order

(ID) = or (I(D) -

Next we consider (I), which can be written as
Z Wl,,uz, 9() (ZWUEJ )2 = i Z 1ﬁl*(wi7 iy Oo)éjége*-e}mjmg.
f 2™ K Vi 52 e
The key step, as before, is to replace € by €. Note that

f E 2 W“,U,z,e())é‘]E[e efﬂ—wﬂ-l[

1,7,€
Z i’ (s 1 00) (5 — i) e — )i (1)
and (for simplicity let aj = ™ (ws, ps, 00) (47 — fis))

1
E* [(HI)(IH)T] == 2 F [a;* al (1 — 1) (fyr — )€ e.?/mmw}

T
,0°5,7,7

1
= E Z ]E [aza/ ] ( l,L]) T Tl 5 (IV)
dils::ir’ljct
1 * * *T ~ 2 2
+ 4 Z E* [afal™] (35 — 1)’ (V)
dlqtmct
1 *aX eX1E* ~ ~
+5- Z E*[a] el B [alel ] (fui — pui) (i — prar)miimors (VI)
dl;t;ﬂct
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1 * * * *
+ on Z E [az}E [ez a;r :| (fuir _Mz) Tii! Tir 4/ (VII)

di;é?r’]ct

1 * * Kk * A

JF@ZE [aiaiTei2:| (fui — pa)°mss. (VII)
Then
1 * * N 1 * *

V) = |- > B [alall| (3 — ) mymo;| Sor(1)- - Y E* [aiall | m < or1 ZE [la ) E* [laf [

distinet

1 . ..
< 0p(1) - D7 [(wa, s, 80)| [Ea(wir, v, 80) s < 02 (1) Z|m wi, 13, 80)1” = o (1),
i,i!

where the second line uses Assumption A.2(1), the fourth line uses Assumption A.4(2), and the last line uses projection
property and Assumption A.1(7). Similarly, we have, for (V),

WMl =|5 3 B [aral™] (3 - e 3 Zlm w80 =on (1),

— n
i,j
distinct
and the last equality is a simple consequence of Assumption A.1(7). (VI) is the most difficult, which can be rewritten
as

1 * * x * * Kk ~ ~
‘(VI)| = % Z E [ai eiHE [ai/ei/]T(,ui — //Li)(ui/ — /li’)ﬂ—iiﬂ—z"i’

Z [
distinct

(\F ZE arel]( Mz.)ﬂ-ii> Sor(l) - <\/15 Z |ﬂl(Wi7Ui700)|7Tii> = op (%) .

X

And

1 x
|(VII)| = % Z E* [az]E |:€'L/ a / :| (NZ/ — M ) U
disiéfnct
1/2

1/2
1
51 (z ) (S ] - e (projecion)
i i
1/2

1/2

_ k
< is i, 0 i i, 0 =op(1)-n~t-n? kY2 = =)
O]P’ <me7:u7 0)) (Z|mW,/L, 0)| Lz> O]P’() n n Oop n

Finally

* *xT %2 ~ k-
|(VID)]| =0 Z]E [aiai e ] (fii — pi)’ms = op(1 Zlm Wi, pii, 00)|*7E = < .

n
Hence we have shown that

Z *(Wi, i, 00)€jere] €y mijmie + op i vi1]).
2 ) b J ﬁ

7,]2

Not surprisingly, we can replicate the above argument, and replace £; by ¢; in the above display, yielding

E *(Wi, i, 00)ejE0e] €5 mij T + Op i vi1]).
2 ) bk J ﬁ

7,]2
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The next step is to apply Lemma SA.4 to conclude that
1 1 . % 2 4271 2 k
= ﬁlzj:iEHz] [m (Wi,ui,Go)ajej ]TI'ij—f—O]p % V1
:LZbQij'ﬂ-z Zb2ll 7T'L'L' ]+0[P’ i vV1]j.
vn — it vn

SA-9.18.4 Asymptotic Representation

This is a simple consequence of linearization, Lemma SA.22, SA.23 and SA.24. |

SA-9.19 Proposition SA.17
SA-9.19.1 Part 1

For the ease of exposition we ignore (asymptotic negligible) remainder terms in the proof. Then 6" has the expansion
A% A N n N N N
Vi (67-0) = fzwz 1+—Zw:b +%Zwici(u:—m>2,
3

where to save notations we used w; = 1+ ¢}, n, = ZZ wy, and

fli = Eom(wi,ﬂi, é) E)»L = Eom(wi,ﬂi, é) (A:l‘ = EOM
For future reference, let
_ R _ <« MW(wy, pi,00)
a; = Zom(wi,m, 00) bl = Eom(wi, iy 00) C; = 20#

Denote the leave-j-out estimator by é*’m, it is easy to see that

vn (é*’m A) — Z - nﬁ T Z(wf — 8i;)bs (ﬂf’m - ﬂz’)

vn * e (500 _
+ m Z(wl - 613)Cl ( )
where 0;; = 1[i = j]. Recall that the jackknife estimator is defined as

é*’(') _ i Z 9 ’(J)
N ;

hence

U‘>

G 0) = ol St s S - (11 - )

Z”ﬂ f 5y, (ﬂ:m ﬂi)?

To simplify, we further expand the leave-j-out propensity score, which satisfies

~%,(F ~ A~k ~ Tij
a9 — = =+

(ﬂ; - T;)v

L —mj;
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hence

\/’E * * ~ Tij ~ % *
(W — 6::)bs «
+ Tes (Ney — 1) . wj (w; i) 1— (i —3)
2\/6 T4
‘l'c * 57{ i 17 /\’L /\7; _
+ Tes (y — 1) EZ] wj (w; i)e 1— (1 — pa)(fg —r3)

Note that

&
£
a‘ S
=
™
ug*
I
g
<.
I
3
(]
&
(]
—
3:*
T
gl
:7;/
S—r

Similarly, we have

and

As a consequence,

(= DV (077 = 87) = Y S = )i 5~ 1)

Nw 4 1=y
PN . e .
4 waj (w; 5”)C11 . — (A — i) (g —rj)
Nw = — T
\/ﬁ */ % N Urs 2 K *\2
+ e 2- 7 (Wi — 0i5)€s . ;’j] (f5 —r5)
= LS ! — )b (i — 1)
=/ E 5 (W WP Hj J
2 * * ~ 7TZ] Iy
] ; i 61 i % -
+ NG ) wj (w7 7)€ g (1 — pa) (i —r3)
1 ™ ’
i (wrF (57, Ai = —rp)?
+ Jn - wj (w; i)e (1 —7rj]) (7 —r3)
—|—O]p(1).

Next we analyze each term. For term (I), it is

1 ~ Tiq 1 N Tid
D= —= 3w —di)bi— (i — 7)) = —= > W :_5i'bi¢(z eié, — )
@) Jn -~ wj (w i) 11— (15 —75) Jn . wj (w i) 1—m; ~ Tje€r€e — €5€;
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Tij
E wi —0; €gb
J J 1—1m

0,7,4 77

Tie€e (I.l)

Tij .

fzwjej Wi =6 ”)bil_iwjjgj. (1.2)

Again we consider conditional expectation:

UEy ~
E*[(I.1)] = ij wi —di;)esb; 1_7;__7;7-@5@

i,5,€ 79

2
T 1 T
E w*w*e*b Y&l + B | — E w;wfe;biﬂsj
1- Tjj \/ﬁ 1-— 5

i,5,i#] i,5,i#]

72
Zwl wi — 1)e; *bs éz}
1_77“

1 N Vo7 i T e
=—= b, —L—¢; b EKEE &+ E*| 1)b " g,
nz L=m; Z \/’Z e+ 177r“E
5,177 3 zgzig
Similarly,
E(12)] = B [——= S whel (wf — 6iy)bi— 2,
. — n Z7J V] K 1] 11_71’]] J
Tij P T
—_— wietw'b -€; wie;(wi —1)b; &
1 I Lj 1 *xr %3 0 Tii
=—— b; = — E*[e; 1)b; i
fz ﬁ? b
Therefore
EX[ Z b (1.3)
13!#]
-7 Z bimijé; (1.4)
40,877
\FZ E*[ ]+1 zﬂii5i~ (1.5)
Furthermore,
(D S
' Vn Nrve 1 —7r”
1 ?,
:% Zb 8Z+OP( \F Zb(ﬂ-” 1_37:3)5i+0]p>(1)
44,177 i,5,i%£] Ji
1
NG

Z bimiiei +op(1) = Zbﬂr”el + op(1)

40,87 f

= b;miiei + 0]}" E b151|Z1 Tis + O]P’( )
fz )= L5

- Z:0 Zbl iTii + O]P )

The second line follows from consistency and (E.35); the third line follows from Assumption A.3(2) and (E.36); the
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fourth line is a simple fact of Lemma SA.3. Similar argument applies to (1.5), which implies

= _7220 ez ]+1)b1 'L7Tzz+0]P’(]-)

Finally,

1 - R 1 - .
(14 e Z bzﬂ'”&‘J = —% Zbiﬂ'i]‘é‘j—F%Zbiﬂii&i

i,3,1#7 i3 i

1 - R 1
= ﬁ ; bimié; = % ; Yobi,imis + op(l),
where, in the second line, we used the fact that ), ;i€ = 0 for all 4. Therefore
(I) (1 - E* Eobl ,i T4 + OIP’(l)
LR

Next we consider (II). Note that it has the expansion:

2 * * A Tij A K ~ Ak *
= %Z%‘ (Wi = 8ij)€im—"—(f1] — fu) (@15 —77)

L —mj;
g wj — 95 czli E micerée)( E 7T][6€E[—6J€])
7rJJ
2 * * * _* Tij
~ J A A
= — E wi(w; — dij)eq eg/cil T jorEeépr (I1.1)
N R — TMjj
4,5,4,¢
2 * x( x * Tij
A J A A
- — wj €5 (wi — 51-3-)6@(:1-17#%5[5]-. (11.2)
Vi — — T
W
Then
* * T4 PN
E [(H.l)] =K E wz W; 61 ezcliﬂiiﬂ'ii&‘i&‘i
f 1-— Tid
* 2 7T
+E % w] wl 6 6, C'L 1 .y 7727,7(-]15161
L 1,7,177
]E* 2 Ti5
* % ijl ejejczl_ﬂ TijTi5€5E5
L 1,7,1#7 J
2 Tii
* * * * koA kX% A A
+E % E w; (wi — 1)ege¢ciﬁmgm55gsg
i,0,i7£L "
E* 2 E
+ % w] wie; ej Ci—— -, 7T“7r“515]
L i,3,1#]
E* 2
=+ % w] wl eJ el cl1 — 7r1]7r]1a€]51
L 1,177
2 Tij
* * * * koA ij A A
+E* | — E wy(w; — dij)eq CZCiliﬂ'i[ﬂ'j[EZEe
iy —j
L distinct

3 2 2 2
E Ty + E 5§ Tii =+ E TiiTi5 + E e
i i irj i
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1.0 .07 e LT
distinct
N TijTiiT 55 2. A A N TijTieT 50 A2
i€j 1
Z Zl_ﬂ’]] Z 1_79]66 \F Z Zl_”]] e +or(l),
1,5,i#] i,5,i#] i,5,¢
distinct
where the op(1) terms follows from (E.36) and Assumption A.3(1). Similarly,
]E*[(H.Q)] = E* —l wfef(wf — 1)6:61' Tii ﬂ'iiéiéi
\/’E 1-— Ti4
* 2 Tij
+E [—— Z wiejwie; cl1 i€
L i,7,1#7 — i
T Z wjejw; egcl1 mii€5€;
1,5,1#] B W“
2
T35 T4 2.8 * *3 ~ Tij ~2
oS T ees - 2 S e e T
\/ﬁ i 1,5,1#] 1 B 7r“ f 4,5,i#] - Gz
2
71'”7r“ g2 2 %[ *3 N ij
= Z Ei€j — — Z(E [ei”] +1)¢; —&j +op(1)
\F igati I v T 1=mjs
Hence
L TG . .
E Z & 11]_2;—];] €i€;
i,5,1#37
7T A A
Z T
4,5,i7#] i
Z ~ 72]71-157738 é%
\F ; — T4
dls,tl,nct
T et
4,577 g
Z (E*[e®] + 1)&; 7 + op(1).
4,5,i7#]
First note that
2 ﬂ'?j W?j
(114) = % Z Ciﬁfifj =+ O]P( ) T Z [Ciﬁi&j‘Zi,Zj]ﬁ + O]P(l) = O]p(l).
i,,i7] 7 0,577 7

Next

(I1.3)+(11.6)

E CiTijTii€i€j =

ZJ’L¢J

2 R R
= % ZCM?I-E? = op(1),

2 R R
— E Ciﬂijmz‘&‘z‘&‘g
/&=

1,3

3
P TijTiiT G5 o o 2 ~ Tij A A 2 N TiTieT 50 A2
Ci 1 = . Ei&j + — Ciligigj + — Ci— &
— i vn = Tjj vn

E C-L7T”€l

(I1.3)

(IL4)

(IL5)

(IL6)

(IL7)

where for the third line we used the fact 37, ; mi;é; = 0, and the last line follows from Assumption A.3(1). Hence

2
& Tij Tt T 50 A2 2 ~ Tij A2
E E Ci—/— €&y — —= E C; €
f 1-— 55 \/ﬁ 1-— Uy

,5,¢ 4,5,47]
distinct
* *3 17 A2
= Y B S o
4,177 7

(IL.8)

(IL.9)



For the first line, we have the following result:

2 . 2T T T e 2 L2 T
(IL8) = |[—— g2 Tt 2 &:é
ﬁd-%t Sl n@%j -,
2 0T 2 L 2 )
=|— Z éié%M R — &;82 it (change j — ¢)
vn Y B N e L= me
distinct
~ A2 T TieT 50 2 P z'2£ .
= Z Ciff ————— — — Ci€y + op(1) ((E.36) and Assumption A.3(1))
5,0 L —=mj; vn 06,140 l-m
?, K2 2 A A .
= f Z A,A27T JTatTje NG Z &iéimy| + op(1) ((E.36) and Assumption A.3(2))
i n i,0,i£L
?, K2 2 A A .
= Z ¢ “27r Tigmieme 2 Z &iéimi| + op(1) (Assumption A.3(1))
f 1,5,€ 1= " il
& A2 TijTieTje & A2 T T T 56T 55
= — CZEZTQ 0T 50 +O]p 1 _—— +O]1>(1)
\f; 1 —my; \f; e \F; 1=y
2 2
1 T 0T 55 T 0T
< 2 LT 55 Tij TeTj5
A e e
ZZ 71'”7'|'J[7T]]71'”/7TJ/47I']/J/ _ @ Z 7Tjj7rj’j'7T]2vj/
7 U= —myy) v\ (=) (1= 7y50)
/ vk
ZT{']]WJ/ /7r ﬁ -op(VE) = op(1).
Hence we have:
771'2]' 2 771‘2]‘

2
; 1) =
ﬂ_jjej + op(1) n

e Z E*[ *d}

4,5,47]

2 *[_*3714
_ﬁ Z E[ei ]Cil_

1,5,4#]
R T

and the last line follows essentially from Lemma SA 4.
(III) has the following expansion:

_E*[ *3 EO

= e toe(l) = f

54

C;

2
: 1
1—7Tjj6j+op( )

Z b2 1]777,] + OH”( )

Us *
(I11) Zw] wy — (1_;”) (i —17)>?
Tij 2
\sz w; — 8;5)¢€ (1_ﬂ_ﬂ> ijgegsg—e ;)
* x s
= ﬁ ij (wi — di5) (1 — ;“) Zﬁﬂeesg (I11.1)
2%
2 s ox g
— NG izjw]- (wi — di5) <1 — ;JJ) Zﬁjgegsg €j€; (111.2)
1 * * Tij 2
— (w; — 0s . I11.3
g St =0 (124 e (L3)
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Then

. 2
1 T 2
E*[1IL1)] =E* | — (Wi = 6i5)€; Y el €
[( )} Jn < Wi (w ij)Ci 1—n, ;Tfﬂee [
=FE" -L wi (Wi —1)eje;e; Tii 27r~7r--é-é-
\/ﬁ Z 1 1 T 1 T 1 77[_12 11 11<-1<1
+E | = > w*w*e*e*é-( g )27r--7r--é-é-
\/ﬁi7j7i¢j g E G 1_7Tjj Jvtg
+E* L Z w*vwfe*e*éi ij zﬂjjﬂjjéjéj
U= R AN
+E* = Z wi (Wi —1)ejere; (17%”)2?1'@7%@5@
L Vn i,0,i0 — Wi
* 1 * * * _* A Tij 2 A A
+E — Z wj (wi —(L-j)eiejci TjiTj;EiEj
Vi L=
]E* 1 * * (5 LR Tij : s AR
+ NG Z wj (wi — dij)eje; € 1— T Tji€5€i
1,5,477
* 1 * * * x A i ? A A
+E % Z wj (wi — 5ij)egegci 1= TjeTje€ELEL
vy, 33
L dist]‘mct
Zﬂ—u + Zﬂ—u + Zﬂ—zg T4 + Zﬂ-zlﬂ-u + Zﬂ-z]ﬂ—JJ + zﬂ—zgﬂ-]é
i,5,8
= O]p(l),
by (E.36), (E.37) and Assumption A.3(1). Next
E*[(TI1.2)] = E* ij Wi — )¢ (1 Ty ) (Zmem> ejej]
— Tjj
T 2
=E* \/»Zwl el w; — 6Zéi (1 71;“.) ﬁ11é1é1:|
[ 2
+E* | —— Z wiejw;e; e (1—7r ) Tji€i€j
L 1,,17] 99
i 2 —_ 2
+E* | ———= wewzecz( i )7‘(’88
\/ﬁz;g €5 J 11— ji€i€j
) Tij 2 2 Tij 2
= Z (1 —Z;T") Wijéiéj +O]p(1) = 77 Z C; (1 _Z;_”) TijEiE5 +O]p(1)
i,5,i#] 77 n i,4,i#] 33
2 —_ 2
== Z Elcieic;|2i, Z5] (1 7” ) mij + op(1) = op(1).
\/ﬁz‘,j,i#a‘ 7
Finally
E*[(II1.3)] = STE e + 1)es < Tig )QéZ- op(1) = —— STE e} + Ve (””)25? + op(1)
Vn o 1— 7y J Vn = 1—mj; 7
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[k 1
= (E [67;3} + 1)20% sz”ﬂ'?‘? + O[P’(l).
2%}

Given the previous results,
(- % e 1
(s — 1)\/5(0 O _p ) =(1-E [6¢3])20ﬁ (Zblﬂm +Zb2,ij7rfj> + op(1)
i %)

= (1 —E*[e*])B + op(1).

SA-9.19.2 Part 2

We follow the notational convention used in the previous part:

0 » 0 1 i A’iv 0
a; = Zom(wi, fi;, 0) b; = Jom(w;, ii;,0) ¢ = Eo%‘
Similarly,
_ s _  m(wi, pi, 6o)
a; = Eom(wi,m,eo) bi = EOm(wi,/u,Bo) C; = Eof,

First note that the jackknife variance estimator for the bootstrap data takes the form:
ce() an(ON 2
(n—l)Z(@ (J)_a ()) 7
J

where for a (column) vector v, we use v to denote vv' to save space. Then the variance estimator could be rewritten

as

Veany @) ()
— -y (678 1o <%

N———

Next recall that

~%,(7) n_ 1 * ~ 1
0 —anw_lz(wi—&;j)ai—kn — .
i i

1 . e \2
p— D (Wi = 6iy)es ( PO M) :

Then we make the following decomposition:

Jr

1 . ! . 1.
nw _ Z(wl 61J)al - nw _ zl:wl al w — la]7
and
1 * 5 bs (4F () A 1 Jo JURY i J
T — Z(wz ”)bl ( i 7,) = oy — 1 Z(wz zg)bz 125 i — 1_ Py 63 Ej
_ 1 (! = )b (1F — i) — ——— S (i — bi)by (et
Ny — 1 - [3 ] K3 ILL'L /Ll N — 1 - 7 ) g _ 7rjj 1<
1 * 1 ~ 1 » ~ K ~ 1 * i 55 * A
:nw_lzwzbl(ﬂz_ul)_nw_l j(#j_ﬂj)_nw 1Z(wz 513)b1 1—1 3€3 | s
@ i
and
LS e (9 — ) = S i — e (= - ey )
o —1 e i ij)Ci i ne — 1 i i ij)Ci i i 1_71_”]3



Therefore

Then we have

N — -
_ L A
Nw — 17
1
+ o 2 wibi (i — )
1
1 N A%
- "o lbj (Mj N’J)
1 * 0 ij * A
T = ;(Wz 67«])b1(1_ﬂ_]] 151)
1 O 2
+ C; A 1
=12 (i — 1)
1 N N2
_nw—lcj (M; MJ)

o —124 w:bl ([1’1 _Ml)
1 X7 Ak A
nw(new — 1) Zj:wibj (A5 — )
1 N Tij
* (52 vfbi ij * A
nw(nw - 1) ;(wz J)w] (1 _ 7T]'j ]57)
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1 ~ ~x ~ N2
+ _1zci(ﬂi_ﬂi)

Nw

1 * A Ak
"l 2 5 =)
J

1 * ~ Tij 2 *a \2
- x5 ) wres k2
F e =1y 2 B (1_m) (c55)
2 Tij
- F = Gij)wyi s (A — s Y_eje; ),
(e — 1) ;(wz Jwj € (f17 — fui) (1 e €5€;
which means
~x,(5) A%, (1) 1 Ak ~ A% 1 R 1 ~ .~k “ 1 R ke
6 -0 :m(e _O_B/\/m)_nw—laj_nw—lbj(uj_’uj)_rj 1%’(#3‘
1

— 1 A.
N — 1a]
1 " PN ~
T e — 1bJ (Nj *ﬂ])
1 .
- "o ch (N; —M])2

by consistency. Similarly

(nw — 1) Zw;(l)((m oo (VII))T - (é:c - é) > ((II) o (VII))T = op(1).

Next
(e =) Y wi (11 = 5 3 w] (&))? —» V1]
J J
By the uniform consistency of fi}, it is very easy to show that
(nw —1) Y _wi (NI = o0p(1), (nw — 1) > _wiI)AV)" = 0p(1).
J J

Then

* 1 A D */ % 5 * A
(e =) S V)T = = Y ablu i - a) (17-e3e, )
J ¥ i

L —mjj

89

(VD)

(VII)



e Y Bl - o) |
: Ji
*e;éj Z {E);rﬂ'w}
br TijTjj
eJEJZ { 1 _WJ]:|
a,w; €j€; Z [f)jefil . ]

— -
1,i7#] 79

1 e [T y
+ —1 ;ajw;ejsj { (e — 1)1 —]7]7”} .

Then we have (i) —p Cov[W¥y, ¥3|Z], and the other terms are asymptotically negligible. This essentially uses the
same technique (conditional mean and variance calculation) used for Lemma SA.3 and SA.4, and we do not repeat

here. By taking transpose, we have (n., —1) 3>, wj (V) (I1)" —p Cov[®s, ¥1|Z]. Further,
* 1 A * ~ Tij ? *a \2
‘(nw —1)) W (H)(VI)T‘ - ‘n — D wia; > (wf - di)és (ﬁ) (e3¢5)
J w ; i N
1 2
~<p = 2 op(1
~P n izjﬂ—w OP( )a

and

|(n = 1) Zw;(ll)(VII)T( - (nw2_ : Zwa*-e?éjéj ;(wf = 0ig)& (A7 = i) (%) |

' \/Z |we éjéjQ\/ZKw? —dij)€i (A — fu:) |2
i
= O]P’

Due to uniform consistency of i}, the following are easy to establish:

—-1) ZW;(HI)2 =op(1)  (nw—1) Zw;(m)(lvf =op(l)  (nw—1) Zw;(m)(v T

— DY) W IDVD)T =0p(1)  (nw —1) > w;[I)(VIDT = 0p(1),

J

as well as

“DY WAV =or(1) (o= DI W VW) = o) (ne 1) P Wi AV)(VDT =

(nw = 1) > wi (IV)(VIDT = os(1).

J
Next it is easy to show that

ij (1+E*[e*)) V[¥2|Z].

What remains are terms involving (V)(VI)", (V)(VID)", (VI)?, (VI)(VI)" and (VII)®.
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Using techniques in the above results, we can show
(nw — 1)) wi(VI)? = 0p(1), (nw — 1)) _wi(VID)? = 02(1), (nw — 1) Y _wi (VI)(VID)" = 0x(1),
J J j

J

which closes the proof.
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SA-10 Empirical Papers with Possibly Many Covariates

Per request of the Editor and the Reviewers, we document a sample of empirical papers employing
two-step estimation strategies where the dimensionality of the covariates used is possibly “large”
(in the sense that k/y/n is large) and therefore our methods could have been used to obtain more
robust inference procedures.

These papers were found upon searching for the following keywords: “propensity score”, “con-
trol function”, and “semiparametric”. We only report those papers that explicitly declare the
dimensionality of the first step estimation and exclude those papers that did not provide this infor-
mation clearly (even though these also appear to be using several covariates and/or transformations
thereof). This list is not meant to be systematic or exhaustive, and therefore we did not attempt

to conduct a meta-analysis on the topic of many covariates in two-step estimation.

1. Abadie (2003), Journal of Econometrics 113(2): 231-263.
Methodology: local average response function method. 86 covariates are used to estimate a
linear probability model with n = 9,275; k/y/n > 0.89, depending of specification considered.
2. Black and Smith (2004), Journal of Econometrics 121(1): 99-124.
Methodology: propensity score matching. More than 30 covariates are used in propensity
score estimation with n & 350; k/y/n > 1.60, depending of specification considered.
3. Brand and Davis (2011), Demography 48(3): 863-887.

Methodology: propensity score is estimated with Probit model, which is then used as gen-
erated regressor. 20 covariates are used for propensity score estimation with n =~ 2,000;
k/y/n > 0.60, depending of specification considered.

4. Brand and Xie (2010), American Sociological Review 75(2): 273-302.

Methodology: propensity score is estimated with Logit model, which is then used to formed
strata for treatment effect estimation. About 18 covariates are used for propensity score

estimation with n ~ 1,250; k/y/n > 0.50, depending of specification considered.

5. Carneiro, Heckman and Vytlacil (2011), American Economic Review 101(6): 2754-2781.

Methodology: propensity score is estimated with Logit model and the fitted value is used
as generated regressor to estimate a partially linear second step. 35 covariates are used
to estimate the propensity score with sample size n = 1,747; k/y/n > 0.85, depending of

specification considered.

6. Galasso and Schankerman (2014), Quarterly Journal of Economics 130(1): 317-369.

Methodology: predicted probability is used as instrument. 51 fixed effects plus other variables
are used in estimating the conditional probability, with sample size n = 1,357; k/y/n > 1.38,

depending of specification considered.

92



7. Helpman, Melitz and Rubinstein (2008), Quarterly Journal of Economics, 123(2): 441-487.

Methodology: probability of exports is estimated in the first step and then used as gener-
ated regressor. About 340 covariates are used with sample size n ~ 24,700; k/\/n > 2.04,

depending of specification considered.

8. Jalan and Ravallion (2003), Journal of Econometrics 112(1): 153-173.
Methodology: propensity score matching method. 91 covariates are used in propensity score
matching with n ~ 30,000; k//n =~ 0.60, depending of specification considered.

9. Lechner (1999), Journal of Business & Economic Statistics 17(1): 74-90.
Methodology: propensity score matching. 31 covariates are used with sample size n = 1, 399;
k/y/n > 0.85, depending of specification considered.

10. Lechner and Wunsch (2013), Journal of Econometrics 21: 111-121.

Methodology: propensity score is estimated with Probit model, and is used for treatment
effect estimation (simulation). More than 180 covariates are used with n =~ 25,000; k/v/n >

1.10, depending of specification considered.

11. Noboa-Hidalgo and Urzda (2012), Journal of Human Capital 6(1): 1-34.

Methodology: propensity score is estimated with Probit model, which is then used as gener-
ated regressor. About 20 covariates are used for propensity score estimation with n = 469;
k/y/n > 0.90, depending of specification considered.

12. Olley and Pakes (1996), Econometrica 64(6): 1263-1297.

Methodology: three-step procedure described in Section SA-5.7. Fourth-order series expan-
sion of three variables are used in the first step (34 covariates), and n ~ 1,000; k/y/n > 1.00,

depending of specification considered.

13. Tsai and Xie (2011), Social Science Research 40(3): 796-810.

Methodology: propensity score is estimated with Probit model. 34 covariates are used with

sample size n =~ 1,300; k/+/n > 0.85, depending of specification considered.

In this sample of papers, we found that k/y/n is roughly around 1.00. According to our sim-
ulations, which employed a very simple data generating process, two-step conventional inference
procedures constructed using k/+/n ~ 1.00 exhibit an empirical size distortion of about 10— 15 per-
centage points. That is, a nominal 95% conventional confidence interval exhibits empirical coverage
of about 80 — 85%.
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Table 1. Bootstrap Inference, MTE, DGP 1
Nominal Level: 0.05

(a) n = 1000
V/n(7ure — Twre): conventional v/n(7ure — Ture): percentile ci
k/n  k/vn bias sd /mse sizel cif  size!  cit bias sd y/mse sizel cif  size!  cif
k
5 0.00 0.16 0.43 4.81 4.83 0.06 1885 0.02 19.71 0.09 5.03 5.03 0.05 19.73 0.03 19.71
20 0.02 0.63 2.06 4.24 4.71 0.07 16.60 0.08 16.28 0.86 5.16 5.23 0.05 20.23 0.10 16.28
40  0.04 1.26 3.30 3.67 493 0.15 14.38 0.16 13.85 1.85 4.79 5.13 0.06 18.76 0.17 13.85
60  0.06 1.90 4.14  3.27 5.27 0.23 12.81 0.26 12.34 2.61 4.40 5.11 0.09 17.23 0.22 12.34
80 0.08 2.53 4.76  3.01 5.63 036 11.81 0.39 11.29 3.14 4.10 5.17 0.11 16.09 0.28 11.29
100 0.10 3.16 5.27 280 5.97 047 10.97 0.50 10.57 3.5 3.84 5.23 0.15 15.04 0.33 10.57
120 0.12 3.79 5.73 2.65 6.31 0.58 10.39 0.59 9.94 3.90 3.66 534 0.18 1434 039 994
140 0.14 4.43 6.11 2.54 6.62 0.67 994 070 9.51 4.15 3.51 543 0.23 13.75 044 9.,51
160 0.16 5.06 6.46 2.44 6.90 0.75 9.58 079 9.10 4.37 3.39 5.53 0.26 13.27 048 9.10

180 0.18 5.69 6.80 2.33 719 084 912 085 8.78 4.61  3.22 5.62 030 12.62 0.53 8.78
200 0.20 6.32 711 224 746 0.89 876 0.90 849 4.82  3.09 5.73 034 1211 0.58 8.49

(b) n = 2000
/n(fure — Ture): conventional v/n(fure — Ture): percentile ci
k/n  k/v/n bias sd y/mse sizel cif  size!  cit bias sd  y/mse sizel cif  sizet  cif

5 0.00 0.11 0.46 4.78 4.80 0.05 1873 0.04 18.94 0.21 4.88 489 0.05 19.14 0.05 18.94
20  0.01 0.45 1.69 4.43 4.75 0.07 1737 0.07 17.32 0.51 5.03 5.05 0.05 19.70 0.09 17.32
40 0.02 0.89 3.03 4.03 5.05 0.12 15.80 0.13 15.64 1.35 4.90 5.08 0.06 19.22 0.12 15.64
60  0.03 1.34 3.97 3.81 550 0.18 1495 0.20 14.37 2.07 4.81 524 0.07 18.86 0.18 14.37
80  0.04 1.79 4.75  3.58 595 0.27 14.04 0.30 13.44 2.76  4.63 539 0.09 1813 0.22 13.44
100 0.05 2.24 5.37 3.37 6.34 035 1321 0.39 12.70 3.32 4.42 553 0.11 17.34 0.26 12.70
120 0.06 2.68 5.88 3.21 6.70 0.46 1259 0.49 12.08 3.76  4.27 5.69 0.14 16.74 0.32 12.08
140 0.07  3.13 6.35 3.14 7.08 054 1232 0.57 11.57 4.18 4.21 593 0.17 16.51 0.37 11.57
160 0.08 3.58 6.77 3.02 741 0.62 11.83 0.65 11.15 4.53 4.08 6.10 0.21 16.00 0.42 11.15
180 0.09  4.02 7.15 294 773 0.68 11.51 0.71 10.73 4.84 3.99 6.28 0.23 15.65 0.46 10.73
200 0.10  4.47 7.47 2.83 799 0.75 11.10 0.78 10.40 5.07 3.86 6.38 0.26 15.15 0.50 10.40

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 6 + 5. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. k = 5 is the correctly specified model.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias®+sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) ci: average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) sizet: empirical size of
the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights). For the naive ci, we first center
the bootstrap distribution to suppress its bias correction ability; (viii): cit: average confidence interval length.
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Table 2. Jackknife Inference, MTE, DGP 1
Nominal Level: 0.05

(a) n = 1000
\/ﬁ(f'MTE - TMTE) \/ﬁ(%MTE,bc - TMTE)
k/n  k/vn bias sd y/mse sizel  cif  sizef it bias sd  mse sizel cif  size!  cif
k
5 0.00 0.16 0.16 4.78 4.79 0.05 1875 0.04 19.28 —0.20 5.00 5.00 0.05 19.60 0.05 19.28
20 0.02 0.63 1.79 4.16 453 0.07 16.32 0.05 18.29 0.22 5.34 5.34 0.06 20.93 0.08 18.29
40  0.04 1.26 3.08 3.70 4.82  0.12 14.52 0.07 17.06 0.96 5.42 5.51 0.06 21.25 0.11 17.06
60  0.06 1.90 3.95 3.30 515 0.23 1292 0.12 15.93 1.68 5.19 546 0.06 20.35 0.14 15.93
80  0.08 2.53 4.64 3.04 5556 0.34 1191 0.18 15.00 2.30 5.04 5.54 0.08 19.75 0.18 15.00
100 0.10 3.16 5.14 2.81 5.86 0.45 11.02 0.24 14.24 2.69 4.84 5.53 0.08 1896 0.20 14.24
120 0.12 3.79 5.65 2.63 6.23 0.58 10.29 0.33 13.61 3.13  4.70 5.64 0.10 1840 0.23 13.61
140 0.14 4.43 6.05 2.51 6.55 0.67 9.86 043 13.10 3.42  4.55 5.69 0.11 17.84 0.24 13.10
160 0.16 5.06 6.39 2.42 6.83 0.76  9.47 0.51 12.66 3.50 4.49 5.70 0.12 17.62 0.27 12.66
180 0.18 5.69 6.77 2.32 715 083 9.08 0.60 12.24 3.72 441 5.77 0.14 17.30 0.31 12.24
200 0.20 6.32 713 224 747 089 876 0.68 11.92 3.94 4.34 5.86 0.15 17.00 0.33 11.92
(b) n = 2000
\/ﬁ(ﬁm: - TMTE) ﬁ(ﬁﬂE,bc - TMTE)
k/n  k/vn bias sd y/mse sizel cif  size!  cif bias sd  y/mse sizel cif  sizet  cif
k

5 0.00 0.11 0.33 4.73 4.74 0.05 1854 0.04 18.84 0.08 4.83 483 0.06 1894 0.04 18.84
20  0.01 0.45 1.65 4.37 4.68 0.06 17.15 0.05 18.48 0.30 5.07 5.08 0.05 19.89 0.06 18.48
40 0.02 0.89 2.94 4.08 5.03 0.10 1599 0.07 17.96 0.77 5.27 5.32 0.05 20.64 0.08 17.96
60  0.03 1.34 3.93 3.84 549 0.17 15.05 0.11 17.34 1.35 5.33 549 0.05 20.88 0.10 17.34
80  0.04 1.79 4.76  3.61 598 0.26 14.16 0.16 16.74 1.98 5.24 5.61 0.07 20.56 0.13 16.74
100 0.05 2.24 5.42  3.40 6.40 036 13.33 0.22 16.22 2.54 5.13 5.72 0.08 20.10 0.16 16.22
120 0.06 2.68 5.95 3.24 6.78 045 12.71 0.29 15.69 2.98 5.05 5.86 0.09 19.78 0.19 15.69
140 0.07 3.13 6.38 3.08 7.08 0.55 12.08 0.35 15.27 3.32 4.93 594 0.10 19.33 0.19 15.27
160  0.08 3.58 6.76 2.98 739 0.62 11.70 0.43 14.83 3.60 4.85 6.04 0.12 19.00 0.23 14.83
180  0.09 4.02 714 291 771 0.69 11.42 049 14.45 3.95 4.84 6.25 0.13 18.96 0.26 14.45
200 0.10  4.47 7.46 2.80 797 0.76 10.99 0.56 14.08 4.18 4.75 6.33 0.14 18.62 0.29 14.08

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 62 + 03. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. k = 5 is the correctly specified model.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias?4sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) ci: average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size*: empirical size of
the level-0.05 test based on the jackknife variance estimator and normal approximation; (viii): ci*: average
confidence interval length.
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Table 3. Bootstrap Inference with Bias Correction, MTE, DGP 1
Nominal Level: 0.05

(a) n = 1000
\/ﬁ(%MTE - TMTE) \/ﬁ(%MTE,bc - TMTE)
k/n  k/vn bias sd  y/mse sizel cif  sizet  cif bias  sd /mse sizel cif  size!  cif
k
5 0.00 0.16 0.14 4.72 4.73 0.05 1851 0.07 17.59 —0.21 4.93 4.93 0.05 19.31 0.07 18.28
20 0.02 0.63 1.73 4.11 446 0.07 16.11 0.07 16.21 0.18 5.26 5.27 0.05 20.63 0.06 19.81
40 0.04 1.26 3.08 3.54 4.69 0.14 13.88 0.12 14.78 1.03 5.11 5.22 0.05 20.05 0.06 19.67
60  0.06 1.90 3.96 3.22 511 0.23 12,63 0.20 13.73 1.75 5.02 532 0.07 19.68 0.07 19.27
80  0.08 2.53 4.61 3.00 5,50 0.34 11.76 0.28 12.82 2.28 491 541 0.07 19.24 0.08 18.67
100 0.10 3.16 5.10 2.83 5.83 0.44 11.08 0.38 12.05 2.65 4.78 546 0.08 1872 0.10 18.28
120 0.12 3.79 5.55  2.67 6.16 0.54 10.48 0.48 11.39 2.96 4.66 5,51 0.10 1825 0.11 17.80
140 0.14 4.43 597 2.54 6.49 0.65 998 0.59 10.79 3.24 457 5.60 0.11 17.90 0.13 17.46
160 0.16 5.06 6.35 2.45 6.81 0.74 9.59 0.69 10.29 3.46 4.43 5.62 0.12 1736 0.14 17.15
180 0.18 5.69 6.69 2.33 709 082 913 0.77 988 3.58 4.35 5.63 0.12 17.04 0.14 16.97
200 0.20 6.32 7.03 223 738 088 875 0.84 948 3.81 4.22 5.69 0.16 16.56 0.16 16.75
(b) n = 2000
\/ﬁ(f'MTE - TMTE) \/ﬁ(+MTE,bc - TMTE)
k/n  k/vn bias sd y/mse sizel  cif  sizet  cif bias  sd /mse sizel cif  size!  cif
k
5 0.00 0.11 0.13 4.85 4.85 0.056 19.00 0.07 17.84 —0.12  4.95 495 0.05 1941 0.07 18.21
20 0.01 0.45 1.42 447 4.69 0.06 17.51 0.07 17.03 0.06 5.16 5.16 0.05 20.23 0.06 19.31
40 0.02 0.89 2.73 417 499 0.10 16.36 0.11 16.17 0.54 5.35 5.38 0.05 2097 0.06 19.72
60  0.03 1.34 3.78  3.95 547 0.16 1547 0.17 15.38 1.18 5.44 5.57 0.06 21.32 0.07 19.75
80  0.04 1.79 4.62 3.74 595 0.24 14.67 0.24 14.73 1.82 543 5.73 0.06 21.30 0.09 19.59
100 0.05 2.24 5.27  3.55 6.35 0.32 13.91 031 14.09 2.33  5.37 5.86 0.07 21.06 0.10 19.31
120 0.06 2.68 5.77 3.37 6.68 0.41 13.22 0.39 13.59 2.74  5.27 594 0.08 20.67 0.10 19.04
140 0.07 3.13 6.27 3.20 7.03 051 1253 0.47 13.12 3.21 5.11 6.04 0.09 20.04 0.12 18.85
160 0.08 3.58 6.67 3.07 7.35 0.59 12.03 0.55 12.72 3.53 5.05 6.16 0.10 19.81 0.13 18.66
180 0.09 4.02 7.07 2.95 7.65 0.68 11.54 0.63 12.30 3.87 4.95 6.28 0.12 1940 0.15 18.40
200 0.10 4.47 742 2.83 794 074 11.11 0.70 11.91 4.13 4.84 6.36 0.12 1897 0.15 18.22

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 62 + 65. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. k = 5 is the correctly specified model.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias*+sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) cif: average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size*: empirical size of
the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights); (viii): cit: average confidence
interval length.
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Table 4. Bootstrap Inference, MTE, DGP 2
Nominal Level: 0.05

(a) n = 1000
v/n(7ure — Tute): conventional /n(furg — Ture): percentile ci
k/n  k/\/n bias  sd y/mse sizel cif  sizet  cif bias  sd y/mse sizel cif  sizel it
k
5 0.00 0.16 —0.57 6.80 6.82 0.05 26.66 0.00 30.21 —-0.96 7.53 759 0.06 29.51 0.01 30.21
20  0.02 0.63 —0.41 2.86 2.89 0.06 11.22 0.04 11.38 —-1.02 3.16 3.32 0.06 1239 0.08 11.38
40 0.04 1.26 0.46 2.09 2.14 0.06 820 0.056 8.37 —-0.37 2.28 231 006 895 0.07 837
60  0.06 1.90 1.30 1.91 231 010 748 0.09 7.64 0.28 2.10 2.12  0.05 825 0.08 7.64
80  0.08 2.53 1.69 1.87 252 014 732 013 7.52 0.43 2.10 2.14 0.06 822 0.08 7.52
100 0.10 3.16 2.06 1.85 2.75 019 723 017 740 0.60 2.11 219 0.06 826 0.09 7.40
120 0.12 3.79 2.39 1.82 3.00 026 714 024 7.28 0.79 211 225 0.06 827 0.11 7.28
140 0.14 4.43 2.73 1.80 327 033 706 032 717 1.01 2.12 235 007 831 0.12 717
160 0.16 5.06 3.04 1.77 3.52 041 694 039 7.05 1.23 2.10 244 009 824 0.15 7.05
180 0.18 5.69 3.35 1.74 3.78 050 6.82 048 6.93 1.48 2.09 256 010 818 0.17 6.93
200 0.20 6.32 3.64 1.72 4.03 056 6.75 0.55 6.82 1.74 2.08 271 012 816 0.22 6.82
(b) n = 2000
v/n(7ure — Tute): conventional V/n(fure — Tute): percentile ci
k/n  k/\v/n bias  sd mse sizel  cif  size! it bias  sd mse sizel ¢l size! it
k
5 0.00 0.11 —-1.39 6.76 6.91 0.06 26.52 0.02 27.91 —-1.71 7.06 7.26 0.06 27.67 0.03 2791
20 0.01 0.45 —-1.30 2.99 3.26 0.07 11.72 0.07 11.61 —-1.81 3.16 3.64 0.08 1239 0.10 11.61
40 0.02 0.89 —-0.12 219 219 0.05 858 0.06 847 -0.79  2.30 243 0.06 9.01 0.08 847
60  0.03 1.34 0.93 2.02 222 008 791 0.08 7.77 0.10 2.13 2.14 0.05 837 0.07 7.77
80  0.04 1.79 1.23 2.00 235 010 783 0.11 7.72 0.17 214 2.15 0.05 840 0.07 7.72
100 0.05 2.24 1.52 1.98 249 012 774 0.13 7.64 0.25 2.15 2.16 0.05 841 0.07 7.64
120 0.06 2.68 1.80 1.97 2.66 015 770 0.16 7.59 0.34 2.16 2.19 0.05 848 0.08 7.59
140 0.07 3.13 2.08 1.95 285 018 764 0.19 7.53 0.44 217 221 006 850 0.09 7.53
160 0.08 3.58 2.35 194 3.04 022 760 0.23 7.46 0.55 2.18 225 0.06 855 0.10 7.46
180 0.09 4.02 2.61 1.92 3.24 027 754 028 742 0.68 2.19 229 006 857 0.10 7.42
200 0.10 4.47 2.86 1.91 3.44 032 748 033 7.37 0.80 2.18 233 007 856 0.11 7.37

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 62 + 65. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. Statistics are centered at the pseudo-true value, 0.545,
obtained by using 50 instruments and one million sample size. £ = 50 is the correctly specified model for estimating
the pseudo-true value.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias®+sd?); (v) size!: empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) cif: average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size': empirical size of
the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights). For the naive ci, we first center
the bootstrap distribution to suppress its bias correction ability; (viii): cit: average confidence interval length.
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Table 5. Jackknife Inference, MTE, DGP 2
Nominal Level: 0.05

(a) n = 1000
V/1(Turg — Tte) V/1(TurE,be — THIE)
k/n  k//n bias  sd y/mse sizel  cif  sizel  cif bias  sd y/mse sizel cif  sizel it
k
5 0.00 0.16 —0.97 7.05 712 0.06 27.63 0.03 27.97 —1.41 7.73 7.86 0.06 30.31 0.04 2797
20  0.02 0.63 —0.55 2.85 291 0.06 11.18 0.04 12.01 —-1.24 3.18 3.41 0.07 1247 0.08 12.01
40 0.04 1.26 0.42 215 219 0.05 844 0.04 878 —0.50 241 246 006 945 0.07 8.78
60  0.06 1.90 1.29 1.97 235 010 773 0.08 8.08 0.12 224 225 0.05 880 0.08 8.08
80  0.08 2.53 1.68 1.94 256 014 760 0.11 8.09 0.18 2.31 232 0.05 9.06 0.08 8.09
100 0.10 3.16 2.04 191 280 019 751 014 810 0.26 2.37 238 0.05 928 0.09 8.10
120 0.12 3.79 241 1.88 3.06 025 736 019 8.12 0.40 2.37 240 006 929 0.09 8.12
140 0.14 4.43 2.74 1.85 331 031 725 024 810 0.52 2.43 248 0.06 951 0.10 8.10
160 0.16 5.06 3.06 1.84 3.56 038 720 0.30 8.09 0.55  2.46 252 006 9.66 0.11 8.09
180 0.18 5.69 3.36  1.82 3.82 047 714 036 8.08 0.70  2.58 2.67 0.06 10.10 0.12 8.08
200 0.20 6.32 3.66 1.80 4.08 055 7.04 042 8.06 0.85 2.61 2.75 0.07 10.23 0.14 8.06
(b) n = 2000
V/1(Fute — Ture) \/ﬁ({—MTE,bc — Ture)
k/n  k/\/n bias  sd mse sizel ¢l size! it bias  sd mse sizel ¢l size! it
k
5 0.00 0.11 —-1.68 6.91 7.11 0.06 27.09 0.03 27.20 —2.00 7.22 749 0.06 28.28 0.05 27.20
20 0.01 0.45 —-1.31 2.99 3.26 0.08 11.71 0.07 11.96 —-1.84 3.17 3.67 0.09 1244 0.09 11.96
40 0.02 0.89 —0.08 2.20 220 0.05 862 0.06 871 —0.77 233 245 0.06 9.13 0.08 871
60  0.03 1.34 0.97 2.04 2.26 0.08 801 0.08 8.02 0.09 2.18 2.18 0.05 854 0.07 8.02
80  0.04 1.79 1.28 2.01 239 010 790 0.09 8.03 0.13 219 220 0.05 859 0.07 8.03
100 0.05 2.24 1.56 1.99 2,53 012 779 0.11 8.04 0.15 221 221 0.05 865 0.07 8.04
120 0.06 2.68 1.85 1.98 271 015 776 0.13 8.05 0.21 225 2.26 0.05 883 0.07 8.05
140 0.07 3.13 212 1.97 290 020 772 0.17 8.06 0.27 227 229 0.05 890 0.08 8.06
160 0.08 3.58 2.39 1.95 3.08 024 762 020 8.07 0.30 2.30 232 005 9.00 0.08 8.07
180 0.09 4.02 2.65 1.93 3.28 0.28 757 0.24 8.08 0.35 2.31 233 0.06 9.05 0.08 8.08
200 0.10 4.47 291 191 3.48 033 750 0.28 8.08 0.40 2.33 236  0.05 9.12 0.08 8.08

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 62 + 65. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. Statistics are centered at the pseudo-true value, 0.545,
obtained by using 50 instruments and one million sample size. k£ = 50 is the correctly specified model for estimating
the pseudo-true value.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias?+sd?); (v) size!: empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) cif: average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size': empirical size of
the level-0.05 test based on the jackknife variance estimator and normal approximation; (viii): cit: average
confidence interval length.
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Table 6. Bootstrap Inference with Bias Correction, MTE, DGP 2
Nominal Level: 0.05

(a) n = 1000

V/n(Ture — Tute)

V/1(TurE,be — THIE)
i

k/n  k//n bias  sd y/mse sizel  cif  sizel  cif bias  sd /mse sizel ci sizet  cif
k
5 0.00 0.16 —1.00 6.89 6.96 0.05 27.02 0.09 24.10 —1.46 7.55 7.69 0.05 29.58 0.09 25.90
20 0.02 0.63 —0.60 2.91 297 0.06 11.42 0.06 11.27 —-1.30 3.26 3.51  0.07 12.78 0.08 12.54
40 0.04 1.26 0.42 212 2.16 0.05 832 0.06 833 —0.50 2.37 242 0.06 927 0.06 9.34
60  0.06 1.90 1.25 1.95 232 010 765 0.11 7.59 0.09 221 221 0.05 867 0.05 873
80  0.08 2.53 1.65 1.93 254 015 756 0.15 7.48 0.16 2.29 230 0.05 899 0.06 897
100 0.10 3.16 2.01 191 277 019 747 020 7.36 0.26 2.34 236 0.04 918 0.06 9.18
120 0.12 3.79 2.35 1.88 3.01 024 735 026 7.26 0.30 237 239 005 930 0.05 9.37
140 0.14 4.43 2.72 185 329 031 726 033 7.14 0.48 2.45 249 0.05 959 0.06 9.58
160 0.16 5.06 3.04 1.84 3.56 039 721 040 7.05 0.57 2.47 254 0.06 9.70 0.06 9.75
180 0.18 5.69 3.34 1.80 3.79 047 7.04 047 6.94 0.69 2.49 258 0.05 975 0.06 9.89
200 0.20 6.32 3.62 1.78 4.03 054 697 0.56 6.83 0.79 2.53 2.65 0.06 993 0.06 10.00
(b) n = 2000
V/1(Fute — Ture) \/ﬁ({—MTE,bc — Ture)
k/n  k/\/n bias  sd mse sizel ¢l size! it bias  sd mse sizel ¢l size! it
k
5 0.00 0.11 —1.82 7.04 727 0.05 27.60 0.10 24.83 —2.15 7.36 7.66 0.05 28.84 0.10 25.82
20 0.01 0.45 —1.42 299 331 0.07 11.72 0.08 11.46 -1.95 3.18 3.73 0.09 1246 0.10 12.18
40 0.02 0.89 —0.18 2.18 219 0.06 856 0.06 845 —0.87 2.32 248 0.07 9.09 0.07 8.99
60  0.03 1.34 0.88 1.98 217 0.07 777 0.08 7.71 0.00 2.11 2.11 0.05 829 0.06 8.32
80  0.04 1.79 1.18 1.97 230 0.09 772 010 7.67 0.01 2.16 216 0.06 849 0.06 848
100 0.05 2.24 1.47  1.96 245 011 769 0.12 7.61 0.04 2.19 2.19 0.05 858 0.05 8.63
120 0.06 2.68 1.74 1.93 2.60 0.14 758 0.14 7.56 0.08 2.23 223 005 875 0.06 8.78
140 0.07 3.13 2.02 1.92 279 018 754 0.19 7.50 0.11 2.26 226 0.05 887 0.06 8.89
160 0.08 3.58 2.30  1.90 298 023 744 023 743 0.16 2.28 228 0.05 892 0.05 9.06
180 0.09 4.02 2.56 1.88 3.18 028 737 027 7.39 0.26 2.26 2.28 0.05 888 0.06 9.16
200 0.10 4.47 2.82 1.87 339 033 734 033 7.33 0.28 2.32 234 0.05 9.09 0.06 9.30

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 62 + 65. Panel (a) and (b)
correspond to sample size n = 1000 and 2000, respectively. Statistics are centered at the pseudo-true value, 0.545,
obtained by using 50 instruments and one million sample size. k£ = 50 is the correctly specified model for estimating
the pseudo-true value.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias?+sd?); (v) size!: empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) cif: average

confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size

+

empirical size of

the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights); (viii): ci*: average confidence

interval length.
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Table 7. Bootstrap Inference, MTE, DGP 3
Nominal Level: 0.05

(a) n = 1000
V(fure — Ture): conventional V1 (7ure — Ture): percentile ci
k/n  k/\/n bias sd  y/mse sizel cif  sizet  cif bias sd  y/mse sizel cif  sizet  cif

6 0.01 0.19 18.10 14.81 23.39 0.21 58.07 0.16 59.52 17.24 1522 2299 0.19 59.65 0.15 59.52
11 0.01 0.35 15.55 13.29 2046 0.19 5210 0.14 53.43 14.39 14.54 2045 0.15 56.99 0.14 53.43
21 0.02 0.66 223 7.03 737 0.06 27.54 0.03 29.03 0.40 8.01 8.02 0.06 31.38 0.04 29.03
26 003 0.82 2.86  6.87 7.44 0.07 26.94 0.03 28.48 0.57  8.06 8.08 0.05 31.61 0.04 28.48
56 0.06 177 570  6.10 835 0.14 2390 0.11 23.95 246  8.30 8.65 0.06 32.52 0.11 23.95
61  0.06 1.93 6.15  5.92 8.54 0.16 2320 0.12 2351 277 811 8.57 0.06 31.78 0.12 2351
126 0.13  3.98 9.26 4.59 10.33 0.51 17.98 0.54 16.47 6.14  6.72 9.10 0.14 26.33 0.34 16.47
131 013 414 9.53 453 10.55 0.54 17.74 0.58 16.25 6.38  6.62 9.19 0.15 2594 0.36 16.25
252 0.25 7.97 12.64 3.33 13.07 0.98 13.06 0.99 11.30 10.82  4.86 11.86 0.59 19.06 0.86 11.30
257 026  8.13 12,79 332 13.21 0.98 13.02 0.99 11.21 11.01  4.85 12.03 0.61 19.01 0.86 11.21

(b) n = 2000
V1 (fure — Ture): conventional V1 (7ure — Ture): percentile ci
k/n  k/\/n bias sd  /mse sizel  cif  sizet  cif bias sd  y/mse sizel cif  sizet  cif

6 0.00 0.13 24.05 14.68 28.18 0.36 57.56 0.35 57.87 23.46 14.87 27.77 0.34 5830 0.33 57.87
11 0.01 0.25 20.55 13.34 24.50 0.31 52.30 0.29 52.96 19.69 14.00 24.16 0.27 54.86 0.28 52.96
21 0.01 0.47 1.47  7.07 722 0.06 27.73 0.03 28.34 012  7.53 7.53 0.06 29.51 0.04 28.34
26 0.01 0.58 1.94  6.99 725 0.06 27.39 0.04 28.14 0.18  7.59 7.59 0.06 29.76 0.04 28.14
56 0.03 1.25 4.78  6.77 829 0.11 26.56 0.08 26.32 1.62  8.32 8.47 0.06 32.60 0.08 26.32
61  0.03 1.36 518  6.75 8.51 0.12 26.47 0.09 26.13 1.81  8.36 8.55 0.06 32.77 0.09 26.13
126 0.06  2.82 8.56 599 10.44 027 23.46 0.33 21.02 4.41  8.28 9.38 0.08 3244 0.23 21.02
131 0.07 293 8.82 593 10.63 030 23.25 0.35 20.94 4.59 822 941 0.09 3220 0.23 20.94
252 0.13  5.63 1292 450 13.68 0.83 17.63 0.86 15.75 8.89 6.44 1098 0.27 25.23 0.55 15.75
257 0.13  5.75 13.10  4.47 13.84 0.84 17.54 0.88 15.58 9.03 6.41 11.08 0.27 25.13 0.56 15.58

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 63 + 3. Power series expansion is
used to estimate nonlinear propensity score. No model is correctly specified, and the misspecification error shrinks
as k increases. Panel (a) and (b) correspond to sample size n = 1000 and 2000, respectively.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias*+sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) ci': average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size*: empirical size of
the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights). For the naive ci, we first center
the bootstrap distribution to suppress its bias correction ability; (viii): cit: average confidence interval length.
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Table 8. Jackknife Inference, MTE, DGP 3
Nominal Level: 0.05

(a) n = 1000
\/ﬁ(ﬂmz - TMTE) \/ﬁ(ﬁma,bc - TMTE)
k/n  k/\/n bias sd  y/mse sizel cif  sizet  cif bias sd  y/mse sizel cif  sizet  cif

6 0.01 0.19 17.82 14.67 23.08 0.22 57.49 0.20 58.47 16.90 15.20 22.73 0.19 59.58 0.19 58.47
11 0.01 0.35 15.31 13.06 20.12 0.20 51.19 0.16 53.94 13.98 14.48 20.13 0.15 56.77 0.17 53.94
21 0.02 0.66 2.06 6.93 723 0.06 27.17 0.04 28.35 0.09 8.15 8.15 0.056 31.93 0.04 28.35
26 003 0.82 2.71  6.75 7.28 0.07 26.47 0.04 28.40 0.17  8.29 8.29 0.05 3248 0.05 28.40
56 0.06 1.77 578  6.13 843 0.14 2403 0.08 27.92 1.52 9.87 9.99 0.06 38.69 0.10 27.92
61  0.06 1.93 6.24  6.07 871 0.16 23.80 0.08 27.67 1.85 9.91 10.08 0.06 38.86 0.10 27.67
126 0.13  3.98 9.31 473 1044 049 1852 0.26 24.00 4.00 9.90 10.67 0.07 38.80 0.21 24.00
131 013 414 9.57 467 10.65 0.53 18.30 0.28 23.77 413 9.85 10.68 0.07 38.61 0.22 23.77
252 0.25 7.97 12.61  3.34 13.05 097 13.11 0.86 18.29 7.67 807 11.13 0.14 31.63 0.44 18.29
257 026  8.13 12,75 3.32 13.18 0.97 13.03 0.87 18.19 7.68 8.05 11.12 0.15 31.54 0.44 18.19

(b) n = 2000
\/ﬁ(ﬂﬂE - TMTE) \/ﬁ(f'm}a,bc - TMTE)
k/n  k/\/n bias sd  y/mse sizel  cif  sizel  cif bias sd  y/mse sizel cif  sizel  cif

6 0.00 0.13 24.31 14.22 28.16 040 55.75 0.39 56.71 23.77 14.43 2781 0.37 56.56 0.38 56.71
11 0.01 0.25 20.52 13.00 24.29 0.34 50.95 0.33 52.65 19.66 13.81 24.03 0.29 54.12 0.31 52.65
21 0.01 0.47 1.67  6.98 718 0.06 2737 0.05 27.65 0.31  7.56 7.57 0.06 29.64 0.06 27.65
26 0.01 0.58 2.16  6.90 7.23 0.06 27.04 0.06 27.85 0.35 7.61 7.62 0.05 29.84 0.06 27.85
56 0.03 1.25 4.95 647 8.14 0.12 2536 0.08 28.17 1.33  8.55 8.65 0.05 33.51 0.08 28.17
61  0.03 1.36 532  6.36 829 0.13 2495 0.09 28.35 142  8.63 8.74 0.056 33.82 0.08 28.35
126 0.06  2.82 8.60 5.52 10.22 0.34 21.63 0.18 27.41 2.80 9.34 9.75 0.07 36.63 0.14 27.41
131 0.07 293 8.88  5.50 10.45 0.35 21.57 0.19 27.36 293  9.39 9.83 0.07 36.80 0.15 27.36
252 0.13  5.63 12.85 438 13.58 0.84 17.17 0.61 23.05 567 9.02 10.65 0.09 3535 0.27 23.05
257 0.13  5.75 13.04 437 13.76 0.85 17.11 0.63 22.94 580 899 10.69 0.10 3523 0.28 22.94

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 03 + 3. Power series expansion is
used to estimate nonlinear propensity score. No model is correctly specified, and the misspecification error shrinks
as k increases. Panel (a) and (b) correspond to sample size n = 1000 and 2000, respectively.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias*+sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) ci': average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size*: empirical size of
the level-0.05 test based on the jackknife variance estimator and normal approximation; (viii): cit: average
confidence interval length.
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Table 9. Bootstrap Inference with Bias Correction, MTE, DGP 3
Nominal Level: 0.05

(a) n = 1000
\/ﬁ(ﬂmz - TMTE) \/ﬁ(ﬁma,bc - TMTE)
k/n  k/\/n bias sd  y/mse sizel cif  sizet  cif bias sd  y/mse sizel cif  sizet  cif

6 0.01 0.19 17.92 14.81 2325 0.22 58.06 0.32 54.47 17.14 1533 2299 0.19 60.11 0.28 56.65
11 0.01 0.35 15.55 13.33 2048 0.20 52.24 0.29 49.13 14.30 15.02 20.74 0.15 58.87 0.22 55.40
21 0.02 0.66 212 6.98 729 0.06 27.35 0.10 25.46 0.25  8.10 8.11 0.06 31.76 0.08 29.56
26 0.03 0.82 2.75  6.78 7.32 0.07 26.57 0.11 25.00 0.37 825 8.26 0.05 32.35 0.07 30.13
56 0.06 1.77 558  6.11 828 0.14 2396 0.21 2292 1.45 9.85 9.96 0.06 38.61 0.07 33.76
61  0.06 1.93 6.02  5.96 8.47 0.16 23.35 0.23 22.76 1.50  9.83 9.94 0.06 3852 0.07 34.18
126  0.13 3.98 9.13 442 1015 0.53 17.34 0.59 18.09 3.79  9.20 9.95 0.07 36.08 0.09 33.63
131 0.13 4.14 942 444 1042 056 1741 0.62 17.88 410 934 1020 0.07 36.62 0.10 33.92
252 0.25 7.97 1254 3.25 1295 097 12.74 0.98 12.01 7730 796 11.09 0.15 31.19 0.26 27.85
257 0.26 8.13 12.68 3.24 13.09 0.97 12.72 0.98 11.82 793 792 1121 0.16 31.04 0.26 27.86

(b) n = 2000
\/ﬁ(ﬂﬂE - TMTE) \/ﬁ(f'm}a,bc - TMTE)
k/n  k/\/n bias sd  y/mse sizel  cif  sizel  cif bias sd  y/mse sizel cif  sizel  cif

6 0.00 0.13 24.18 14.56 28.22 0.36 57.08 0.43 54.69 23.55 14.83 27.83 0.34 58.12 0.41 55.89
11 0.01 0.25 20.50 13.37 24.48 032 52.39 0.39 49.69 19.57 1411 2412 0.27 55.30 0.33 52.89
21 0.01 0.47 1.44 713 728 0.06 27.96 0.08 26.06 010 7.71 772 0.06 30.24 0.07 28.33
26 0.01 0.58 1.89  7.00 725 0.06 27.44 0.08 25.89 0.14  7.74 7.74 0.05 30.35 0.07 28.84
56 0.03 1.25 4.59  6.70 8.13 0.10 26.28 0.15 24.76 0.86  8.94 8.98 0.05 35.04 0.06 31.89
61  0.03 1.36 4.99  6.64 831 0.11 26.03 0.16 24.69 0.87 9.13 9.17 0.06 35.78 0.07 32.31
126 0.06  2.82 8.38 570 10.13 0.30 22.34 0.36 22.37 233  9.85 10.12 0.06 38.60 0.07 35.27
131 0.07 293 8.69 5.65 10.36 0.31 2215 0.39 22.34 2.60 9.82 10.16 0.06 38.51 0.07 35.45
252 0.13  5.63 1272 439 1346 0.82 17.22 0.85 17.14 551 891 1047 0.09 3493 0.14 33.18
257 0.13  5.75 1291 439 13.63 0.84 17.20 0.87 17.03 5.62 9.03 10.63 0.10 35.38 0.13 33.14

Notes. The marginal treatment effect is evaluated at a = 0.5, or equivalently it is 03 + 3. Power series expansion is
used to estimate nonlinear propensity score. No model is correctly specified, and the misspecification error shrinks
as k increases. Panel (a) and (b) correspond to sample size n = 1000 and 2000, respectively.

(i) k: number of instruments used for propensity score estimation; (ii) bias: empirical bias; (iii) sd: empirical
standard deviation; (iv) mse: empirical mean squared error (i.e. bias*+sd?); (v) size': empirical size of the
level-0.05 test, where the t-statistic is constructed with the (infeasible) oracle standard deviation; (vi) ci': average
confidence interval length of the t-test using the (infeasible) oracle standard deviation; (vii) size*: empirical size of
the level-0.05 test based on the bootstrap (500 repetitions, Rademacher weights); (viii): ci*: average confidence
interval length.
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Table 10. Summary Statistics (n = 1, 747)

Variable Description college= 0 college=1
(n=2882) (n=2865)

wage91l log wage in 1991 2.209 2.550
[0.441] [0.496]

college college attendance 0.000 1.000
cAFQT corrected AFQT score —0.045 0.952
[0.867] [0.750]

exp working experience 10.100 6.840
[3.126] [3.252]

YoB57 1=born in 1957 0.098 0.103
YoB58 1=born in 1958 0.083 0.112
YoB59 1=born in 1959 0.120 0.089
YoB60 1=born in 1960 0.137 0.125
YoB61 1=born in 1961 0.127 0.133
YoB62 1=born in 1962 0.167 0.169
YoB63 1=born in 1963 0.136 0.141
urbanl14 1=urban residency at 14 0.700 0.790
eduMom mom education 11.310 12.910
[2.106] [2.279]

num§Siblings number of siblings 3.263 2.585
[2.084] [1.645]

pub4 1= presence of public 4 year college in county of residence at 14 0.463 0.588
avgTuil? average tuition in public 4 year colleges in county of residence at 17 22.020 21.110
[7.873] [8.068]

avgUnel7Perm  average permanent unemployment in state of residence at 17 6.294 6.208
[1.016] [0.954]

avgWagl7Perm log average permanent wage in county of residence at 17 10.270 10.300
[0.180] [0.195]

avgUnel? average unemployment in state of residence at 17 7.080 7.085
[1.785] [1.845]

avgWagl7 log average wage in county of residence at 17 10.280 10.270
[0.162] [0.165]

avgUne91 average unemployment in state of residence in 1991 6.797 6.823
[1.331] [1.198]

avgWag91 log average wage in county of residence in 1991 10.260 10.320
[0.160] [0.166]

Notes. Standard deviations in square brackets.
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